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ABSTRACT

We examine lower bounds for the Waring rank for certain types of symmetric
polynomials. The first are Schur polynomials, a symmetric polynomial indexed by
integer partitions. We prove some results about the Waring rank of certain types of
Schur polynomials, based on their integer partition. We also make some observations
about the Waring rank in general for Schur polynomials, based on the shape of their
Semistandard Young Tableaux. The second type of polynomials we refer to as a Power
of a Fermat-type polynomial, or a PFT polynomial. This is a Fermat type (or power
sum) polynomial over n variables with degree p taken to some power k. We prove this
polynomial is not compressed when p > k and k > 2, and conjecture the result is true
in general for all p. The proof takes the following form: the degree k 4+ 1 annihilator
ideal is examined and identified, and form of Rank-Nullity is applied, which provides
a formula for the size of the degree k 4 1 subspace of non-zero partial derivatives for
that polynomial. Then we verify that this subspace is linearly independent, which
gives us the dimension of the space of Derivs, and thus a lower bound for the Waring

rank of that polynomial.
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CHAPTER 1

INTRODUCTION

For a homogeneous degree d polynomial, f, in n variables, a power sum decom-
position of f is an expression f = clé‘f + 0253 + ---c,lf where ¢; are homogeneous
degree 1 polynomials, and ¢; are scalars. We will refer to homogeneous polynomials
as forms, so each ¢; is a linear form. The length of the decomposition is the number
of terms used, in this case our decomposition is length r. Here are some concrete

examples of power sum decompositions.

(z+y)?—(x—y)?)

o |

Ty =

xyz:2—14((x+y+z)4—(:c+y—z)4—(x—y+z)4—|—(x—y—z)4)

Definition 1.0.1. The Waring rank of a homogeneous degree d polynomial in n

variables f, denoted r(f), is the smallest length of a power sum decomposition.

Determining the Waring rank of an arbitrary form is often difficult. Often we
search for upper and lower bounds for r(f) using a variety of methods.
Explicit power sum decompositions give an upper bound for the Waring rank of

forms, i.e. r(zxy) < 2 and r(zyz) < 4. It is often extremely nontrivial to actually



compute a power sum decomposition for an arbitrary polynomial. Computational
methods exist to find the power sum decomposition, see [2]. Other methods have
been developed for determining an upper bound more abstractly. For example, the
upper bound can be determined by considering using facts about projective varieties,

see section 5 of [7].

For a lower bound, the earliest method, and the foundation of most subsequent
ones, involve catalecticants, first introduced by Sylvester in 1851. The catalecticant
lower bound gives r(zy) > 2 and r(zyz) > 3. [14]. This method was improved in [7]
giving r(xy) > 2 and r(zyz) > 4 which together with our upper bounds give the rank

as r(zy) = 2,r(zxyz) = 4.

In fact, the Waring rank of any monomial is known by [3]. The formula given by
Carlini, Catalisano, and Geramita is as follows.
di

Theorem 1.0.2. The Waring rank of a monomial given by ;chxl e adn where 0 <

do < dy <--- < d, is equal to (dy + 1)(de + 1) - -+ (d,, + 1).

The Waring rank is also known for several other types of polynomials, but only in
some very specific cases. Additionally, many other types of polynomials have defined

upper and lower bounds, which help us estimate their Waring rank in specific cases.

We have outlined some of the current methods on finding upper and lower bounds
for the rank of homogeneous polynomials. We are interested here in using some of
these current methods, and develop some strategies specific to our needs, to examine

the Waring rank of several classes of symmetric polynomials.



In the next section we will provide some motivation for the topic of Waring rank,
its history and applications in the fields of algebraic geometry, complexity theory, etc.
Then we will define some basic terms, notations, and important results.

Sections 3 and 4 will each be dedicated each to one of the two types of polynomials
we will be studying: Schur polynomials and what we call ‘Power of Fermat-type’
polynomials. Each will give definitions, a survey of previous results, and our main

result for the bounds of the rank for these polynomials.



CHAPTER 2

BACKGROUND

This chapter will cover all the basic definitions we will utilize and depend on in our
main work, as well as most previous results we will be making use of. The first section
will be mainly definitions and notation, which we will make standard throughout this
work. The second section will be a catalog of all the previous results we will be
making use of, both specific to this field, and general ideas applied in specific ways

for our purposes.

2.1 Definitions

2.1.1 Symmetric Polynomials

Let k be a field of characteristic 0 such as Q, R, or C, and let k[z1, ..., z,]| be the

polynomial ring over k with variables 1, ..., x,.

Definition 2.1.1. A polynomial f € k[xy,...,z,] is symmetric if any of its variables

can be interchanged, and the same polynomial can be obtained.

For example, f = x12ox3 — 40109 — 42103 — drox3 and f = 23 + 23 + xg 4+ 9z12923
are symmetric, since any x;, z; can switch places in f, and f would remain the same

polynomial.



We have some common symmetric polynomials.

Definition 2.1.2. The complete homogeneous symmetric polynomial of degree k in
n variables is a polynomial, denoted hy, over the polynomial ring k[xy, 2o -+, z,] of

the form

hi(z1, 2, ) = > Ty Tiy ++* Ty,

1<) <ig<ip<n
This type of polynomial is well studied and since it is both symmetric and homo-

geneous, has some nice properties. We will see it more in section |3.2]

Definition 2.1.3. The elementary symmetric polynomial of degree k in n variables

is a polynomial denoted e, over the polynomial ring k[z1,zs - -« , x,] of the form

ek(ﬂﬁl,xm'“%) = E Ly Lig =« * T4y,
1< <t << <n

Definition 2.1.4. The power sum symmetric polynomial of degree k in n variables

is a polynomial denoted pj over the polynomial ring k[zq, zo, - - - ;] of the form

n

k k k k
pr(xy, 20y ) = E x; =x] x5+ +a,
=1

This polynomial is also commonly referred to as a Fermat-type polynomial.

Definition [2.1.3] is important to the first type of polynomial we investigate, the
Schur Polynomial. A Schur polynomial is a generalization of the elementary symmet-

ric polynomial, indexed by integer partitions. We will see a more formal definition in

section 3.1



Definition [2.1.4] is important to the second polynomial, PF'T polynomials. Easier
to define than the Schur polynomial, a Power of a Fermat type polynomial or PFT
polynomial is a Fermat type polynomial taken to a power. We investigate this type

of symmetric polynomial in section 4.1

2.1.2 Polynomial Ring Notation and Catalecticants

Now we will establish some notation for working over polynomial rings, and
introduce our methods for determining bounds for the Waring rank of our symmetric

polynomials.

Let S = k[zy, x9, - - - ,] denote the polynomial ring over the field k in n variables.
When n < 3 we may use k[z],k[z,y],k[z,y,z]. Otherwise, we will assume S is
the polynomial ring over n variables, and we will assume our monomial ordering is

lexicographic.

Let Sy be the degree d part of S, i.e. for d = 3 we would have

_ 3,2 2 3
Sy = span{xy, xi{Ta, ..., Tp125, T, }

In general, the space S; has dimension dim(S,;) = (”+dd_1) = ((Z)), found by
counting the number of multisets of size d from the set of n variables, allowing

repetition [5].

Define 0,, = a% as a shorthand for the partial derivative with respect to the vari-

i

able z;. For example, 87, 03,0, denotes a partial differential operator (;2)*(3%)*(5%)-



Another convention we will sometimes utilize is given o« = (aq,aq,...,a,) then
9% =094 - 9% ...9% . Then for a = (2,3,0,4) we understand that 0* = 02 92 0,,.
Define T' = Kk[0y,, Oy, - - -, Or, | as a polynomial ring of differential operators over
the variables of S. T is called the dual ring to S. T includes every possible partial
derivative of variables in S. Let T, denote the degree d graded part of T', similarly to
Sy. So for d =3
Ty = span{®® ,0% Op,,...,0,, 0> 07 }

1) Y1 Y Y In—-1YTp) Y Tn

This dual ring is useful in the study of what is called the catalecticant map, defined

next.

Definition 2.1.5. Let f € S; and 0 < a < d. Then the a-th catalecticant of f is a

linear map C¢ : T, — Sq_, defined by 9% — C$(9%) = 0%(f).

For example, f = 2% + 222y + 2zy* + y* € S3 and a differential operator 9% € T,
then C}(02) = 02(f) = 6z + 4y.

This notion goes back to Sylvester in 1851, see [I3], and through the years, came to
be written and used in this form in more contemporary work. The map is important
because it is the foundation of our understanding of lower bounds for Waring rank,
using the method of partial derivatives which we will use in this work. For more

detailed info on this method see []].

Here is a definition key to our use of this method for determining a lower bound

on the Waring rank of these symmetric forms, based on the catalecticant.



Definition 2.1.6. For a polynomial f, Derivs(f) is the vector space spanned by all

partial derivatives of f of all orders.

For example, if f = xyz then Derivs(f) = span{zyz, vy, x2,yz,z,y, z,1}.
Let Derivs(f)<s be the subset of polynomials in Derivs(f) of degree less than or
equal to d. These are all subspaces of Derivs(f). Note Derivs(f)<4s = Derivs(f) when

deg(f) = d, and Derivs(f)<o = span{1}. These subspaces are nested, so

{0} = Derivs(f)<_1 € Derivs(f)<o S - -+ C Derivs(f)<q = Derivs(f)

where Derivs(f)<_1 = {0} by convention. This type of nested sequence of subspaces

is called a filtration, and we say that Derivs(f) is filtered by degree.

Another such filtration is given by order of derivatives. For each e let Derivs(f)=¢
be the subspace spanned by the derivatives of order e or greater. In this filtration,

we have

{0} = Derivs(f)=*™ C Derivs(f)=¢ C --- C Derivs(f)=° = Derivs(f)

Observe that Derivs(f)=¢ C Derivs(f)<q_. since differentiating f at least e times
reduces the total degree of f by at least e. However, these subspaces are not necessarily

equal, for example if f = 2* 4+ 2%y a degree 4 polynomial, then

Derivs(f) = span{f,d.f,0,f, 0>f, ...}
= span{z* + 2%y, 42° + 22y, 2%, 122% + 2y, 27, 2}

= span{z* + 2%y, 22° + zy, 2%y, 2,1}



In particular, Derivs(f)<s = span{z?,y, z,1}. However,

Derivs(f)>2 = span{02, 8,0, f, 62, 621, ...}
= span{122? + 2y, 2z, 0, 24z, 2}

= span{6z® + y, z,1}

Observe 2%,y € Derivs(f)<o but not in Derivs(f)=2.

When f is homogeneous of degree d, then this complication does not arise so we
can simplify these two filtration’s into one case, and denote the space of Derivs in the

following way.

Definition 2.1.7. For a homogeneous polynomial f of degree d, Derivs(f)s is the
subspace of all homogeneous degree § polynomials in Derivs(f). Equivalently, it is

the set of all order (d — §)th derivatives of f. Formally,
Derivs(f) = Derivs(f)o @ Derivs(f); @ - - - @ Derivs(f)q

Thus we have Derivs(f)<s = Derivs(f)2¢=° = Derivs(f)o @ Derivs(f); @ -+ @
Derivs(f)s. That is, Derivs(f) is graded by degree when f is homogeneous. The space
of Derivs is one key to our examination of these symmetric polynomials. The other

involves a less familiar, and highly related notion.

2.1.3 Apolarity

The method of partial derivatives also involves the notion of apolarity. The

theory of apolarity was developed in the late 19th early 20th century by Clebsch,



10

Lasker, Richmond, Sylvester, and Wakeford in their work with canonical forms, see

[12],[15],[13].

This was later utilized by Ehrenborg and Rota to continue this work, who used it
to examine the linear and algebraic dependence of forms [4], [5].

It has been shown using the notion of apolarity that for f a ‘generic’ ternary
quartic (a polynomial in 3 variables of degree 4) cannot be written as ¢{+¢3+(4+(3+(3
iff there exists a dual ternary quartic which is apolar to £3,£3 - -- | (2 where {; are linear
forms. In other words, under this given condition, the Waring rank of f is greater

than 5, giving us a lower bound for generic homogeneous f of degree 4 in 3 variables.

The notion of apolarity gives rise to a significant object called the Apolar algebra

of f[9].

Definition 2.1.8. For a polynomial f in the polynomial ring .S, and the associated

dual ring T" the Apolar Algebra Ry is the quotient ring defined by

Ry =T/ Ann(f)

where Ann(f) is the set of all polynomial differential operators that annihilate f,

called the annihilator of f.
Ann(f) is also often called the Apolar ideal.

Lemma 2.1.9. Given a polynomial f € S and the ring of differential operators T,
the set of polynomial differential operators that annihilate f, denoted Ann(f), is an
ideal of T
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Proof. Let f be a degree d polynomial. Then for any a = (a1, as,...,a,) such that
la| > d+ 1 we know that 0* € Ann(f) thus Ann(f) # 0.

Given 6,60, € Ann(f) then

(01 +62)(f) =01(f) +02(f) =0+0=0

so 01 + 6y € Ann(f)

Given 0 € Ann(f) and v € T we have

So 6y € Ann(f) and therefore Ann(f) is an ideal. O

Similarly to the Derivs(f), the annihilator is graded, so the set of all ath differential

operators that annihilate f is denoted Ann(f),.

For example, Ann(zy) = (07,92) since d2(zy) = 0 and J;(zy) = 0 so (07,03) C

Ann(zy). To see the reverse containment, we can separate Ann(zy) into graded com-

3 020,,0,02,0%)

ponents, so Ann(zy); = {0}, Ann(zy), = span{9?, 9>}, Ann(zy); = span{d -0y

) Yy ) Y

and notice that the ideal generated by (92,0;) contains the basis of Ann(zy)s so

Ann(zy) C (0%,0?) thus Ann(zy) = (92, 9?).

) Yy x) Yy

We can connect the ideas of the annihilator and the space of Derivs intuitively:

Derivs(f) is a vector space spanned by all partial derivatives of f, and Ann(f) is the
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ideal of all differential operators which when applied to f, result in 0.

2.2 Previous Results

We will present some previously proved theorems and facts about ranks of vector

spaces, apolarity, and other ideas relating to symmetric polynomials.

Theorem 2.2.1. (Rank-Nullity) For vector spaces V,W and a linear transformation
¢V =W we know:
Rank(¢) + Nullity(¢) = dim V'

where

Rank(¢) := dim(Image(¢)), Nullity(¢) := dim(ker(¢))

We can apply this theorem to the catalecticant map C% : Ty, — S,. The kernel
is Ann(f)g4_q, the homogeneous degree d — a elements in Ann(f), and the image is

Derivs(f),. Therefore,
dim Ann(f)4—, + dim Derivs(f), = dim T}, (2.1)
which we know is

antica= ("0 = (1)

By examining the size of the Derivs(f), or Ann(f)s—, we have a formula with
one unknown, which can be solved. The dimensions of these subspaces are important

because of the following result about the catalecticant map and Waring rank.
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Theorem 2.2.2. Given a homogeneous polynomial f € S and the catalecticant map

C% then the following inequality holds

r(f) = rank C%

The proof is surprisingly quick.

Proof. Let f = cif$+---c.£%, then the image of C$% is spanned by 0%(f) for 0% € T,
and each 9°(f) € span{0®(¢¢) : i = 1,2,...,r}. Each of these spanning elements is
O%(L9) = 97" for some c € k therefore the image of C¢ C span{f®*:i=1,2,--- ,r}

which implies the rank of C% is at most the rank of f. O

More useful results to consider about the catalecticant map rank.
Corollary 2.2.3. Given f € S and 0 < a < d we have
e rank O = dim Derivs(f),

e dim Derivs(f), = dim Derivs(f)q_o and the sequence of dimensions is symmet-

Tic.

Proof. Let f be a homogeneous polynomial of degree d and let R be the apolar
algebra of f (we will omit the f subscript). Observe that Derivs(f), = R, and
Derivs(f)g—a = Rg4—q. Also observe that Ry = Derivs(f)s = span{f} = k. Taking
the Cartesian product R, X R4, gives a space of degree d polynomials, since Ry

corresponds to a space of degree k polynomials. The multiplication map

Ty X Ty, — Ty
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taken modulo Ann(f) gives the map

R, x Ry_, — Ry

Therefore this map is bilinear. Then each 6 € R, gives a linear map Ry, — k, i.e.
an element of R, thus we get a map R, — Rj_, which is linear and injective. To
see this, if € R, where 6 # 0 then 6 ¢ Ann(f), so 6f # 0 which implies there exists
some ¢f # 0 in Ry. Then ¢ € R}, is an element where the linear functional given
by 6 is nonzero, so the map R, — R}, , is injective. Therefore dim R, < dim R} 6 =
dim R;_,. Similarly, in the other direction we get dim Ry, < dim R} = dim R, so

the dimensions are equal. O]

The consequence of this result is that the the subspaces Derivs, are symmet-
ric. To illustrate what this means, take the elementary symmetric polynomial f =

eq(wo, 1, T2, T3, x4). Here is the list of the dimension of Derivs(ey(xo, 1, T2, T3, T4))q

for 0 < a < /4.
a dim Derivs(f),
0 1
1 5
2 10
3 5
4 1

Table 2.1: Dimension of Derivs(f), for f = es(z1, 29, x3, 24, x5).

We will be looking at the dimension of the Derivs(f), for specific values of a,

which will tell us about the annihilators and the Derivs space for all of f based on
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this pattern.

We will examine the catalecticant maps of our two symmetric polynomial types.
Each polynomial f will be in n variables, of degree d, so as these numbers, n and d
grow, so does the length of f, and the dimension of each C'y. Thus, our computational

data will reflect the limit of our available resources.
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CHAPTER 3

SCHUR POLYNOMIALS

3.1 Definition and Computation

A Schur polynomial is a type of symmetric homogeneous polynomial which is

indexed by an integer partition of the degree of the polynomial.

Definition 3.1.1. Given an integer partition A = (A1, A9, ..., A,) where A\; > Ay >

... > Ay and \; > 0, the function

A1+n—1 A14+n—1 A4+n—1
] 5 R
Ao+n—2 Ao+n—2 Ao+n—2
] T5 R
a'()\1+n71,)\2+n72,...,)\n)(-7:17 Lo, ... >$n) = det
xi‘" x%‘" . xi‘f

is an alternating polynomial in n variables of degree d. It will be divisible by the

Vandermonde determinant



17

n—1 n—1 n—1
xq ) T,
n—2 n—2 n—2
xyT xh T L al
A(n—1,n-2,...,0) (xla Loy ... 7xn) = det = H (xj - xk’)

1<j<k<n

The Schur polynomial for the partition A is computed by the following quotient [16].

a()\1+n71,)\2+n72,...,)\n)(x17 Lo, ... axn)

8)\<I1, Loy ... xn) = a(n_1,n—2,..-,0)(x1’ Lo, ... 7$n)

For example, let n = 3,d = 7 and consider the integer partition A = (4,2,1).

Then the Schur polynomial given by A is computed in the following way.

$4+3_1 y4+3—1 Z4+3_1

det p2H3-2 243-2  ,2+3-2

Y

1+3-3 1+3-3 1+3-3

i z

Caupzo1243-21(7,9,2) L !
Sa2,1)(7,y,2) = U ro10(t:y.2) B T
—heT D )

det |,.3-2 3-2 53-2

Computing these two determinants we get
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6 3 36 6. 3 6.3 3.6 3.6
as1(x,y,2) =2°y’z —x°y’z — ayz” + oy’ + vy’ —ay'z

az10(z,y,2) = 2’y — xy® — 2’z + Yz + x2” — y2?

Thus the Schur polynomial is given by

S (2, Y, 2) = sty 4+ 23y + 22yte + aly2? + 22372 + 22%y3 22

Fayte? + 2Pyt + 202228 + a2 4 Pyt + a2t

The Schur polynomial is a generalization of the elementary symmetric polynomial.
Like many symmetric polynomials, it can be indexed by integer partitions. Schur
polynomials have many interesting properties as a result of this, which have been well
studied in algebraic combinatorics. One such property is we can examine the shape

of a visual representation of these partitions in something called a Young Diagram.

A Young Diagram is a finite collection of boxes, or cells, arranged in left-justified
rows, with the row lengths in non-increasing order. Listing the number of boxes in
each row gives a partition A of a non-negative integer n, the total number of boxes
of the diagram. The Young diagram is said to be of shape A, and it carries the same

information as that partition.

A Young Tableau is a filling of a Young diagram with integers 1 through n. The
integers may repeat, or not appear at all. It is semistandard if these integers are
strictly increasing along columns and weakly increasing along rows. Since the integer
partitions, A, we have for these Schur polynomials could consist of a single repeated

integer, A = (k, k,..., k), or a single positive integer followed by 0’s, A = (d,0,...,0),
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we would need to use semistandard Young Tableaux to categorize these polynomials.

We have an alternate definition for Schur polynomials using these semistandard Y'T.
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Here are all the SSYT for the integer partition (4,2, 1)

3 313 313133 313212 31331 3122
2 2 211 2 2

1 1 1 1 1

3 312 313132 313121 313121 3131
2 2 212 2 2|1
1 1 1 1 1

3 212 3 311 31222 313121 3121
2 2 211 2 2|1
1 1 1 1 1

Notice that there are 15 such semistandard Tableaux, and the sum of the coeffi-
cients on our Schur polynomial indexed by the same partition is 15. In other words,
there is a one-to-one correspondence between SSYT for the partition A and monic

monomial terms in s,. This leads to our next definition.

Definition 3.1.2. Given the Schur polynomial sy(xy,zs,...,x,), let T denote the
collection of all semistandard Young Tableaux of A\, and let ¢; be the weights in each

SSY'T, that us, ¢; is the number of times ¢ appears in the tableaux. We have
Sx(T1, X9, ... xy) = fo
T

Again, consider the Schur polynomial sy 21)(%,y,2). Each tableaux in our list
of all SSYT for (4,2,1) corresponds to a single monomial in this Schur polynomial,
where we interpret the numbers as variables. Typically x1, x5, x3,... are represented
by 1,2,3,... for convenience. In this case, we can either let x = 1,y = 2,2 = 3 or

x =3,y = 2,z = 1 and the result is the same. Symmetric polynomials have many
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convenient properties in this way! In the typical assignment of variables to weights,
our first tableaux corresponds to the monomial term zy?z%.

The theory of Schur polynomials is vast, since they are an important example
of symmetric polynomials, and their properties are very interesting to the field of
algebraic combinatorics and algebraic geometry. More can be found about Schur
polynomials in [10]. We are interested here in the annihilator ideal of Schur polyno-
mials, which will largely depend, as we will see, on the integer partition A, which can
be classified by the Semi-standard Young Tableux (SSYT hereafter) for A.

We revisit our example polynomial one more time, and examine the annihilator
of it. Consider the annihilators of order 5. Ann(swuz2,1))e 7 {0} is @ = 5. In this
case, we get Ann(suz2,1))s C span{dy, dy, 02}, which is fairly easy to see, since clearly
taking the fifth derivative of any one variable, when the highest power on z,y, z is 4,

the polynomial will be annihilated. Thus dim Ann(f); < 3.

For this polynomial, there are other non-monomial annihilators of degree 5, and
in fact of degree 4, dim Derivs(f >L% +1) > 0 where d is the degree of the polynomial.
When dim Derivs( f )L% =0 the Derivs is as large as possible for all degrees.

This is sometimes stated by referencing the Hilbert function of the polynomial,
and when the space of Derivs(f) has its maximum dimension, then we say it has a

compressed Hilbert function.

3.2 Results and Proof

We now use this background to make and prove claims about the dimension of

the annihilator ideal of s)(z1,x2,...x,) based on the partition A.
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Theorem 3.2.1. If A= (1,1,...,1) then sy = 122 Ty.

We will refer to this Schur polynomial with A = (1,1,--- 1) as the unit-discrete

Schur polynomial.

Proof. Let N = a(x,4n—1301n-2,.00) (%1, T25 - - . T) = Qnn—1,n—2,..1)(T1, T2, ... x,) and

D = apm-1,n-2,.0 (21,22, ...2,). By the Jacobi bialternant formula, we know that

sx(x1, ..., xy,) = %. Let the matrix A be defined as the Vandermonde matrix:
A !
e 2

n n n
) ) T,
n—1 n—1 n—1

xq Ty X,
X1 ) Ce Tn

Finally let X be the matrix with the main diagonal containing x; through z, and

every other element 0:
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I 0 0
0 ) 0
0O 0 0 =z,

It is easy to see that B = AX, and therefore N = detB = detAX = detAdetX =

DdetX. Therefore s)(xy,zo,...,2,) = % = Dd%X = detX = z,29-- -7, as desired.

O
Corollary 3.2.2. Ifd = kn and A\ = (k, k, ..., k) then sy(x1, 2o, ..., 2,) = (w122 - - 2,)F.
This Schur polynomial will be referred to as the k-discrete Schur polynomial.

Proof. Similarly, for A as before and

‘,L,Ilc—‘,-n—l xé?-‘rn—l l.§l+nfl
k+n—2 k+n—2 k+n—2
Ty 2 T,
B =
k k k
Ty L) T,
is is easy to see that B = AX* where X is the same as before. Thus sy(21, 2, ...,2,) =
N _ Ddetx* __ k _ . k.k kE _ k ;
5= 50— =detX" = ajxg .-z = (129 - - - 1,)" as desired. O

Therefore A = (k,k, ..., k) for f = sy(x1,z2,...,2,). By Ranested-Schreyer, the

rank of a monomial f of the form f = (2,25 - x,)* is known to be r(f) = (k+1)"!
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[TT]. The SSYT for the discrete Schur polynomials is a single column, and based on
computed examples, has the lowest rank of any other Schur polynomials with the

same parameters n,d. We now turn to the opposite extreme.

Theorem 3.2.3. If A = (d,0,...,0) then sx = sx(@1, %2, Tn) = D 4y oy g0y

15l _ ([ n
and rank Cs?" = ;)

2
This Schur polynomial we will refer to as the indiscrete Schur polynomial.

For an example, start with the Schur polynomial n = 3,d = 3 and A\ = (3,0,0),

1 g |k

over k[x,y, z]. The SSYT of shape A is a single row, with 3 columns, e.g.
where i, j, k € {1,2,3}. Since it is semistandard, the row is weakly increasing, and
repetition of numbers is allowed. Then we can list all possible SSYT of this shape

with these possible weights as follows. Let 111 denote the tableaux with a weight of 1
1111

in the first, second, and third position, e.g. which corresponds to the term

2. The set of all SSY'T of this shape is counted by the number of ways to arrange 3
objects into 3 bins, weakly increasing and allowing repetition. This is equivalent to
the number of multisets, i.e. there will be (3+§_1) = ((g)) = 10.

Let Ty = {ijkli < j < k,i,j,k € {1,2,3}} denote all possible tableaux for \. Then
Tn = {111,112,113,122,123, 133,222,223, 233,333}. Then forming the polynomial

from this arrangement we get
s@aoo =20+ 2%y + 2%z + wy’ +ayz + 2’ + P+ iz oyt + 2P

Notice that every degree 3 monomial in k[x,y, z] is present in this Schur poly-
nomial. Recalling definition [2.1.2| we can see that this is the complete homogeneous
symmetric polynomial of degree 3 in 3 variables, h3(x,y, z). This will hold in general,

here is the proof.
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Proof. Let A\ = (d,0,0...,0). Then define T, as the set of all SSYT of shape A.
Namely,
T = {ivig-in iy <ipg < -ov Ky ip € [n],ZZk = d}.
k=1

Elements of T are length n strings whose entries come from a size n alphabet, and
whose sum is equal to d. Additionally, any one weight may not appear at all. So
we are counting length n strings, of non-negative weights, since our tableaux are

semi-standard.

This is equivalent to the number of multisets ((Z)) Since we have already seen
that each tableaux corresponds to a monomial in s, and the number of degree d
monomials in k[zq, ..., z,] is known to be ((Z)) then s, contains every monomial in n
variables of degree d. Moreover, the tableaux for each monomial is unique, thus the
coefficient on each monomial in s, is 1. Therefore, we can see that s, is the complete

homogeneous symmetric polynomial of degree d in n variables.

Recall definition of the complete homogeneous symmetric polynomial. Notice
that for A = (d,0,0,...,0) then the Schur polynomial s)(x1,...,z,) = hg(z1,...,2,).
Theorem 2.11 of [1] states that h4(z1,...,x,) has a compressed Hilbert function,

therefore each s, of this form will have a compressed Hilbert function. n

We see then that in one extreme, the discrete case, has rank (k — 1)""!. In
the other extreme, the indiscrete, the Hilbert function is compressed, meaning that
by our lower bound for the Waring rank of the indiscrete Schur polynomial,

d
S0, 0 € K[z1 ..., x,] is rank C’}QJ = ((Z)), which is as large as possible.
2
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Every pair (n,d) will have one indiscrete Schur polynomial, however we only get
a discrete Schur polynomial when d = kn. Therefore we classified the lower bound of
one Schur polynomial for each (n,d), and a second one if d = kn. Generalizing this

result involves examining the SSY'T shape, which we will mention in the next section.

3.3 Further Questions

We examined several hundred Schur polynomials, generalizing up to 7 variables
and up to degree 9. Our computer data suggests that there exists a pattern of
when the Hilbert function of the Schur polynomials is compressed, that aligns with
our rigorous results. By categorizing the Schur polynomials by their Semi-standard
Young-Tableaux we noticed that when the Tableaux is a single row (indiscrete) the

Hilbert function is compressed.

Our data suggests that if the Schur polynomial SSYT is a long row with a small
tail, the Hilbert function will be compressed, and depending on the degree and
number of variables, the tail can grow larger, while the HF remains compressed.
Whereas, if the SSYT is a single column (discrete) we proved the Hilbert function
is not compressed, and we can find the annihilator ideal. If the SSYT of a Schur
polynomial is a large column with a small arm, the Hilbert function will often be

uncompressed, though this case has more deviation that the former.

It is not completely clear at what point this change occurs, and if it can be

generalized. It is an interesting algebraic-combinatorial problem to connect the shape
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of the SSYT to the rank of the annihilator ideal, or the dimension of the space of

Derivs, that we would like to explore further in the future.
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CHAPTER 4

POWERS OF FERMAT TYPE POLYNOMIALS

Our next type of polynomial is the PF'T polynomial, which we will define below,
along with some other specific background definitions and notation. Section 2 will go
over some computational examples, and results, which will play a role in our larger
proofs. Section 3 will be our main results for the annihilator ideal of PF'T polynomials

in general, and our final section will contain further questions on this subject.

4.1 Definition and Notation

Recall definition of a Fermat polynomial.
Definition 4.1.1. Let s2 = 2 +ab+-- -4 be the degree p Fermat-type polynomial
in n variables. Then define
Flupp = (s7)" = (2} +ah + -+ 2h)"
be the k-th power of sP. This polynomial we will call the Power of a Fermat Type
polynomial or a PFT polynomial, henceforth.

The inspiration for studying this polynomial came from the papers [I] and [6]
which both proved that the PFT polynomial, where p = 2, has compressed Hilbert

function. We wanted to further generalize on the power of p, and examine the
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annihilator ideal of this polynomial, to determine a lower bound for its Waring rank.

Definition 4.1.2. Let f be a polynomial over S. The support of f, denoted supp(f),

is the set of monomials occurring in the polynomial f.

For example, in the polynomial f = x3zy + 323 — 225 the support is supp(f) =
{239, 23, 5}. If a degree d polynomial f includes all degree < d monomials then f
is said to have full support. This definition of support could also be called monomial
support to differentiate it from wvariable support, the set of variables occurring in the
polynomial. When f is homogeneous, which is all f we are considering, we will use
‘full support polynomial’ to denote a homogeneous polynomial containing all degree

d monomials.

Full support polynomials have some nice properties, the ones that will benefit us
the most involve determining, based on parameters (n, p, k), what monomials exist in

the partial derivatives of f = F{; 1)

We can generalize the notion of support in a way that helps us examine these

PFT polynomials.

Definition 4.1.3. Let f(xy,9,...,2,) be a polynomial in R = k[a¥, a5, ... «F]. If
f(y1,y2, .. .,yn) has full support in the polynomial ring R = k[y1,¥2...,yn] where

y; = ¥ then we say f has p-full support.

The main usefulness of these results is being able to determine the monomials
from Fi, ) that will be present in span(9®)(f), which is the key to testing for linear

independence of each of our Derivs subspaces. To make this work easier, we will
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introduce some notation for dealing with monomials of 0%(F,p.x))-

0 .
L...gP% denote some monomial

For f € S be an arbitrary polynomial let Zy = 27
Zg € supp(f) where 6 = (01,05, ...0,). Also let ¢y be the coefficient on Z,. We will
see both how to determine exactly what monomials are in supp(f), when f is an
element of some Derivss(F{, k), in the next section. Additionally, we will see how to

find ¢y given (n, p, k), another necessary part of determining the linear independence

of each subspace of the Derivs.

4.2 Computational Results and Examples

4.2.1 Useful Results

We can write a general formula for the coefficients on each PFT polynomial, for
any parameters (n, p, k), using the fact that every PFT polynomial has p—full support,

and the help of our old friend the binomial theorem.

Lemma 4.2.1. Let f = F(,p 1) € S)y, be a PF'T polynomial, and let & = (61,05, .. .,6y)
be a tuple with 0 < 0; < pk. Then for any monomial Zy € supp(f) the coefficient on

Zy 18 given by
k!

=0,

Proof. The coefficient ¢y on a monomial Zy = cexfel - xP9n for any Zp € supp(f) is

given by the multinomial theorem
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. k R
" TN\0,0,...,0,) 0,10,

[]

This allows us to easily predict coefficients on any monomial in a partial derivative

of f, for some 0%(f) € Derivss(f).

Corollary 4.2.2. Given a differential operator 0% = 03* - - - 95 € Ts and a monomial

Zy, the coefficient, dg, on 0“(Zy) is given by

Klpq!-- - po,!

d p—
’ O1!---0, (pel_@1> (p9 —an)

Proof. Note 0%(coZy) = c90“(Zy) so we need only find the coefficient for 0%(Zy) and

multiply it by ¢y. Differentiating Zy by 0% gives us the monomial

0°(Zy) = H Haaw Py

=1

(p0,)(pb; — 1) - - (p; — a; + 1)t~

:]:

@
I
—

(p0> po —a;
1 (pfi —a;)! "

I
=

.
Il

Thus the coefficient dy on 0%(Zy) € supp(0*(f)) is given by

dQZCQH((p—)

iy (0 — ai)!
B k! p@ !
Cf)--0,) p91—a1' (pb, —an)
k‘pel p n

01! -0, (ph — al) -~ (pby, — ap)!
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Here we have a lemma about a specific type of matrix, which we will see in some
computational examples. It will be easiest to prove some facts about this matrix in

general before dealing with specific cases.

Lemma 4.2.3. For an n X n real valued matriz of the form:

a b b

b a . b
M f—

b b a

Ifa4+(n—1)b#0 and a — b # 0 then M 1is invertible.

Proof. Assume that a + (n — 1)b # 0 and a — b # 0. Note that the column vector

v =[1,1,...,1] consisting of n copies of 1 is an eigenvector of M and its eigenvalue

is a + (n — 1)b. Now notice we can rewrite the matrix M as

M = (a —b)I + bvv”

Now let w be another column vector that is orthogonal to v. Multiply by w on

the right to both sides of the above equality and we can see:

Mw = (a —b)Iw +bvv'w = (a —b)w +bv-0 = (a — b)w
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Tw=0.

because v
So w is an eigenvector with the eigenvalue of a — b. So for any w orthogonal to v,

w is another eigenvector with eigenvalue of (a — b).

It is easy to see that there are n—1 linearly independent w’s that will be orthogonal
to v: Let

w] =[1,21,...,T,_1] Where z; = —1,z;=0for j #i

n—1

Any vector of this form will be orthogonal to v and there are ( )

) = n—1 linearly
independent w’s.
Then span{v, wy, ws, . .. w,_1} forms a complete eigenbasis for M with eigenvalues
a+(n—1)b and a—b (with multiplicity n—1). This implies the matrix is diagonalizable.
Since M is diagonalizable, then M is invertible if and only if it’s eigenvalues are

all nonzero. By assumption, a + (n — 1)b # 0 and a — b # 0 and these are our only

eigenvalues, therefore M is invertible. O]

Given the polynomial f, define LM(f) as the leading monomial of f, using lex

monomial ordering. For example if f = 423 + 2y? — 32% then LM(f) = 3.

Lemma 4.2.4. Let f = F(, 1), the (n,p, k) PFT polynomial, and let p > k. Consider
tuples B = (b1, ba,...b,) and v = (c1,¢a,...,¢,) such that 8°,07 € Ty.. Provided
OP(f), 0 (f) # 0 we have B = if and only if LM(9°(f)) = LM(97(f)).

Proof. Assume that 0° = 07. Then every term in the polynomials will be the same,

hence the leading monomials will be the same, so LM(9°(f)) = LM(3"(f)).
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Now assume that LM(9°(f)) = LM(97(f)). These monomials will be of the form:
LIDP()) = 0 s g
LM(I7(f)) = 2] - a7 pphen

We cannot assume that the a; = a;.

Now using our assumption we know that

pa1—b1 paz—bz pan—bn, _ , Pai—ci pay—ca
L1 P T, = I P

o gPanTen
We end up with the system

pa; —b; =pa;, —c;, 1 <i<n
Rearranging this we can see that

pla; —a;) =b; — ¢

This implies that p|b; — ¢;. Since we know that > b; = > ¢; = k then b;,¢; < k so
|b; — ¢;| < k < p. Therefore b; — ¢; = 0 which implies b; = ¢; for all i € {1,2,... n}.
Therefore § = . ]

For two tuples a = (ay,...,a,) and 8 = (by,...,b,) we say that « =  (mod p)
if a; = b; (mod p) for i € [n]. For congruent tuples «, 8 we say that the differential

operators 9%, 0" are ‘congruent mod p’, as shorthand for a = 8 (mod p). Then we
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have the following result about congruent differential operators.

Lemma 4.2.5. Suppose 0**,0% € T, are two distinct differential operators. Then
for PET polynomials f = Fi,pry if 0°'(f),0°2(f) have any monomials in common

then a; = ay (mod p).

Proof. Let 0*', 0% € Ty 1 be two distinct differential operators. Write ay = pfSy + 71
and ay = pfy + v2. We want to show that if 0*'(f),0*?(f) have any monomials in
common, then vy = 7,.

Assume that 9% (f),0°2(f) have a monomial in common, so cz{'xd - -zi €
0 (f) and da{ @ - - - 28 € 9°2(f). Let ay = (ug, ug, - ,uy,) and ag = (vg,va, -+, Uy).
Note that since f = (2] + 28 + - - + 22)* then every monomial of the expansion of f
is of the form a2 ab* ... g2,

In other words, the power on every variable is a multiple of p. Let 81 = (j1,J2, -+, Jn)

and 3y = (l1,l2, T 7ln)) and let v, = (91;92, s >9n) and vy = (h17h2, T 7hn>' Then

observe the following.

¢ = phi —u; = pAi — (pJi + 9:)

=p\i—ji) —g:=p—g; (mod p)
Similarly, we have

gi = PN\i — U = pA; — (plz' + hi)

=pN\—1L)—h;=p—h; (mod p)

Since ¢; = p — ¢; (mod p) and ¢; = p — h; (mod p) then p — g; = p — h; (mod p)

therefore since we know g¢;, h; < p then this implies g; = h; which means vy, = ¥, as
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desired. O

Note that the original \;’s do not have to be the same for each differential operator.
The common monomial term in 90“'(f),0*(f) could have come from 2 different
monomials of f, and in fact they must come from different terms of f for distinct

partial derivatives.

Lemma 4.2.6. Let 0,02 € T, and ay # as. If the supports of 0 (f),0**(f) have
a monomial, M, in common, with 0**(Zy) = M and 0**(Z,) = M then Zy # Zs.

Proof. Recall Zy = 22 - 2P and Z, = 2™ ... 2P Assume that 0% (f),9°*(f)
have a monomial, M, in common. By this implies that a1 = ay (mod p). Let

the common monomial M be M = z§* - - - 26

0;— _
8‘“(29) :l’?l al"_szn an :xgGCn

oz — P pm—al, GG
0**(Z,) = =y T, = xy
Then,

pb; =G+ a;

pni =G +a;

Since a; # a; for some ¢ then pf; # pn;, therefore Zy # Z,.

For example, when f = F3359) = 2% + 223y® 4+ 22°2% + % + 24323 + 2 then
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DX f) = 1202° + 12y° + 122°
3 _ 3 3 3
9,(f) = 122 +120y° + 122

O3(f) = 122° + 12¢° + 12027

These all have supp(92(f)) = supp(d3(f)) = supp(92(f)) = span{z®,y*, 2*}. This is
because (3,0,0) = (0,3,0) = (0,0,3)( mod 3).

Corollary 4.2.7. For a PFT polynomial 0,0 € T,, if o = ay (mod p) then

0 (f),0**(f) have identical monomials.

Proof. Suppose f = Fp k). Let 9,0 € T, where oy = pB +v1 and ap = pBa+2,

with 71 = 7 (this is equivalent to a; = ay (mod p)). For ease, let 71,72 = 7.

Let M be a monomial where M € supp(0**(f)). This resulting monomial came

from some term, Z; € supp(f) where Z; = %% ... g% So 9™1(Z;) = M. Tt is easy

to find Z; based on ay. Say a; = (a1, as,...,a,) and ay = (a), db, ..., al).

»'n

Then we can write o as

ap =ppi+y

:p(b17b27"'abn) + (917927"'7971)

Similarly for as we have
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g = pPa 41y

= p(by, by, ..., b))+ (91,92, - -, Gn)

Then,

O"(Z) = M = 9™ (af i)

_, pO1—(pb1+g1) P0r—(Pbr+gn)
M =2y REF/ 74

_p(b1—-b1)—g1 D(0n—bn)—gn
M=o P

Let Zy = x’fell .+ 22" be another term in [ where 0] = 0, — b, + b. This is always

possible because we know b; < 6;, so then 6} will always be non-negative.

Because f has p—full support (see4.1.3)), we are guaranteed to have Zy € supp(f)

with these given ¢ exponents.

Then observe that

0 (Z2) = 0 (@A)

_ xp(erbﬁb’l)f(pb’ﬁgl) oo PO —bn+b)) — (b, +gn)
- n

01—b1)— —by)—
:lej( 1—b1) gl-HxZw" b1)—g1

=M
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Therefore M € supp(0*2f)) which implies supp(9°2(f)) C supp(9**(f)). The
process is similar in the other direction, therefore we can conclude that

supp(90“(f)) = supp(9*2(f)).
0

These results show that if @y = as (mod p) then 0*'(f),0*2(f) have the same
support, otherwise they will have disjoint supports (no monomials in common). This
helps us with proving linear independence for the space of Derivs in our general

results.

4.2.2 Computed Examples

We will examine some specific PFT polynomials and their annihilator ideals. To
start, taken = 3,p = 3,k = 2. We have f = F3 35 = 20422313 4+223234+¢%+2¢323 426,
The dimension of Derivs(F); C Sy is at most (%) since the number of degree
3 monomials is counted by choosing 3 variables with repetition from the set of 3
variables {z,y, 2}, so dim 5§ = ((%)).

Recall the image of C% : T3 — Sz is Derivs(f)s, and the nullity is Ann(f)s;. By
dim(73) = (%) = dim(Derivs(f)3) + dim(Ann(f)3). We claim that Ann(f); =
{0,0,0.}.

First note 9,0,0,(f) = 9,0,0.(2® + 22%y* + 22323 + y® + 2y*2% + 2%) = 0 since
there is no term in this polynomial involving all 3 variables z,y, z then 0,0,0,(F) = 0

therefore {0,0,0,} C Ann(f); so dim(Ann(f;)) > 1.

To show that dim(Ann(f)s) = 1, form a matrix, M, of the image of C'f whose

columns are spanned by Derivs(f)s, indexing the rows by elements of S3 and the
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columns by elements of T5. The rank of this matrix should be equal to the dimension

of Derivs(f)s.

So the (i, j) entry is the coefficient of the i’ element of S5 on the j derivative of
f. We know by the previous part that we get a column of 0's in the 9,0,0, position.
Then we need only calculate the rank of the rest of the matrix, which we can split

into 2 pieces as follows.

Let M; be the three columns indexed by {92,923, 93} and let My be the 6 columns

T Yy Yz

indexed by {929,,...,0,0°}, and omit the column of 0’s indexed by 9,0,0,.

We can compute 93(f) = 1202% 4 12y° + 122° and similarly for 93(f),92(f). We

get the following matrix.

120 12 12
M= 119 120 12
12 12 120

By Lemma we can see the matrix will have full rank, so rank(M;) = 3.

For rank(Ms) observe that for each pair of distinct variables in {x,y, z} there is
only one term in f that contains both, therefore dx?y(f) is a monomial, and the
monomial must be 36zy? since the only term of f containing both z,y is 223y3 and
0x?y(223y®) = 36zy*. In fact for each dz2 x, the image will be 922z, (F) = 36z,,22.
Each of these monomials are unique, then this space is linearly independent and has

size 2(}) = 6. Therefore rank(M>) = 6.



41

Notice that the intersection of the columns of M; and M is 0 since the former
is spanned by polynomials such that every term is in one variable alone, and M, is
spanned by monomials such that every term is a monomial in two variables. Then
rank(M) = rank(M;)+rank(My) = 3+6 = 9. Since M is a 10 x 10 matrix, its nullity
is nullity(M) = 10 —9 = 1. So dim(Derivs(f);) = 9, and dim(Ann(f) = 1. Therefore
Ann(f)s = span{0,0,0,}.

The differential operator 0,0,0, is what we call a square-free differential operator.
An a—th order square-free differential operator 0% for o = (ay, ..., ax) is an element
of T} such that k of the a;’s are 1 and the rest are 0. These types of differential
operators will be important to our results.

Now we will generalize on n, so take f = F, 32 € S¢. By the multinomial theorem

this function is given by

f=@+as+. +22)? =aS+2afas+. . 422 242l = fo—i— Z 21
i=1 ijE{l,...n} i#j

We want to show that dim(Derivs(f)s3) = ((;f)) -

(5):

There are (3 ) 3rd partial derivatives of f so dim Derivs(f); < ().
Notice that span{0,,0;,0, : i # j # 1} C Ann(f)s since supp(f) = span{zf, z}z? :
i # 7}. So the annihilator contains every square-free differential operator in T3, thus
dim(Ann(f))s > (3), since there are (}) such differential operators. Now we need to

establish that the remaining elements of Derivs(f)s; are linearly independent.

Let M be a matrix of the image of C' whose columns are spanned by Derivs(f)s,
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indexing the rows by elements of S3 and the columns by elements of 75. The rank
of this matrix should be equal to the dimension of Derivs(f);. We will leave off the
columns of 0’s created by the square-free derivatives. This matrix can be decomposed
into two pieces, as before, M; whose columns are spanned by operators of the form

93 , and M, whose columns are spanned by 92 0, where i # j.

120 12 --- 12 36 0 - 0

12120 --- 12 0 36 --- 0
Ml — MQ -

1212 - 120 o 0 --- 36

By Lemma M is linearly independent and invertible. For M, observe for
any pair of variables z;,z; € {1,...2,} there is a unique term of F' that involves
both. Thus for any dz7x; we have dxjx;(F) = 2-3-2-3- z,25 = 36z;27. This matrix

is clearly invertible.

Every element of M, is of the form 120z7 + 77, ., 1227 and every element of
M is of the form 36:@%2. so the intersection of their column spans is empty, therefore
rank(M) = rank(M;) + rank(Ms;). Since both matrices have full rank, then the
remaining set of partial derivatives is linearly independent, therefore there are no
additional degree 3 annihilators of f and Ann(f)s = span{0,,0,,0,, : i # j # l}.

Therefore dim(Derivs(f)s) = () — (3)- This result will continue in general, with

3

some mild constraints on the values for p and k.
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4.3 Results and Proofs

Here we present some general results about the Derivs of PFT polynomials, using
the background we developed in the previous sections. Our main theorem is on the

degree k and k + 1 annihilators of general PFT polynomials, for p > k.

Lemma 4.3.1. Let f = Fi,, ) be the (n,p, k) PFT polynomial where n > k. Then

Ann(f)r41 # {0} and contains the span of all square-free monomials in Ty .

Proof. First, note that since n > k+1 there exists at least one square-free differential

n

. +1> square-free differential operators in Ty, 1,

operator in Ty,;. There are exactly (
since the number of operators is equivalent to the number of size k + 1 subsets from
a set of n elements.

Each of these square-free differential operators will annihilate f, since every mono-
mial Zy € supp(f) will contain at most k distinct variables, thus differentiating with

respect to k + 1 arbitrary variables will annihilate f. Therefore Ann(f);41 contains

the span of all these order k£ + 1 differential operators. O

Theorem 4.3.2. Let f = F(, 5 be the (n,p, k) PFT polynomial and let p > k.
Then Ann(f), = {0}, if n < k then Ann(f)r+1 = {0} and if n > k then Ann(f)giq

s spanned by the square-free differential operators of Tiyq.

Proof. First, we work over the map CJ’f : Ty — Spp—k. Let 0% € Ti. We know
that 0*(f) # 0 since f contains the monomial zP* = 2{*' 25" ... 2P% with some
nonzero coefficient because f has p—full support. Therefore 0%(f) contains 0% (aP*) =
T bt L pPan—an with some nonzero coefficient. And this term is nonzero

since p > 2. By we know for distinct «, 8 the leading monomials will be distinct.

Therefore the set {C}(9*) : 9* € T}} is linearly independent, so the matrix of C}
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has linearly independent columns, spanned by the partial derivatives 0%(f). Thus

rank C%¥ = dim T, and Ann(f); = {0}.

Now let n > k and we work over the map C']'f“ i Th41 — Spr—k—1. We can see every
square-free monomial in T4 is in Ann(f)g41, by [£.3.1] Let 9* be any non-square-free
differential monomial in Ty, 1. We claim 0%(f) # 0. Let o = (a1, a9, ..., a,). Since «
is non-square-free, then some a; > 2. Without loss of generality assume that a; > 2.
Because Y27 a; = k + 1 then (a; — 1) + 3.7, a; = k. Therefore 27 Vb2 ... gpan

is a monomial with degree pk, which means it is in supp(f).

Then observe,

a;—1 a1—1)—a — —
0 g age) = e g g

for some constant ¢, and p(a; — 1) —a; > 0 because p > 2. Therefore 0%(f) # 0.

Now just like in the above case, we know the sets of the form {9*(f) : 9* €

Tr+1,0 is nonsquare-free} are linearly independent, since they will all have distinct
leading monomials by

The only exception is when p = k 4+ 1 the leading monomials of every 0% are
distinct, except for the subset {02 (f) : i € [n]}, the partial derivatives of order k + 1

which are the k 4+ 1 power of a single operator.

Therefore take Derivs(f)r+1 and decompose it in the following way.
Derivs(f)r1 = Vi@ Vs

where Vi = span{d% (f) : i € [n]} and V; is spanned by 9°(f) for all other a of total
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degree k + 1 involving at least 2 variables.

The first subspace we have shown is linearly independent, by {.2.4] The second

subspace has equivalent monomials by [£.2.5| and [£.2.7] In particular, notice that the

matrix for the image of {02 (f) : 4 € [n]} will be equal to v* x w where v is a vector
of coefficients, and w is the coefficient vector for F{; ,x—1). This results in the matrix
of {02 (f) :i € [n]}. These coefficients for each Zy € supp(d%.(f)) will be
(p0:)! :
((pgi—p)!> it 0; # 0
giving two cases for each coefficient based on what variable is being differentiated,
and each column will index exactly one of those differential operators. So the matrix
vt x w will look like the matrix in [4.2.3, which we have shown is invertible. Then

{08 (f) 4 € [n]} is linearly independent.

Therefore in the matrix for the image of the map C”Jf*l, the columns induced by
nonsquare-free monomials are linearly independent for all p > k, and the kernel of

this map is given by Ann(f);1 = spand® : squarefree monomials .

Finally, when n < k, we can observe that there are no squarefree monomials of
degree k+ 1 in Ty so Ann(f)ry1 = {0} in this case, and the above argument shows

that all the columns of the matrix of C’;H are linearly independent.

This theorem implies that for any f = F{, ) where p > k, we have
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rank(f) > ((kil)) - (zfil)

which gives a lower bound for the Waring rank of all PFT polynomials when p > k.

4.4 Conjecture of Generalization

We believe extends to all PFT polynomials but this proof strategy fails
when p < k, since does not hold for PFT polynomials where p < k. Observe

the following counterexample.
f=F333= 2% 4 3253 + 32523 + 323y + 623y 23 + 3232° + ¢ + 3y%2% + 39320 + 2

we can take partial derivatives and observe their lead monomials: LM(92(f)) =
2% LM(93(f)) = 2°. Thus the leading monomials of Derivsy_(f) are not distinct for
each 0%. This counterexample does not disprove the general result for this case, since
our result on the uniqueness of the leading terms is a stronger condition than linear

independence.

Conjecture 4.4.1. Let f = F, ;) be the (n,p, k) PFT polynomial. Then theorem
holds for all p.

Our approach to this involved using [£.2.5] and [£.2.7] to classify each partial differ-

ential operator of T, into congruence classes mop p, similar to our method in

for p = k 4+ 1. We were not able to apply this method more generally, since in that
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case, we only had one set of congruent differential operators, single operators to the

power p. The case is not so simple for p < k. For example, let f = F533, so
f =24+ 32%2 + 32523 + 323y + 6239323 + 32325 + ¢ + 39523 + 3320 + 20
We want to examine the degree 4 partial derivatives of f, these are given by

(02,020,,0%0., 0207, 0Py, 0°0°, 0,0%, 0,020., 0,0,0%,0,0°, 01, 0%0., 0207, 0,0%, 0.

x) Y 2y Yx¥yr Y z) Yy Yy Y-z z) 7z

Then the congruence classes for each 9% are given below.

If we then look at all the monomials in supp(9*(f)) for each 0* € T, we can verify
that if two 0%, 0** have equal 7’s, then supp{0*(f)} = supp{0**(f)}. Thus
and should aid in showing these partial derivatives are all linearly independent.

Once this is established, then holds without the condition p > k. We are

confident it is possible to prove this, and hope to revisit this natural extension.

4.5 Further Questions

We were able to prove for p > k, and we believe strongly that this theorem
is true when p < k, however this case will take considerably more work, as we have
seen in our original strategy. A further question we may ask is if there is a method
of proving both cases together, in general. The method of partial derivatives, and
apolar algebra have been useful and essential to this work, but can they be utilized
in other ways, that are less computationally rigorous? Our proof is an extension of

methods detailed in [I], which showed F}, o) has a compressed Hilbert function. A
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0°(f)

B

84
%0,

020,
9202
020,0.
920
0,03
0,020.
0,0,0”
0,0°
9,
20,
0202
0,02

84

3024x° + 1080z2y> + 1080x%y3

1080x3y? + 108y® + 108y223

10802322 + 108y32% + 1082°

5402ty + 540zy* + 2162y23
324x1% 2>

540z%2 + 216zy32 + 540224

1082° + 1080x2%y® + 1082223
32422y 2>
324x22y%2

1082° + 10822y + 108022y>

1080232 + 3024y + 1080y223

1082322 + 1080y>22% + 1082°

21623y 2z + 540y* 2 + 540yz*

1082332 + 108y° + 1080y223
10802322 + 1080y322% + 30242°

(1,0,0)
(1,0,0)
(1,0,0)
(0,0,0)
(0,0,0)
(0,0,0)
(0,1,0)
(0,0,0)
(0,0,0)
(0,0,1)
(0,1,0)
(0,1,0)
(0,0,0)
(0,0,1)
(0,0,1)

Table 4.1: 9 € T; Applied to f = F{333) and Their Congruence

proof exists in [0] that shows the same result, which utilizes representation theory.

This methodology could be applied here, if we continued this work starting over from

a new perspective.

There exist a number of places in this work where we utilize common combinatorial

methods, and there may be more results from algebraic-combinatorics which might

help us better understand the origin of the results we achieved here.
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Our examination of this type of polynomial started with extending the result about
Finax) by generalizing the inside power. However, we could also extend this result
by examining other symmetric polynomials taken to a power, for example given the
elementary symmetric polynomial e, 4 define a polynomial Fi, 45 := (ena)®. What
is the annihilator ideal of this polynomial?

We are proud of our results here, and hope to continue to expand and simplify
them, as well as find connections to other similar problems and related work in Waring

rank and Apolarity.
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