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ABSTRACT

Let T" be a directed graph. The directed forest complex, DF(T"), is a simplicial
complex whose vertices are the edges of I' and whose simplices are sets of edges that
form a directed forest in I'. We study the directed forest complex of Cayley graphs of
finite groups. The homology of DF(I") contains information about the graph, I' and
about the group, G. The ultimate goal is to classify DF(I") up to homotopy, compute
its homology, and interpret the findings in terms of properties of I'. In this thesis, we

present progress made toward this goal.
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Chapter 1

INTRODUCTION

One defines a directed tree as a directed graph that contains a vertex r (a root)
so that every other vertex v can be reached by a unique directed path from r to v.
A directed forest is a disjoint union of directed trees. Given a directed graph I', the
directed forest complex DF(I") (a simplicial complex) is defined in the following way:
the vertices of DF(T") are the edges of T', and a set of edges of T" is a simplex of DF(T")
if the edges form a directed forest in I'. The idea of a directed forest complex is due
to Richard Stanley (see Koslov [7]). The homology of DF(I') contains information
about the graph, for example every directed Hamiltonian cycle in I' gives rise to a

top dimensional homology element. So the homology can “see” Hamiltonian cycles.

In this thesis, we study the directed forest complex of a Cayley graph I'" coming
from a finite group. We note that the question of whether Cayley graphs contain
Hamiltonian paths or cycles is a long standing open problem. See Curran-Gallian [4]
and also Pak-Radoicic [8]. The starting point of this thesis is a result of Engstrom
[5] that says that if I' is an acyclic graph (and hence unlike a Cayley graph), that is
a directed graph that does not contain directed cycles, then DF(I") is shellable, see
definition 2.0.2. In particular DF(I") has the homotopy type of a wedge of spheres

(in various dimensions). Part of this thesis is a careful reworking of Engstréms result.

Here is a summary of our main results. We show that if I' is a Cayley graph of



a group G then DF(I") might or might not be pure (i.e. all maximal simplices have
the same dimension). In either case we find that its dimension is |G| — 2. If |G| > 16
then DF(I") is simply connected. Using a computer, we compute the homology of
some examples. One way to understand the homotopy type of DF(I") is by explicitely
constructing a shelling order. A daunting task. Another route is to construct a
good cover. In case DF(T") is pure we produce a fundamental domain DF;(T") for the
action of G on DF(I") (induced by the action of G on the Cayley graph I') and show
(using Engstrom [5]) that DF;(T") is shellable and contractible. This yields a nice

decomposition

DF(I') = | J DF,(T)

9eaG
where each translate ¢ DF;(I') = DFy(I") is shellable and contractible. We tried to
use this union to compute the homology of DF(T") using the Mayer-Vietoris spectral
sequence. This entails understanding the nerve of union on one hand, and intersec-
tions of the union members on the other hand (in order to understand the coefficient
system). We had success with the first part, but could not finish the second. We
proved that if I" contains a Hamiltonian cycle, then the nerve is 9A(G), the boundary

of the full simplex on vertex set G. Topologically this is a sphere of dimension |G| —2.

Future goals are:
1. Understand purity of DF(I").
2. Understand shellability of DF(T").

3. Complete the computation of the homology of DF(I") for Cayley graphs in case

DF(I") is pure; the major part here is to understand how the DF,(I") intersect.



4. Interpret the homology in terms of properties of I' and G. Is there a way
to decide which top-dimensional homology elements of H,(DF(I')) come from

Hamiltonian cycles?

We have tried to make this thesis as self contained as possible. A good standard
reference for all matters concerning combinatorial topology is Koslov [6]. Background

on graph theory can be found in Bollobas [2].



Chapter 2

SIMPLICIAL COMPLEXES

Because the directed forest complex is a simplicial complex, we first define the

notion of a simplicial complex.

Definition 2.0.1. An (abstract) simplicial complex, A, on set of vertices, V, is a set

of finite subsets of V| generally called faces, which has the following property:
o [fc € Aand 7 C g, then 7 € A.

Maximal faces in a simplicial complex are called facets. If o = {vy, ..., v} is a face
then the dimension of ¢ is k. The dimension of a simplicial complex A is the maximal

dimension that occurs as the dimension of a facet.

Example 2.0.1. It is generally true that the set of facets determines the simpli-
cial complex. Let V' = {a,b,c,d,e, f,g,h,i,j,k,l,m,n,0,p,q,r} and let A be the

simplicial complex whose set of facets is
{{a7 b7 c? d}? {d7 e? f}’ {67 f’ g}7 {f? h? k}? {h7j}7 {Z’j}7

{i b} AR} AL m} 0.}, pra} {0} |

The geometric realization an abstract simplicial complex is defined in the following

way: Place the vertices into some high dimensional RY so that if ¢ is a face of



b

Figure 2.1: A geometric realization of the simplicial complex A

dimension k, then the convex hull of the corresponding points in RY is a geometric

simplex of dimension k. We denote that simplex by |o|. Let

Al = lol.

ocEA
|A| is called the geometric realization of the abstract simplicial complex A.

Example 2.0.2. The figure 2.1 shows a geometric realization of the simplicial

complex A given in the previous example.

|A| is a union of geometric simplices, so that any two simplices either do not
intersect or intersect in a common subsimplex. Not every union of simplices is a

geometric simplicial complex. See figure 2.2.

Definition 2.0.2. An n-dimensional simplicial complex is pure if all its facets are

n-dimensional. A pure simplicial complex is shellable if its facets can be ordered
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Figure 2.2: A non-example of the geometric realization of a simplicial
complex.

(Fy, ..., Fy) (referred to as shelling order) so that (FyU---UF;_1)NF; is a non-empty

union of (n — 1)-dimensional faces, for every i. See figure 2.3.

Example 2.0.3. Any 1-dimensional connected simplicial complex is shellable. Con-
sider figure 2.4, a 1-complex with indicated shelling order.

At each step in the ordering, (FyU---UF;_1)NF; is dimension 0 (a vertex or vertices).
Notice, Fj intersects the union of the previous facets in its entire boundary. We call
this a capping facet because it introduces a cycle. Fg is also a capping facet. The
facets that are not capping facets form a maximal tree. We can collapse it to a point
and obtain the wedge two 1-spheres. This example generalizes to show the following

theorem.

Theorem 2.0.1. Any connected, simplicial 1-complex is shellable and is homotopy
equivalent to a wedge of 1-spheres. The number of 1-spheres is exactly the number of

capping facets.
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Figure 2.3: 1-dimensional, 2-dimensional, and 3-dimensional pure,
shellable complexes.

Fy

F2 F5

Fg

F

Figure 2.4: A 1-dimensional connected simplicial complex with a shelling
order.
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Figure 2.5: Caption

Example 2.0.4. The torus is not shellable. Consider the following simplicial com-
plex, with edge identifications made. We will attempt to put a shelling order on this
complex as follows in figure 2.5.

Notice Fj intersects the union of the previous facets in an edge and a vertex. A vertex
is not a 1-dimensional space, thus, this is not a shelling order for a torus. In fact, no

shelling order exists, and the following theorem holds.

Theorem 2.0.2. If an n-dimensional pure simplicial complex is shellable, then it is
homotopy equivalent to a wedge of n-spheres. The number of n-spheres is exactly the
number of capping facets (there could be none, in which case the complez is homotopic

to a point).

A detailed proof can be found in Koslov [6]. Nevertheless, here is a sketch of the

proof.

Proof. Let (Fy, Fs, ..., Fy) be ashelling order for A. The proof uses two observations:



1. The union of (n — 1)-dimensional faces of an n-simplex which is not all of the

boundary is contractible;

2. The union A; U A, of two contractible complexes is contractible in case the

intersection A; N A, is contractible.

Let Fj,, ..., F;, be exactly the facets so that

(F,

11

U---UF, )N F,

is the entire boundary of Fj .. Let Ay be the union of these special facets. Using the
two observations above one can show that A — Aq is contractible. Contracting the
subcomplex Ay in A results in a space that is homotopy equivalent to A and is a

wedge of [ n-spheres.

Q.E.D.
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Chapter 3

SURVEY OF ENGSTROM

This chapter presents some of the main results of Engstrom [5]. It does not contain

original material but in places provides more detailed arguments.

Definition 3.0.1. A directed graph I' = (V, E,i,t) consists of sets V', E, and maps
i: E—V,and t: E — V. We refer to V' as vertices, E as edges, i(e) as the initial
vertex of e and t(e) as the terminal vertex of e. We think of the edge e as directed

from i(e) to t(e).

If e is an edge and i(e) = z, t(e) = y we often write sometimes write e = (x — y).
Graphs can be drawn in the plane: single out a point in the plane for each vertex and
draw a directed arc for every edge, connecting i(e) to t(e), putting an arrow on the
arc to indicate the direction. Some arcs might cross at points that are not vertices.

If such crossings can be avoided we call the graph planar.
Definition 3.0.2. Given a directed graph T'.

1. A directed tree T in I' is a directed subgraph that has a vertex r that can
connected to every other vertex v of T" by a unique directed path from r to v.

The vertex 7 is called the root of T'.

2. A directed forest F in I' is the disjoint union of directed subtrees of I'.
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T 5 T3

2 rs

Figure 3.1: An example of a directed forest.

Definition 3.0.3. Given a directed graph I' = (V, E, i, t).

1. The directed forest complex of ', DF(T), is a simplicial complex defined in the
following way: The vertex set V' corresponds to the set of edges in the graph,

77777

forest in I'.

2. Let R C V. Then the rooted directed forest complex, DFg(I"), is a subcomplex
of DF(T") defined in the following way: The vertex set is V and {eg, ..., ¢} is a

R.
Note that DF(I') is indeed a simplicial complex because every subgraph of a
directed forest is a directed forest. We specified only the facets of DFg(I"). They

generate the simplicial complex DF(T").

Example 3.0.1. Let T" be the directed graph in figure 3.3.
The facets of DF(I") are shown in figure 3.3.
The facets of DFy 43(I") are shown in figure 3.4.

Definition 3.0.4. If K is a subcollection of a simplicial complex A that contains
all faces of its elements, then K is another simplicial complex called a simplicial
subcomplex. An edge (x — y) of a directed graph T" is nice in a subcomplex A of

DF(I") if the following properties hold
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Figure 3.2: A directed graph.
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Figure 3.3: The facets of DF(I').
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Figure 3.4: The facets of DFy; 4 (I)
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1. if indeg(y) > 1, and
2. if F € A is a forest without an edge directed to y, then FFU (z — y) € A.

Algorithm for finding nice edges. There is a general procedure for finding nice
edges. We explain it using an example. Let I' be the directed graph in example 3.0.1.
Let’s find some nice edges in DFy; 41(I"). We partition the vertices of the graph into

left and right. A vertex is on the left if

1. the tree which contains v has the same root, r, in all facets of DF 43, and

2. the path from r to v is the same in all facets of DFy; 4.

All other vertices are on the right. Then we consider the union of all the edges
of the facets. Notice that this is a subgraph of I'. As we will see, the edges which

crossover the dotted line are nice.

Example 3.0.2. The construction for DF g 4;(I") in Example 3.0.1 is given in figure
3.5.

Lemma 3.0.1. All edges crossing the dotted line in the nice construction are nice if

the mazximal faces have the same roots.

Proof. First, we will show that the edges can only cross the dotted line from left to
right. For the sake of contradiction, assume that the edge (z — w) crosses from right
to left. Since w is on the left, the tree which contains w has the same root r in all
facets and the path from r to w is the same in all facets. Because w is on the left,
the vertex directed to it is always the same since all paths from r to w are the same.
Thus, the vertex directed to w is z since we know the edge (z — w) is in a maximal

facet. Because all paths from r to w are the same, all paths from r to z are the same.
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9 —=
O —<—9

Figure 3.5: The construction for DF 4 (I') in Example 3.0.1.

If there were more than one distinct path to z, then there would be more than one

distinct path to w, which is a contradiction on our assumption.

Now, we will show that the first condition of niceness holds. Let the facets of the
subcomplex be called {F;};c;. Assume (x — y) is an edge crossing the dotted line.
Because there is an edge directed to y, y is not a root. This means there must be
an edge directed to y in each facet. If a facet did not have an edge directed to y, it
would not be maximal, since we know there is at least one edge directed to y, namely
(x — y) in some facet. If z were the only vertex directed to y € U;e/F; it would be
in all facets. However, in that case the path to y would always be the same in all
maximal facets because we know the path from r to x is the same in all facets, so y
would be on the left. Since y is on the right, there must be an edge (z — y) such that
z # x. This confirms that the construction satisfies condition one of niceness. Finally,

we will show that condition two of niceness is satisfied. If F' € A, and F'U (z — y) is
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acylic, then the condition is fulfilled. A directed cycle which contains (x — y) as an
edge would cross the dotted line at least twice, but all the edges crossing the dotted
line go from left to right. Hence, (x — y) cannot induce a cycle, and thus, condition
two is fulfilled. We can now conclude that all edges crossing the dotted line in the

nice construction are nice if the maximal faces have the same roots.

Q.E.D.

Lemma 3.0.2. Let ' = (V. E,i,t). If R CV is nonempty, and DFg(I") has more

than one facet, then there is an edge (x — y) € E(I') which is nice in DF ().

Proof. Suppose all vertices are on the left. Let Fy and F, be facets of DFg(I"). We
want to show that F; = F,. Let e be an edge in F;. We will show that e is also in
F,5. Let v be terminal vertex of e. Then v is contained in a tree T of F} with root
r. Let p be the path T' that connects r to v. Note that p contains e. The vertex v is
also contained in a tree T" of F,. Since v is on the left, the root of 7" is also r and
the path connecting r to v in T3 is p. In particular p is contained in 75, and so, since
e is contained in p, e is in T,. This shows that Fj is contained in F,. Showing that

F5 is in F, can be done by the same arguments. Q.E.D.

Here is a slightly different way to look at shellability, which also works in the

non-pure setting.

Definition 3.0.5. A simplicial complex A is non-pure shellable if its maximal faces
can be ordered Fi, Fy, ... F, such that for all 1 <i < k < n there are 1 < j < k and

e € F}, suchthatEﬂFngjﬂFk:Fk\{e}.

Note that if A is pure, then this definition agrees with the first definition [1]. We

give a proof.
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Theorem 3.0.3. Pure shellable as defined in Chapter 2 and non-pure shellable as

defined here are equivalent if the simplicial complex in question is pure.

Proof. Assume A is a pure n-complex, and it is non-pure shellable as in Definition
3.0.5. We want to show the complex is pure shellable as in Definition 2.0.1. Let
Fy,...,F, be a non-pure shelling order of A. We want to show that (F} U---U

Fy—1) N Fy is the union of (n — 1)-dimensional faces of Fy.

By the distributivity of set operations,

(LU UF, ) NFy=(FiNF)U---U (Fr1 N Fy).

Then there exists 1 < j < k such that £y N F), C F; N F), = F}, — {e}. Therefore either
Fy N Fy is (n — 1)-dimensional or it is contained in an (n — 1)-dimensional set in this
union, in which case we remove Fj N F, from the union (Fy N Fy)U--- U (Fy_1 N Fy).
We proceed in this fashion for Fo N Fy up to Fi_; N F}, to see that (F1N---NEFy_1)NFy
is indeed a union of (n — 1)-dimension faces. This show that the non-pure shellable
definition implies the pure shellable definition.

Now, we will show the other direction. Assume A is pure, and we have a pure

shelling order Fi, Fs, ..., F,,. Then,

(ALUFRBU---UF ) NFy=(FiNF)U---U (Fe_1F)

= (N E)U--- U (F, N E)

where {i1,...1,} C{1,...k—1} and F;,NF}, is (n—1)-dimensional. Then, (F;NF}) C
(F;, N Fy) = Fy, — {e} is (n — 1)-dimensional. Take j = iy, and this shows that the

pure shellability definition implies the non-pure shellability definition.
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Q.E.D.

Lemma 3.0.4. Let F; and F}, be distinct facets in DFr(I") and (x — y) € F; \ Fx a
nice edge in DFg(I"). Then there is a facet F; € DFg(I') and an edge e € Fj, such

Proof. Assume F; and F}, are distinct facets in DFg(T) and (z — y) € F; \ Fy a
nice edge in DFgR(I"). There is an edge (z — y) € Fj since it is a facet and y
in not a root. Replace (2 — y) with (z — y) to construct F; € DFg(I"). Now,
F;NF, = F, \ {(# = y)}. Since the nice edge (r — y) € F; and (z — y) ¢ F;, we

can conclude that

FENF,=Fn(F\{(z—=v)}) (since we know (z — y) ¢ F})
CF\(z—=v) (by definition of intersection)
=FNF (by definition of F})

Thus, there is a facet F; € DFg(I") and an edge e € Fj, such that
F,NF, CF;NF, = F,\{e},
namely (z — y).

Q.E.D.

Theorem 3.0.5. (Engstrom [5]) The complex DF g(T") is (non-pure) shellable for any
0 # R CV(D).

Proof. We start by induction over the facets. Case 1. DFr(I") has only one facet. Tt

is then a simplex and shellable.
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Case 2. DFg(I") has more than one facet. We know that DFg(I") has a nice edge

(x — y) as show in lemma 3.0.2. Let’s define IV, I C I" as follows,

E(I") = EM)\{(z = y)|z # =}, and

E(M") = EM)\ {z = y}.

A facet of DFg(T") has exactly one edge to y by defition of a directed tree, and thus a
facet DFR(I") is contained in either DFg(I") or DFg(I'”). Because (x — y) is nice, it
is in some, but not all facets of DFg(I"). Both DFR(I”) and DFg(I'”) have a smaller
number of facets than DFg(I"), so by induction, they are shellable. Taking stock, we
have a shelling order of DFg(I"), namely, Fy, Fy, ..., F; all of which contain (x — y).
We also have a shelling order of DFR(I"), that is, Fy.1, Fiyo, ..., Fi1s which do not
contain the nice edge. We want to show that for all 1 < i < k < s+t there are

1 <j<kand (2 — w) € Fj such that

This would show that DFg(T") is shellable where the shelling order is

Fla"'aF’taFH-la"')F’t-i-S'

Subcase 1. The inequality 1 <i < k <tort+1<i <k <t+ s holds. If this is
true, we're done as we already showed this was shellable.
Subcase 2. The inequality 1 < i <t < k < s+t holds. We know the nice edge is in

F;, but not in Fj,. Then we can construct Fj as described in Lemma 3.0.4. The edge
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T 5 T3

r1
2 rs

Figure 3.6: The facet F =Ty UT,U---UT, € DF(I") and r;, the root of T;,
for every 1

(x = y) isin Fj, so j <t <k, and we have the shelling

Fi,....,Fy,For, oo Fros.

Q.E.D.

Corollary 3.0.6. (Engstrom [5]) If T is a directed acyclic graph, then DF(T') is

shellable.

Proof. Assume that I' is an acyclic graph, then I' has roots. We want to show that

DF(I") = DFg(T).

Part 1. The inequality DF(I') O DFg(I") holds: Because every facet, F' € DFg(I),

with root set R is a forest, F' € DF(I').

Part 2. The inequality DF(I") C DFg(I") holds: Let F =T, UT,U---UT, € DF(I)

be a facet and let r; be the root of T;, for every i. We can visualize this in figure 3.6
We want to show that all r; € R. For the sake of contradiction, assume that ry ¢

R. If it is not in the rootset, there is an edge which terminates at ry. Let’s call this

vertex vj.

Subcase 1: There are no other vertices terminating at v;. As shown in figure 3.7.
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Tl TQ T3
U1
" T2 3

Figure 3.7: Subcase 1.
Tl T2 TS

(%1
r
1 T2 r3

Figure 3.8: Subcase 2.

In this case, we have a contradiction on maximality since F'U (v; — ry) is a forest
and it has more edges than F' itself.x
Subcase 2: The vertex v; € T; for some 7 # 1. As shown in figure 3.8, for example.
Similarly, this is contradiction on maximality.
Subcase 3: The vertex v; € T;. As shown in figure 4.1, for example.
This is a contradiction on cyclicity, as this would form a directed cycle. Thus, if
' is a directed acyclic graph, then DF(T") is shellable.

Q.E.D.
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Figure 3.9: Subcase 3.
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Chapter 4

THE DIRECTED FOREST COMPLEX OF A CAYLEY
GRAPH

4.1 Cayley graphs

Definition 4.1.1. Given a group G and a generating set X. We define the Cayley
graph I' =T'(G, X) = (G, G x X, i,t) where i(g,z) = ¢g and t(g,z) = gz.

Note that, using the notation of the previous chapter, we have (g, x) = (g — gz).
The group G acts on I' via left multiplication: ¢’ - g = ¢'g, and ¢' - (¢9,z) = (¢'g, x).
This action is “continuous” in the following sense: i(¢' - (¢9,2)) = ¢ - i(g,z) and
t(g'-(g,x)) = ¢ -t(g, ). It induces a continuous (or simplicial) action on the directed
forest complex DF(I") and we will say more about this later. It is common to label

the edge (g, x) with just x, if it is clear where it starts.

Example 4.1.1. Let G = D3 = (a,bla? V%, (ab)?). Then the Cayley graph I' =
['(Ds, {a,b}) can be see in figure 4.2

Example 4.1.2. Let G = Z3 x Z3 = (z,y|z3,y*, xyz~'y~1). Then the Cayley graph

' =T(Z3 x Z3,{x,y}) is seen in figure 4.3.

Note that this graph is not planar but can be drawn on a torus.

Definition 4.1.2. A Hamiltonian cycle in a Cayley graph is a simple closed edge

loop that goes through every vertex exactly once. So if G = {g1,...,9,} and X is a
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Figure 4.3: I =T'(Z3 x Z3, {x,y})

23



24

generating set then a Hamiltonian cycle is of the form (g1, 1)(g2, 2)...(gn, T» ), where

r; € X, gi%; = giy1, and gpTn = 1.
The following question is open:

Question. Do all Cayley graphs admit a Hamiltonian cycle? (Curran-Gallian [4])
The following however is known.

Theorem 4.1.1. (Pak-Radoicic [8]) For every finite group G there exists a generating

set X so that the associated Cayley graph does admit a Hamiltonian path.

What motivated some of this work is the fact that the homology of the directed

forest complex can see Hamiltonian cycles.

Theorem 4.1.2. Every Hamiltonian cycle in a Cayley graph I' gives a nontrivial

element in Hg—o(DF(T)).

Proof. Suppose |G| =n and e; ... e, is a Hamiltonian cycle in I". Let 0 = {ey, ..., €, }.
Now ¢ is not a simplex in DF(I"), but its boundary do is a subcomplex of DF(T").
Note that ¢ has dimension |G| — 1, so do has dimension |G| — 2. Since 0do = 0,
do defines a non-trivial cycle in the top dimension, and hence a non-trivial homology

element. Q.E.D.

When we started work on this thesis, our hope was: Let I" be a Cayley graph.
Then DF(I") is shellable and the dimension of the top dimensional homology equals
the number of Hamiltonian cycles in I'. In retrospect this seems naive, but sometimes

it is true.

Example 4.1.3. Consider the Cayley graph of I'(Z,) in figure 4.4.
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Figure 4.5: Top dimensional forests of DF(Z,).
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Figure 4.6: The geometric realization of DF(Z,).

Notice, this graph has a Hamiltonian cycle. We can draw the top dimensional
forests which correspond to facets in the simplicial complex in figure 4.5.

Because each facet has three vertices, they are all realized geometrically by a (filled
in) triangle. We can see the geometric realization of this complex as the boundary of
a 3-simplex.

In this example, we see that DF(I") is shellable (we can choose any ordering of
the facets in the boundary of a simplex to get a shelling order), and we see that the

unique Hamilton cycle in the graph generates the unique homology element in DF(T").

More generally the dream theorem is true in the following setting.

Theorem 4.1.3. Let G = Z, = (z | 2" = 1), and let T be the associated Cayley
complex. Then DF(T') is the boundary of an (n — 1)-simplex, and thus is shellable.

The dimension of H,_o(DF(I")) is one and I contains exactly one Hamiltonian cycle.

In general the situation is more complicated. The next result is due to Koslov [7].
He studied (among other things) the homotopy type of the directed forest complex

for double directed circles.
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Theorem 4.1.4. Let G = D,,, = (x,y | 2* = y* = (zy)™ = 1) be the dihedral group

and I the associated Cayley graph. Then DF(T") is homotopic to:

Sty G2y G2y G2 if o = 3,

G2y §3k=1y, G3R=L if o = 3k 41,
S%k s 838 S3F if om = 3k + 2.

Proof. Note that T' is a double directed cycle as considered in Koslov [7] and the

result follows from his Proposition 5.2. Q.E.D.

Note that in case of Dy, so 2m = 4 = 3 -1+ 1, we get that DF(I") has the
homotopy type of S? Vv S%2 Vv 52. We will see this directly in the next chapter, where
we aslo show that in that case DF(I") is shellable. Using a computer we computed the
homology of DF(T") in the case of D3 and found that the Betti vector for H,(DF(T'),R)
is (1,0,0,2,2). We did this before we knew Koslov’s result that gives the homotopy
type S3 Vv .83V S§*Vv 84 which matches with our computation. Note that this implies
that DF(I") for Dj is not shellable: because DF(I") is pure of dimension 4 (see next

section) shellability would imply that there is no 3-dimensional homology.

4.2 The question of purity

Theorem 4.2.1. Let I' be the Cayley graph of a finite group. Then
1. A maximal directed forest in I' contains all the vertices of T';

2. FEvery directed tree T is contained in a maximal directed tree that contains all

the vertices of T'.
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Proof. 1. Let F' be a maximal directed forest in a Cayley graph I'. Suppose for the
sake of contradiction that there exists a vertex v € I" that is not contained in F'. Let
e be an edge directed to v. We know e exists because I' is a Cayley graph, and so
at every vertex, there is at least one outgoing and one incoming edge. The edge e
is either disjoint from F' or connects to a component in F. In either case eU F is a
larger directed forest in ' that contains F', contradicting maximality.

2. Suppose that T" a directed tree in I' that is not contained in a bigger directed
tree. We will show that T contains all vertices of I'. Let r be the root of T". Suppose
that v is a vertex not contained in 7. Note that there is a shortest directed path ~
in I from r to v. This is because I' is the Cayley graph of a finite group: if x is a
generator, then 2™ = 1 for some n > 1 and so 27! = 2"~!. So all elements g € G can
be expressed as positive words in the generators. If v does not intersect I' except at
r, then T'U ~ is a bigger directed tree containing 7T'. If ~ does intersect 7', let w be

the last vertex on v N T, and let 7 be the tail end of v that connects w to v. Then

T U~ is a bigger directed tree.

Q.E.D.

Corollary 4.2.2. If T is a Cayley graph then the dimension of DF(T") is |G| — 2.
Furthermore, DE(I') is pure if and only if all the facets come from mazimal directed

trees.

Proof. Let {eg, ...,e,} be a facet of DF(I") and let F' = |, e; be the associated directed
forest. By Theorem 4.2.1, F' contains all the vertices of I'. Let ¢ be the number of

components of F'. We have

¢ =X(F) = 6] — (n+1),
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Figure 4.7: The Cayley graph of D3 = {(a,b | a® V?, (ab)?).

son = |G| —c¢—1. Thus n < |G| — 2. By Theorem 4.2.1 there exists a facet such
that F' is a tree, in which case ¢ = 1 and n = |G| — 2. This also shows that all facets

have the same dimension |G| — 2 if and only if all facets come from trees.

Q.E.D.

Not all DF(I") are pure. Consider figure 4.7 showing the Cayley graph of

D3 = <Cl,b | a27b27 (ab)3>

Note that there is a maximal directed tree containing 5 edges, so DF(I") contains a
4-dimensional facet. The red edges shown in the picture show a maximal directed
forest (no edge can be added to make it a bigger directed forest) containing only 4

edges. So DF(I") contains a 3-dimensional facet.

4.3 Actions and stabilizers

The action of G on a Cayley graph I' (by left multiplication) induces an action

of DF(I"). In this and the next sections we address the question of stabilizers and
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connectedness properties of DF(T").

We recall some relevant definitions. A action of a group on a set X is a homo-
morphism ¢: G — Bij(X), where Bij(X) is the group of bijections. We write gz
instead of ¢(g)(x) in case the action is understood.

If A is a simplicial complex then a homeomorphism f: A — A is a bijection
f: V. — V on the set of vertices so that if {vo,...,vx} is a simplex then so is
{f(vo), ..., f(vr)}. An action of G on A is a group homomorphism ¢: G — Homeo(A),
where Homeo(A) is the group of homeomorphisms of A. If ¢ is a simplex we write

go instead of ¢(g)(o). The orbit of a simplex o is the set

Go ={go | g € G}.

The stabilizer of a simplex o is the subgroup

stab(o) ={g € G | go = o}.

We say a group acts freely on a set if all stabilizers stab(z) are trivial.

As always, let G be a finite group, I' be a Cayley graph for GG associated with a

generating set, and DF(T") be the directed forest complex.

Theorem 4.3.1. G acts freely on the vertices of DF(T).

Proof. The vertices of DF(I") are the edges in I'. The group G acts freely on I'; in
particular on its edge set: ¢'(g,x) = (¢'g,z) = (g,z) implies that ¢'¢g = g, and it
follows that ¢’ =1 Q.E.D.



31

The next result is general and applies outside the strict setting of directed forest

complexes. Let G be a finite group and A be a simplicial complex on which G acts.

Theorem 4.3.2. Let k be the smallest number so that there exists a k-simplex, o, so

that the stabilizer of o is not trivial. Then k + 1 divides the order of G.

Proof. Let o = {uvyg,...,ux}. Let H be the stabilizer of o and let h be a non-trivial

element of order m of H. Consider the orbit

<h>{’U0} = {U(), h’Uo, h2’U0, e hmil’Uo} Co= {Uo, Uk}

This orbit has to be equal to ¢ by the assumption on k: if the orbit is properly
contained in o then h is contained in the stabilizer of a proper face of o, but we

assumed the stabilizers of such are trivial. It follows that m = k 4+ 1, where m is the

order of h. So k + 1 divides the order of H and hence the order of G. Q.E.D.

Example 4.3.1. Let G = Z,, where p is a prime. Let I' be a Cayley graph of G
coming from generating set with a single element. Then I' is a single p — cycle. Then
DF(T") is the boundary of a p — 1 simplex (topologically a p — 2-sphere), and G acts
freely on DF(T").

Example 4.3.2. In case G = Z,,, where n is not a prime we still have a Cayley graph
that is a single n-cycle, and DF(I") is still the boundary of an n — 1-simplex, but the
stabilizers are not trivial anymore. For example, if G = Z, = (x), then the stabilizer

of {(1,z),(x? z)} contains z?.

Example 4.3.3. Let G = Z5 x Z5, then dim(DF(I")) = 23. We know that G acts
freely on the O-skeleton of DF(I'). Now 1 +1=2,2+1=3,3+ 1 =4 do not divide
the order of G which is 25. Thus G acts freely on the 3-skeleton of DF(I"). Note that



32

4+ 1 =5 does divide the order of G, so G might stabilize a 4-simplex (but we can

not be sure without checking).
The following theorem is due to Serre.

Theorem 4.3.3. If a group G acts orientation-preserving on a tree T, then it fixes

a vertex.

Proof. We will sketch a proof in the case that G and T are finite. Let L be a longest
line in 7', and let v be its midpoint. Then gv is the midpoint of the line gL. Choose
a connecting line Ly from v to gv, then half of L together with Ly and half of gL is
a line that is longer than L unless the length of Ly is 0. Thus, v = gv.

Q.E.D.

Theorem 4.3.4. Let F' = {e, ...,e,} be a facet of DF(I') so that T' = |, e; is a tree.

Then, stab(F) = 1.

Proof. Let g € stab(F), then gF = F. In particular, |Jge; = Je;. Then, g7 = T.
By Serre’s theorem, g fixes a vertex of T'. Hence, g = 1, and therefore stab(F') = 1.
Q.E.D.

We summarize the findings from this section. If I' is the Cayley graph of a finite
group, then G acts freely on the vertices and facets of DF(I") that come from directed
trees. We also have the following divisibility condition: if p is the smallest prime
factor of |G|, then G acts freely on simplices of dimension up to p — 2. However, the

action on larger simplices may fail to be free.

4.4 Simple connectivity

Let G be a finite group and I' = I'(G, X) a Cayley graph. Let n = | X|.
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Theorem 4.4.1. If for every four edges ey, es, e3,e4 € I there exists an edge e disjoint

from the union of the e;, then DF(I") is simply connected.

Proof. Suppose {e1, e}, {e2,e3}, {es,es}, ..., {em,e1} is a simple edge loop in DF(T).
Suppose that m > 4. Choose e disjoint from the union e; Uey UezUey. Then we have
2-simplices {e;, e;41,€}, i = 1,2,3 in DF(T") and we can cone off the first 3 edges in
the loop using the triangles. This gives a shorter loop {ey, e}{e,es}{es, e5}...{em,e1}.
If m = 3 (the smallest possible number) then we cone the entire loop off.

Q.E.D.
Corollary 4.4.2. If |G| > 16 — 2, then DF(T') is simply connected.

Proof. Consider four edges ey, ...,e4 in I'. Note that there are 2n — 1 edges distinct
from e; at each vertex of e;. Thus there are 2(2n — 1) + 1 edges connected to e;
(including ey). It follows that there can not be more than 4(4n — 1) = 16n — 4 edges
connected to the union e; UeyUezUe; Uey. Note that we have n|G| edges in T'. Thus
if n|G| > 16n — 4, then there is an edge e in I' disjoint from the union.

Q.E.D.

Example 4.4.1. If G = Z5xZ5 = {a,b| a® = 1,°> = 1,ab = ba). Here |G| = 25 > 16,

so DF(I") is simply connected.

4.5 A fundamental domain

Suppose a group G acts on a simplicial complex A. A fundamental domain is a
subcomplex D which contains exactly one simplex from every orbit Go, where o is a
maximal simplex in A.

Consider DF;(TI"). Recall that this is the subcomplex of DF(I") whose facets come

from trees in I with root g, where I' is a Cayley graph.
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Theorem 4.5.1. DF{(T") is shellable and contractible.

Proof. Engstrom’s Theorem 3.0.5 on rooted directed forest complexes gives shellabil-
ity. We are left to show contractibility. Let {z1,...,z,} be the generating set used
in building of I'. " We assume that all the x; are distinct. Let e; = (1,2;). Note
that {ej,...,e,} is a simplex in DF(I"). Then every maximal tree in I" with root 1
contains at least one of the ¢;. Let K; be the subcomplex of DF;(I") where the maximal
simplices contain e;. Note that K; is the star of the vertex e; in DF(I") and so K is
contractible (see [6]). We have DF;(I') = J K;. Note that K; N K; is the subcomplex
of DF(T") whose maximal simplices come from maximal trees that contain both e; and
e;. The set {e;, e;} is an edge in DF;(I), so the intersection K;N K] is the star of that
edge. Hence the intersection is contractible. Similarly, the intersections K; N K; N K,
is the star of the simplex {e;, €;, e; }, and so is contractible. This argument extends to
all intersections, so all intersections are non-empty and contractible. Contractibility

of DF(T") now follows from the nerve theorem (see Brown [?], Chapter VII, Theorem
4.4). Q.E.D.

Lemma 4.5.2. If DF(I") is pure we have DF(T") = U DF,(T).
geG

Proof. We recall Corolary 4.2.2: DF(I") is pure if and only if all facets come from
maximal directed trees in I'. We can see that DF(I') D U DF,(T") because each

geG
DF,(I') is a subcomplex of DF(I"). Now we will show that DF(I") C U DF,(I).
geG
k
Suppose that ¢ = {eq,...ex} is a facet in DF(I'). Then T = U e; is a maximal
=0

directed tree in I'. Hence it has a root, say g. It follows that ¢ € DF,(I").
Q.E.D.

Lemma 4.5.3. h - DF (I") = DF,,(I)
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Proof. Let 0 = {eg,...,e;} be a facet in DF,(I'). Then 7' = (Je; is a maximal
directed tree with root g. Then hT = |Jhe; is a maximal directed tree with root hg.
So, ho = {hey, ..., hey} € DF,(T).

Q.E.D.

The last two results give the following:

Corollary 4.5.4. DF (") is a fundamental domain for the action of G on DF(I") in

case DF (") is pure.

Question. If DF(I') is n dimensional, then is it true that DF(T") is n dimensional,
DF,(I')NDEF,(T") is n—1 dimensional, DF (I')NDF,(I")NDEF ¢(I") is n—2 dimensional,

and so on...

Example 4.5.1. Let G = D3 = (x,y | 2, y% (zy)?) and let T be the associated
Cayley graph. Using a computer we found that H.(DF(I'),R) = (1,0,0,2,2). The
fact that the 3rd homology is not trivial might be a first hint that DF(T") is not pure.

It might be non-pure shellable as Koslov’s Theorem 4.1.4 seems to suggest.

One can attempt to obtain all homotopical information about DF(I") by trying
to find a shelling order. That approach might be too optimistic, even if we asume
DF(T") is pure. But in that case we can work with the cover DF(I") = |JDF,(I"). If
intersections of the pieces DF,(I") are shellable, then we know the homotopy type of
the pieces and their intersections and thus can compute the homology of DF(I") using

the Mayer-Vietoris spectral sequence.

Example 4.5.2. Let ' be the Cayley graph for G = Zy X Zy = (x,y|2?, 32, (zy)?),

seen in figure 4.8.
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Figure 4.10: Some identifications made on the setDF,,(I') DF,(I") DF,(I'),

DF,(T).

Figure 4.11: The capping forests.
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From this, we can draw DF,,(I") DF,(I') DF(I"), DF,(I") respectively as seen in
figure 4.9.

Consider the following intersections,

DF, () N DF,(T) = {{es,e5}, {e1,e5}, {e1, ea}}
DF,(T') N DF,(T) = {{es, er}, {es, €6}, {ea, €7} )}
DF, (') N DF,, () = {{e1,es}, {es, €7} }

DF(T") N DF,(I") N DF,(I') = {{e4},{e5}}

Knowing the intersections (all are indeed shellable) we could compute the homol-
ogy using Mayer-Vietoris. But note that the complex DF(T") is shellable, and hence
homotopically a wedge of 2-spheres. A shelling order is indicated in the picture.
The 3 red 2-simplices shown are the “capping simplices”, the ones that produce the
2-spheres in the wedge. Note furthermore that I', being a double directed cycle,

contains exactly two Hamiltonian cycles, but the dimension of Hy(DF(I'),R) is 3.

Intersections of the various DF(I") are difficult to understand. The above example

also shows that in general DF(I') N DFy(I") # DF g o (I).

Computation 1. The Betti vector of the directed forest complex of the Cayley graph
Zy X Zy = Dy = (z,y|l2?, %, (zy)?) is (1,0,3). In fact, we know that this is complex
1s shellable.

Computation 2. The Betti vector of the directed forest complex of the Cayley graph
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Z3x Z3 = (z,ylz®, v, (zy)?) is (1,0,0,0,0,0,0,28). We believe DF(T) is pure in this

case. We do not know if this complex is shellable.

Computation 3. The Betti vector of the directed forest complex of the Cayley graph
Dy = (z,y|2?, y?, (zy)?) is (1,0,0,2,2). We know that DF(T) is not pure. Is this

detected by the homology? Is DF(T") non-pure shellable?

Theorem 4.5.5. If " is the Cayley graph of a group G such that G # Zs, then
DFy, (I') NDF, (1) # 0 for every g1, 92 € G.

Proof. It suffices to show that DF; (I')NDF,(I") # 0 for every g € G. If G is cyclic with
minimal generating set then the statement is true as I' is a cycle of length 3 or greater.
Now suppose I' arises from a generating set containing at least two generators. There
exists an edge e, for which the the identity is the initial vertex and the element g is
not the terminal vertex. By definition, e, € DF(I"). We can connect the vertex g
to the vertex e, by a directed edge path eq,..., e, that starts at ¢ and ends at the
identity element. Then {ey,..., e, e.} € DF,(I"). Thus, e, € DF{(I") N DFy(I).
Q.E.D.

For the definition of Hamiltonian cycle see Definition 4.1.2. Here are some exam-
ples of Cayley graphs with directed Hamiltonian cycle:

I for D, = {z,ylz*> = 1,9* =1, (ay)" = 1).

I for

Zn X Zm = <$7?J’$n = 17ym = 1axy = yfl?)

Lemma 4.5.6. Suppose I' is a Cayley graph that contains a directed Hamiltonian

cycle. Then
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1. for every x € G, ﬂ DF, (') # 0, and

9€G,g#x

2. () DF,(T) = 0.

geG

Proof. (1) Set Z be a directed Hamiltonian cycle. Let e be the edge in Z that

terminates at the vertex x, then e € ﬂ DF,(I'). (2) Note that if e is an edge in I'

g#
that terminates in g, then {e} ¢ DF (T").

Q.E.D.

Definition 4.5.1. Suppose X is a simplicial complex and X = U X is a cover of
jeJ
X by subcomplexes. The nerve, N, is a simplicial complex is defined as follows,

1. The set of vertices is J, and
2. The set jo, ..., ji is a simplex if X; N---N X, # 0.

The nerve comes with a coefficient system. If ¢ = {jo,...,Jx} is a simplex of
N, we denote by X, = X;, N...N X,,. Note that if 7 C o then we have a map

H,(X,) — H,(X;) induced by inclusion. We can define a chain complex

My oo = P Ho(Xo) > @D Hy(X:) — .

oeX TeX

whose pth homology we denote by H,(N,H,). The spectral sequence

Ezq = Hy(N, Hy) = Hpi(X)

is called the Mayer-Vietoris spectral sequence. Details on this can be found in Brown
[3], Chapter VII. Thus, in order to compute H,,(X) one needs to get hold of the nerve

and understand the intersections of the various Xj.
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We complete this thesis by computing the nerve of the cover DF(I') = (J,c, DFy(T')

in case DF(I") is pure.

Theorem 4.5.7. Let I' be a Cayley graph with a directed Hamiltonian cycle. Assume
that DF(T') is pure. The nerve N of this covering, DF(I') = [JDF,(I'), is 0A(G),
where A(G) is the simplex with vertex set G. Thus N s topologically a (|G| — 2)-

sphere.

Proof. Note that the nerve N can be described as follows, vertices are elements of G
and the simplicies {go,...,gx} € N if DF, (I') N---NDF,, (T') # (. Then by Lemma
4.5.6, N = 0A(G), where A(G) is the full simplex on vertex set G.

Q.E.D.
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