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ABSTRACT

While constructive insight for a multitude of phenomena appearing in the physical
and biological sciences, medicine, engineering and economics can be gained through
the analysis of mathematical models posed in terms of systems of ordinary and
partial differential equations, it has been observed that a better description of the
behavior of the investigated phenomena can be achieved through the use of functional
differential equations (FDEs) or partial functional differential equations (PFDESs).
PFDEs or functional equations with ordinary derivatives are subclasses of FDEs.
FDEs form a general class of differential equations applied in a variety of disciplines
and are characterized by rates of change that depend on the state of the system.
As opposed to traditional partial differential equations (PDEs), the formulation of
PFDEs, and hence, their methods of solution, are generally significantly complicated
by the functional dependence of the system. Consequently, mathematical analysis
has become essential to address important questions on PFDESs, their properties and
solutions. This thesis is devoted to a general class of parabolic PFDEs and works
out the details of the proof techniques of a related paper that help to address these
questions. In particular, we examine error bounds of approximate solutions with the
aim to address whether or not they converge to the exact solutions as a result of

refining the associated discretizations.
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CHAPTER 1

INTRODUCTION

Many real-life problems can be adequately modeled in terms of systems of differential
equations, creating a general class into which all ordinary and partial differential
equations fall. A variety of models written in terms of differential equations feature
the independent time variable ¢, which plays a significant role in predicting the future
behavior of certain phenomena in question with the aid of a variety of different
available data, such as clinical, experimental, or field data. Although it is collected in
a limited period of time, this data can be used in tandem with systems of differential

equations to provide information about the future.

However, in the context of mathematical models formulated in terms of differential
equations, the derivative of the solution with respect to the time variable ¢ depends
only on the solution at the present time. To obtain more realistic models that better
approximate the behavior of the investigated phenomena, models written in terms
of differential equations are very often improved by incorporating information about
the past history of the solution, giving rise to functional differential equations. As
opposed to traditional differential equations, in models written in terms of functional
differential equations, the derivative of the solution depends on its values at earlier
times in addition to its value at the present time. This flexible property provides

an important tool in mathematical modeling with functional differential equations



broadly applied in many scientific disciplines such as biology, medicine, physics, engi-
neering, economics, etc. Throughout its long history, functional differential equations
have been investigated by many authors with respect to a multitude of aspects, about
which we refer the reader to [1], [2], [5]-[10], [12], [14]-[21], [23]-[28], [30], [31], [38]
for ordinary functional differential equations and [3], [4], [11], [13], [22], [29]-[38]
for partial functional differential equations. Aspects connected with modeling with
functional differential equations are presented in [3], [4], [13], [14], [24]. One of the
main problems is that many of the equations have no analytical formulae for the exact
solutions and it has become essential to study their approximations in order to gain
insight about the solutions to the model equations and to conduct numerical simula-
tions. In order to get reliable approximate solutions, careful mathematical analysis of
their errors has to be conducted. In this thesis, we expand on the development of [37]
by filling in the details of the proofs to investigate errors of approximate solutions to
a class of parabolic partial functional differential equations. For similar developments
and proof techniques for partial functional differential equations as well as numerical

experiments for this class of equations, we refer the reader to [4, 22, 34, 35, 36, 38].

Originating from a multitude of areas of application to the real world around us,
partial functional differential equations form a general class of problems that includes

partial differential equations as one if its subclasses.

This thesis is devoted to partial functional differential equations written in the

form

du ou 0*u
S @ t) = (ot 5o (0 0), 55 @1)), (1.1)

where u € C'(B,R) is an unknown function (see below for B), x € [-L, L], t € [0,T]

and f : [-L,L] x [0,T] x C(D,R) x R x R — R, represents any given continuous



function. Another generalization in (1.1) is introduced by the argument w g 4); for any
fixedx € [-L, L] and t € [0,T], u(yy is a function. Such a functional argument allows
to generate differential equations with e.g. a time delay and shift in space. Unlike for
classical partial differential equations, the third argument u, in (1.1) is not a real
value but a real function defined on D (see Figure 1 for D) and called a functional
argument. The functional argument w4 € C(D,R) for x € [-L, L], t € [0,T], and
uwe C(B,R), with L,T >0, B = [-L, L] x [-7,T], D = [=7,7] X [=70,0], 7,70 > 0,

~

L =L+ 7, is defined as
Uy (s, 7) =u(x +s,t+7), (s,7)€D.
Equation (1.1) is supplemented with the following initial conditon
u(x,t) = ug(x,t), te[-m,0], zel[-L, L], (1.2)
and boundary condition
u(z,t) = g(x,t), telo0,T], ze[-L,—~L]UIL,L] (1.3)

Here, f : [-L,L] x [0,T] x C(D,R) x R x R — R is a continuous function, and
ugp, g are given initial and boundary functions, respectively.
The partial differential equation (1.1) describes a general class of problems. For

example, if f is defined by

f(l',t,’y,p, Q) = EQ+7(070)(1 _7(07 _7—0))7 (1'4)

where € is a positive constant, then (1.1) can be written in the following form



ou 0%u
O 1) = 0 (1) + e (1~ (e, £ — 7).

Here, the functional argument is given by ¢ — 75. Another class of examples can be

generated by defining f by

flz, t,w,p,q) =a(t)qg+ a(t)/_ /_T w(s, T)dsdr, (1.5)

where a € C([0,T],Ry). Then, (1.1) can be written in the general form

ou 0*u 0 /7
E@’t) = a(t)@(x, t) + a(t) /TO /Tu(x + s,t + 7)dsdr.

An important subclass of the class of partial functional differential equations
captured by (1.1) that may be most familiar to most readers is the entire class of
partial differential equations written in the form

Ou 0%u
@ t) = f a1, 20, 55 ).

QD
S
?

where f : [~L,L] x [0,7] x R® — R is any given function. This entire subclass is
another example that can be generated from the general class of equations (1.1) by
suitably defining f appearing on the right-hand side.

We have seen that not only do partial functional differential equations offer a mod-
eling approach that more realistically portrays a wide class of real-world phenomena,
but also that their generality encompasses wide classes of subproblems, some of which
many readers have been acquainted with already in various real-world contexts.

The following figure illustrates the domain of the functional argument.
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Figure 1.1: Graphical illustration of initial and boundary sets.



CHAPTER 2

NUMERICAL SOLUTIONS FOR A GENERAL CLASS OF
SYSTEMS OF ORDINARY FUNCTIONAL
DIFFERENTIAL EQUATIONS: APPROXIMATIONS AND
DEFINITIONS

The general class of equations given by (1.1) is written in terms of arbitrary functions
f and, in many cases, analytic solutions to these equations defined in the continuum
sense are unknown and approximated by numerical solutions computed on discrete
subsets. For any element of any of the discrete subsets (such elements are referred
to as grid-points), there exists an open neighborhood that is disjoint from the other
grid-points. The discrete subsets are finite and determined by parameters, affecting
the coarseness of the corresponding discretizations. In the literature, the process of
semi-discretization has been also referred to as the Method of Lines. Letting the
values of these parameters approach zero causes the corresponding discretizations
to become finer. The goal of the thesis is to study error bounds of the approximate
solutions defined on the discrete subsets and to address the question of whether or not
they get closer to the exact solutions as the discretization becomes finer — a property
desired of discretization.

In this chapter, we construct approximate solutions to the general problem (1.1)—

(1.3). With this aim, we introduce spatial grid-points x; that we will use to replace



the spatial derivatives in (1.1) by discrete operators. Let the spatial step-size h > 0
and M, M be such that Mh = L, Mh = 7 and M,]\7[ € N. Then, we define z; = jh,
for j =0,+1,4£2, .., +M, where M = M + M. Henceforth, we also use the notation
M =M—1andn=2M — 1.

For each discretization parameter h, we define the vector function F' = (F_pp, ..., Fap) :
[0,7] x R" x C([—79,0],R") — R", the initial function g : [—79,0] — R", and the

initial value problem

o(t) = F(t,u(t),v), te][0,T], 21)
v(t) = we(t), te[—7,0],

whose solution v(t) € R™ depends on h and (as it will be shown in the next chapters)
converges to (u(x_y,t),...,u(z,,t)), as h — 0. Note that n — oo, as h — 0, and

that the dimension of the system (2.1) increases as the discretization becomes finer.

The third input v; € C([—79,0],R") in (2.1) is defined by
u(T) = v(t +7),

for 7 € [—79,0], where ¢t € [0,7] and v € C([—7, T],R").

The vector function F in (2.1) can be defined as follows
E(t727w) - f('rivt)ﬁi,tw76i,tz75i2,tz>’ (22)

wherei = 0,+1,....£M' t € [0,T], 2 € R", and w = (w_ps1, ..., wpr) € C([—70, 0], R").

The operators L;; : C([—70,0],R") — C(D,R) are defined in the following way



Tpy1 — S S — T
[Liw](s,T) = +Tw};+i(7-) + TWZHH(T);

where s € [-7,7], 7 € [-70,0], and k € N is such that x; < s < z44; and

w; (1), for j=0,%1,...,£M
g(zj,t+ 1), for j=+M,... £M,

where g is defined in (1.3). The discrete operators d;; and 67, in (2.2) are defined for
tel0,7T],i=0,%+1,..,+M' and z = (z_pp, ..., z2ar/) € R™, by

St st
d; — il Tl 2.3
ytZ 2h ) ( )
2h =22t 2k
0 = = L (2.4)

where the vector 2 = (z',,,...25,) € R"™? is defined by

. g(x;,t), fori==+M,
Zi, fori=0,£1,...,£(M —1).

As it will be shown in Chapter 4, the operators (2.3) and (2.4) approximate the first
and second order derivatives (respectively) at the point z;.

The initial function @ : [—79,0] — R™ in (2.1) is defined by

ﬁ,o(t) = (Uo(ili'_M/,t), Ce ,Uo(ZEM/,t)),

for t € [—79,0], where ug : [—L, L] x [=7p,0] — R is the initial function given in the
original problem. The goal of this thesis is to work through the proof techniques of

[37] to help address the question of whether or not the components of the solution



v(t) € R" to (2.1) converge, as h — 0, to the values u(x;,t) of the exact solution to

the problem (1.1) with (1.2), (1.3).
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CHAPTER 3

ITERATIVE PROCESSES WITH GENERAL SPLITTING
FUNCTIONS FOR SEMI-DISCRETE DIFFERENTIAL
FUNCTIONAL SYSTEMS

In this chapter, we construct iterative procedures for solving the general problem

(2.1) and thus (1.1)—(1.3). The process is summarised in the form of the following

algorithm. Let v'% : [—7y, T] — R™ be an arbitrary function. We define the sequence

of vector functions v : [—70,T] — R", where k =0, 1,2,..., recursively, by
o) = G (0,0 (0),0"), e (0.7),

(3.1)
o) = de(t), te€[—7,0]

The functions G are chosen according to the given F' and are referred to as splitting
functions. The function v is referred to as a starting function, and the functions

’U(k) are referred to as the successive iterates.

For example, if G is defined by
Gz(t7 C, Z,U}) = Fl(t, Zlye ey Ri—1, Cia Zidtly -3 ”my ’U)),

for i =1,2,...,n, where Fj is defined, for example, by (2.2), then (3.1) generates the

following iterative process of the Picard type in the functional sense
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o) = F (40000, oo 0, 0800, o 0),0)  (3:2)

3 n

or if G is defined by
Gl<t7 <7 Z,'LU) = E(t7<-17 EIR) Ci?ZiJrla s ,Zn,'LU>,

then (3.1) generates another iterative process of the Picard type in the functional
sense

o500 = B (1000, o0 1)

1

R ORE ORI TORYL) N CE )

)’ e n

A common feature of these two processes is that the functional argument in F' is
given by the previous iterate denoted by the superscript &, as is the case for standard
Picard iterations. The first of these processes has been referred to in the literature also
by terms such as Jacobi-Picard scheme, Jacobi-Picard waveform relaxation scheme,
Jacobi-Picard waveform method, Jacobi-Picard iteration scheme, or simply Jacobi
waveform relazation. The second of these processes has been referred to in the
literature also by terms such as Gauss-Seidel-Picard scheme, Gauss-Seidel-Picard
waveform relaxation scheme, Gauss-Seidel-Picard waveform method, Gauss-Seidel-
Picard iteration scheme, or simply Gauss-Seidel waveform relaxation . Both of these
processes have also been collectively referred to by terms such as waveform relazxation,
dynamic iteration or simply, iterative processes. See e.g. [26], [35] for different naming
conventions. If the equaton in question is a classical equation without the functional
argument, then the name ‘Picard’ is not used in the above terms. The two iterative

processes of the Picard type in the functional sense differ in the dependence of the
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indices of the successive iterates, and one may be preferable to the other depending

on the problem.

In our error analysis, we will use the following definitions:

where ¢ € [-79,T], k = 0,1,..., U®t) = (U:i(?),...,Un(t)), Us(t) = u(w;,t), and
the functions wu(z,t), v(t), v¥)(t) are solutions to the three problems (1.1)-(1.3),
(2.1), (3.1), respectively. Notice that e(t) is the error of semi-discretization (2.1)
and e®(t) is the error of iterative process (3.1), while E%¥)(#) is the error of both
the semi-discretization (2.1) and iterative process (3.1). The prefix semi indicates
that the discretization corresponds to the spatial variable only. As mentioned earlier,

another name for the process of semi-discretization is the Method of Lines.

Henceforth, we will use the following assumptions. Suppose that, for

F:[0,T] x R" x C([0, T],R") — R™,

there exist positive continuous functions v, € C([0, 7], R, ) such that

Tim 7,(t) =0 (3.4)
and
04(t) = Fi(t, U(1), U)] < (), (35)

for all t € [0,7] and i = —M’, ..., M'. Moreover, suppose that u € C¥ (B, R) (class
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of 4-times continuously differentiable funtions from B to R) and that for the given
function

f:[-L,L] x[0,T] x C(D,R) x Rx R — R,

there exist positive continuous functions k1, ke, k3 € C([0,T], R, ) such that

[f (b0, p,q) = f2,6,0,0,9)] < ra(t)lp —pl+ r2(t)lg — g

(3.6)
+ "i3<t> max ‘w(877—> - (D(S?T)‘v
(s,7)eD
forall z € [-L,L], t €[0,T], w,w € C(D,R), p,q,p,q € R.
For the iterative processes applied to (2.1), we assume that the functions
G:[0,T] x R*" x R" x C([-m0,0],R") = R"
satisfy
G(t,r(t),r(t),r) = F(t,r(t),r), (3.7)

for allt € [0,T], r € C([—70, T],R™) (note that for any ¢ € [0,T], r; € C([—70, 0], R™))

and there exist continuous functions p; € C([0,T],R), po, n3 € C([0, 1], R,) such that

l¢ =S —elG(t, s, 2,w) = G(t, S, 2,w)][ln = (1 = pa(t))lls = Slln, (3.8)
1G(t,s,2,w) = G(t,6,2,w)|ln < pa(t)]]2 = 2|, (3.9)
HG(T,,§, Z7w) - G(t7 Sy Z,(D)Hn < ,u3(t)Hw - @H?L: (31())

fore >0,t€[0,7],¢,<,2,2 € R, w,w € C([—70, 0], R"), where || - ||, is an arbitrary

norm in R™ and



14
lwlln = max_{|w (7).,
T€[—70,0]
for w € C([—79,0],R").
In the following chapters, we will show that the conditions (3.7)—(3.10) are satisfied
for the iterative processes (3.2) and (3.3) of the Picard type in the functional sense
and we will use them to derive error bounds for the general numerical schemes (2.1)

and (3.1).
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CHAPTER 4

CONSISTENCY PROPERTIES OF NUMERICAL
SCHEMES FOR PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS

In this chapter, we present results that we will apply to derive error bounds for numer-
ical solutions to partial functional differential equations. In the theorem below, the

notation C (B, R) refers to the class of 4-times continuously differentiable functions

from B to R.

Theorem 4.1 ([37], Lemma 3.1). If u € C¥(B,R) and f satisfies condition (3.6),
then F' defined by (2.2) satisfies condition (3.5) with

n(t) = =5 (R () + ralt) + s (1)), (4.1)

fort € [0, T], where c is a positive constant that is independent on n.

Proof. Let i € {0,£1,...,£M'} and t € [0,T] be arbitrary. From the definition of

U(t), equation (1.1), and definition (2.2), we have



16

— | Xty - R U), T

Uz(t) - E(tv U(t)7 Ut) ot

0 0?
= f(xzv t7 u(:ti,t)7 a_u<1,“ ) a Z(Iw t)) - E(tv U(t>7 Ut)

ou 0%u
= f(:ci)tau(xi,t)) O O 2<$Z,t)>

_f(l’z‘a t, LU, 5i,tU(t)7 512,1;U(t)) )

(ww t)

Hence
U(t) — F(t,U®),U)| < ka(t) g—Z(xi,t)—éi,tU(t)‘
+  ha(t) 222(:1:1, )—5§tU(t)‘ (4.2)

+ (t) (;’Ii?EXD |u(a: t) (5 T) Ei,tUt<S,T)‘ .

By Taylor’s Theorem applied to wu(z41,t) and u(x,_1,t), since u € CW(B,R), we

have,
h Ou h? 0%*u h? Q3u
U(Ii+17t> - U(I‘Z, ) + F %(Iw ) + 5 o2 (l’“ ) + ? ) Oxd (917t) (43)
with 6; € (x;,2;41), and
h Ou h? 0%*u h?  O3u
u(wi—1,t) = u(w;, t) — b %( t)+ o a2 (@i, t) — o %(&J), (4.4)

with & € (z;-1,2;). From (4.3) and (4.4), we have



17

ou . ou Uz+1<t> — Ulfl(t)
ax (l’z, t) 5z,tU(t)‘ - 833' (xu t) 2h
_|Ou w(wir,t) — u(wi_q,t)
oz (zi:?) 2h
ou 1 ou h Ou h 9u
= |Gt =g (20 Gl + 5 G0+ G n)|
h? |93 PBu
= -z @(‘%ﬁt) + @(fii)’ :

Since u € C¥(B,R), there exists a constant C' > 0 such that

3
Tt <o

for all (x,t) € B, and

2L
From this and n + 1 = - we get

ou

C 4172 20172

i 1) — 6 < . ‘ .

ox (z5,1) 5z’tU<t>‘ 6 (n+1)? < 3n? (45)
For the second term of (4.2), we obtain
ww)_(ggtw)‘ = [P, - Yo =200 + >‘

(4.6)
0*u w(wigr, t) — 2u(z, t) + u(ziq,t)
= gzt - E

and apply
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h Ou h? 0%u h 0Pu
u(wipr,t) = u(w, )+F g(% )+§ axQ(% )+§ @(%t)
ht 0t
+ I @( ) (4 7)
h Ou h? 0%u h? Ou '
u(:vi,l,t) = u(:vz,t) — F . a—x($l,t) + 5 . @(l’z,t) — ? . @(Jfl,t)
h4 84
_I_ 4' (57/7 )7

with 6; € (z;, 7,41) and & € (z;_1, x;), respectively. From (4.6) and (4.7), we have

a(at) - B()

[0t 1 (0% Mo RO
52!~ pa <ha 30 t) & 5 5 0 ) + Gy 6o >>‘
h? | 0%  ~ o -

=51 @(ez’,t) +@(fnt)’-

Since u € C™(B,R), there exists a constant C' > 0 such that

9
oxt gl

x t)‘ C,

2L
for all (z,t) € B. From this and h = 1 Ve get
n

82
ox2

Ch*  ALC <L2C
12 12(n+1)2 = 3n?’

O 1) — 6;%tU<t>\ < (4.8)

Finally, for the third term in (4.2), we get
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= |u(z; +s,t+7)— @ (U (7)

u(ﬂfiyt)(sa 7—) - ['Ci,tUt](Sa T)

(4.9)

(s — z) t
h ) (Ut>k+1+i(7') )

for (s,7) € D and k € N such that z; < s < xp;. Since (Ut)z(’/') = (Oy),(1) =

Ui(t+71) =u(z;,t+7), for j=k+iand j =k +1+14, from (4.9), we get

u(ivi,t)(S? T) - [Ei,tUtKSy T)

(Thy1 — 8)
h

s—x
= |u(z; +s,t+7) — u(xk+xi,t+7)—( - k)u(:z:k+1+xi7t+7)

and, by Taylor’s Theorem, we obtain

u($i7t)<57 T) - [Li,tUt](Sa T)

— i —x;— )0
= u(xi—l—s,t—l—T)—M u(xi+s,t+7)+(x Tl S)—u(xi+s,t+7')
h 1! Ox
(v + a1, — 2 — 5)2 0%u 4 (s — )
5 amQ(Qi,t—i-T) — u(z; + s,t+7)

(i + 21 — 2 — 5)2 0%u -

(x; + Tpr1 — 2, — ) Ou
§ 21 g2 Gt 7)

T %(xi+8,t+7)+

1 —

w(z; + s,t+ 1) ; -

Tpy1 — S S—Qik]

o _ _
—G—Z(xz +s,t+7) kaF;l S(xk —s)+ i hIk (Tps1 — s)]

%u (2, — )% (Tpy1 — s 0%*u , » s —xp) (Tpag — 5)2
_@(0“15_’_7_) k 5 ) ( k+}1 ) . ax2 (fl,t‘i‘ 7_)( - k) ( k+12 )
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Upon rearranging this and using the inequality

0*u
@(%t)‘ <,

with C' > 0, we get

< o (z1, — 8)*(Ths1 — 8) + (5 — 1) (Thy1 — 5)2]

U(m,t)(sa 7) = [Li:Ui)(s,7)

C
< % h* (21 — s) + h*(s — xk)]
Ch Ch?
= 7 Q?k+1—5+5—l’k IT

Therefore, since h = ——, we get
n+
20 L2 207
U (5:7) = Ll 7)) < G < = (4.10)

From (4.2), (4.5), (4.8), and (4.10), we get

. 20 L2 CL? 20 L2
Us(t) — Fi(t, U(t),Up)| < ’fl(t)W + g (t) ) + r3(t) NORE

which shows that (3.5) holds with, for example, ¢ = 2CL? in (4.1), and finishes the
proof. O]

Corollary 4.1 ([37], Corollary 3.1). Suppose that there exists a constant d > 0 such
that

max{|u(x,t)‘ . xe[-L,/L], te [O,T]} <d
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where u is a solution of equation (1.1) with f defined by (1.4) for a class of functions
w € C(D,R) such that maz{|w(s,T)| : (s,7) € D} < d. Then the function f satisfies
condition (3.6). Moreover, if u is of class C*(B,R), then F defined by (2.2) satisfies
condition (3.5).

Proof. In order for Theorem 4.1 to be applied, it suffices to show (3.6). Let = €
[—L,L],t€[0,T], w,w € C(D,R), p,q,p,7 € R be arbitrary. From the definition of

f, we get

[l t,w,p.q) = f(z,t,0,p,q)

=eq+ w(0,0)(1 — w(0,—79)) — &g — w(0,0)(1 — @(0, —79))

= e(q — ) + w(0,0) — @(0,0) — w(0,0)w(0, —70) + w(0, 0)@(0, —7p)
—w(0,0)w(0, —70) + w(0, 0)w(0, —7)

= &(q =) + (w(0,0) = (0,0)) = w(0,0)(w(0, =70) — @(0, =70))

—w(0, —79) (w(0,0) — w(0,0)).
and

|f(x7t7w7p7 Q) - f(‘x7t7u_)7ﬁ7 q_>|
< elg— gl + |w(0,0) — @(0,0)| + |w(0,0)] - |w(0, —79) — @(0, — 7o)

+|w(0, —79)| - [w(0,0) — w(0,0)|

< elg—q|+ (1 + }w(o, —7'0)’ + |w(0,0)‘> (m;xEXD |w(s,7') — w(s,7)|
< elg—ql+ (14 2d) max |w(s,7) — (s, 7)|.
(s,7)eD

Therefore, f satisfies (3.6) with



22

l'il(t) = O, l'iQ(t) =g, Iﬂ?g(t) =14 2d.
We now apply Theorem 4.1 and conclude that I defined by (2.2) satisfies (3.5) with
c
%@):5ﬂ5+1+2@7
which finishes the proof. O

Corollary 4.2 ([37], Corollary 3.2). Let d > 0 be as in Corollary 4.1 with f defined
by (1.5). Then f satisfies condition (3.6). Moreover, if u is of class C*(B,R), then
F defined by (2.2) and (1.5) satisfies condition (3.5).

Proof. We apply Theorem 4.1 with f defined by (1.5). Let x € [-L, L], t € [0,T],
w,w € C(D,R), p,q,p,q € R be arbitrary. Since a is a positive function, from (1.5),

we get

|f(x,t,w,p,q) - f(x7t7w p7 )’

t)g+ a(t / / (s, 7)dsdr
t)/ / w(s, T)dsdr

< af(t)lq — 4l + a(t) (s,7) ,7))dsdT
—70 J -7
< a(t)|lqg—q|+ alt / / lw(s, 7) — (s, 7)| dsdr
<a(t)|lqg—q|+alt )/ max |w(s,7) —w(s, 7)|dsdr
—70 2 (s,7)ED

= a(t)|q — 4| + a(t) max |w(s,T) —ws7'|/ / dsdr

(s,7)eD

= a(t)|q — q| + 2710a(t) (m?EXD lw(s, ) —w(s,7)|,
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which shows that f satisfies (3.6) with

k1(t) =0, ko(t) =alt), ks(t)=27ma(t).

By Theorem 4.1, the function F' defined by (2.2) satisfies (3.5) with

Tu(t) = CZ(;) (14 277)

and the proof is finished. O

We have proved some preliminary results that will provide useful stepping stones in
deriving error bounds for numerical solutions to general partial functional differential

equations in the next chapters.
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CHAPTER 5

GENERALIZED LIPSCHITZ CONDITIONS FOR
NUMERICAL SCHEMES APPLIED TO PARTIAL
FUNCTIONAL DIFFERENTIAL EQUATIONS

In this chapter, we will show that the iterations (3.2) of the Picard type in the
functional sense satisfy conditions (3.7)—(3.10), which will be useful in deriving error
bounds for the general numerical schemes (2.1) and (3.1). The proof for iterations of

the type (3.3) is similar.

The main result can be summarised by the following theorem.

Theorem 5.1 ([37], Lemma 3.2). Suppose that f satisfies condition (3.6) and

af
7 w,p,q > () 5.
aq(x7t7 )y I )_ 9 ( 1)

where x € [—L,L], [0,T], w € C(D,R), p,q € R. Moreover, suppose that v €
C([0,T],R) is a function such that

v(t) < g—g(ﬂc,t,w,p, q) (5.2)

for all inputs as in (5.1). Then, G defined by
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P = % A =2t
Gi t7 y Ry W) = xhtaﬁi W, il 7'_17 i+1 ? i—1
(t,< )=1f < it 57 2

satisfies condition (3.7). Moreover, if additionally || - ||, is the infinity norm, then G
satisfies conditions (3.8)—(3.10).

Proof. First, we apply the definition of G; and (2.2), obtaining

Gilt,r(8),7(t),70) = f (wiot, Logr, ”+1<t>2—h7”i—1<t>, risa(t) 27;3&) + n-_l(t)>

= [ (it Ligre, 670, 020 (8)) = Fi(t,r(8),m0),
where t € [0,T] and r € C([—7p, T|,R) are arbitrary. This shows that (3.7) holds.

In order to prove (3.8), we begin by using the definition of GG; and then we apply

the mean value theorem

Gi(t7§727w) - Gi(tafazyw) = f(x’wtvﬁl tTt, s 1717 il . Zil)
’ 2h h?
t t t =t t
Zigl — i1 i — 26+ 2
- f(xm ta Ei,trta 20 ) h2 )

t

Q(Q) <Zz+1 — 26 +2{4 _ zi1 — 26 + Z§—1>

dq h2 B2
=2 = of o 26 —G)df

where t € (0,71, ¢,¢,2 € R", w € C([—7,0],R") and Q € [-L, L] x [0,T] x C(D,R) x

R?. From (5.1), we get

of

8q(@)zo

and conclude further that
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gi—g_i—g(Gi(t,g,z,w)—Gi(t,g‘,z,w))’ = )(1+%g—£(@))(§i—fi)
2¢ 0
= (1+h_§8_£(Q))| i_§_i|7

where ¢ > 0. Upon taking the infinity norm on both sides of the above equation, we

deduce that

Hg - g_ - €(G(t, S, 27(")) - G<t’ §_7 Z7CU))

n N h? 8(]

From this and (5.2), we obtain

Hg - g__ €(G(t,§, Z,(.U) - G(t,g_,Z,W))

n

with

which shows that (3.8) holds.

In order to prove (3.9), we apply (3.6) and obtain

t t t t
Ziv1 — Zic1 Ziq1 — 26+ Zi71>

|Gi(t, S, z,w) — Gyi(t,s, z, u))‘ = ‘f(xz, t, L 1w, 5T : 2

=t =t =t
—Zi1 Zign— 2+ Zi—l)

>t
- f('ri)ta LZ tW, Zi+1 3
’ 2h h?




¢ t St >
ikl T Rl Rl T

IA
3
=

¢ t St St
Zipg — 26t Zipg — 26t g

27

Zf—l
oh ) + /{2(75)

IN

K1(1) <| t =t

op, \UZi+1 — Zil + 12 — 2f_1|> +

i

= (H;S) + Hifp) (|Zf+1 - 7f+1| + |Zf—1 - 5;'5—1|>

where t € [0,7], 5,2,z € R", w € C([—70, 0], R"). Since

h2

h2

Zi — Zig |+ |20 — Zf—1|>

upon taking the infinity norm (with ¢ = 1,...,n) on both sides of the above inequality,

we get

1G(t,s, z,w) — Gt s, z,w)|l, < 2</€1(2€)+

2h

which shows that (3.9) holds with

pa(t) = 2('{1—@) + @—(25))

2h h?

) (t)

7>||z—z||n,

In order to prove (3.10), we apply (3.6) with x;(f) = k2(t) = 0 and obtain

Zip1 — % Zi — 26+ 2
Gi(t,s, 2, —Gi(t, s, 2,0 = ( ity Liyw, s i1 i i z—1>
|Gi(t, <, z,w) (t,<,z,w)| 'f:c W - a
A= A =26+ 2
- i b, L 40 i+l im1l Tl i z—l)
f(““ YA 2

k3(t) max ‘,CMW(S,T) — L;40(s,T)

(s,7)ED

9

for t € [0,T], s,z € R", w,w € C([-70,0],R"). Then, from the definition of the
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operator L;; we get

Liw(s,7)— Liw(s,7) = L;(w—@)(s,7)
Lht1 — S _ S — T _
= +T (Wli-s-i(T) - w,’;H(T)) + T (W};+i+1(7’) - w}t€+i+1<7_))’
where x, < s < 7511, and

Lp4+1 — S

h

t

i, 7) = Ligio(s,7)| < whaal7) = Baa(7)

S — Tk _
7 wltc+i+1(7-) - wltv+i+1(7—>‘
Lp+1 — S _
< Zfrr Z _
< B2 max @ -8)(0)]
S — Tk _
+ max || (w —@)(7)]
TE[*T0,0}

= T TSI ) = |lw — @]

h

Upon taking the maximum over D on both sides of the above relations, we get

max [£o(s,7) = Loils,7)| < lw- ol

Therefore,

|G (t.s, z,w) = Glt,s,2.0)||, < rs(t)|w—a]),

which shows that (3.10) holds with

p3(t) = Ka(t),

and finishes the proof of the theorem. O

Having proven that G satisfies the conditions (3.7)—(3.10) under the assumptions
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of Theorem 5.1, we are now in a position to investigate the numerical schemes (2.1)
and (3.1) designed to find numerical solutions to general partial functional differential
equations and to derive appropriate bounds on their errors, from which we can deduce

important convergence properties of the numerical algorithm.
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CHAPTER 6

THEOREMS ON ERROR BOUNDS FOR NUMERICAL
SOLUTIONS TO GENERAL PARTIAL FUNCTIONAL
DIFFERENTIAL EQUATIONS

In this chapter, we prove a sequence of results that can be used to deduce appropriate
bounds on the errors that we can expect to get numerically by applying the numerical
schemes (2.1) and (3.1) to solve a class of general partial functional differential
equations.

The first of these results is a main theorem specifying a bound on the norm of
the error in terms of an integral that holds as long as the right-hand-side function f

satisfies an appropriate condition. In particular, we require a sharper condition than

(5.1).

Theorem 6.1 ([37], Theorem 4.1). Suppose the given function f satisfies conditions

(5.6) and (5.1), the step-size h > 0 is chosen in such a way that

of h|of
el _Mer > 1
aq(ﬂf,t,w,p,q) 5 ap(ﬂf,t,w,p,q) >0, (6.1)
of of
forallz € [-L, L], t€[0,T], we C(D,R), p,q € R, and a—p(w,t,w, ), a—q(w,t,w, )

are continuous functions for each x € [—L,L], t € [0,T], and w € C([0,T],R).

Moreover, suppose that F satisfies (2.2) and u € CW(D,R). Then the errors e(t)
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satisfy

el < / t %<s>exp< / t fasmdf) s,

fort € [0,T], where || - ||, is the infinity norm in R™.

Proof. We apply Theorem 6.7 from the Appendix with p(x;,t) = e;(t) = U;(t) —vi(t),
t € [-710,T) and i = 0,41, ..., M, where v;(t) = g(x;,t), for i = £M, ... +£M.

Then, @(z,, t) = é;(t) = Us(t) — 0;(t). We want to show that

ot
¢ ¢
zzo,f}%}fiM' lei(t)] = i:O,:{:nl?.}f:I:M’ lp(x;, t)] < /o %(s)exp</8 Ii3(7')d7'> ds.
Since
0i(t) = Fi(t, 0(t),v) = f(wi,t, Ligvr, 6:,0(1), 67,0(1)),
we get
ap .

+ f(ZL’Z, t: Li,tUh 5i,tU(t)7 57,2,tU(t)) - f(xu 7(“-7 Ei,tvh 5i,tU(t)7 5ZtU(t))

+ f(l’z, tv £i,tvt7 5i,tU<t)7 57,27tU(t)) - f(.I'Z, tv £i,tvt; 5i,tv(t)> 57,2,tv(t)) .

From this and from the Mean Value Theorem, we get

%(in,t) - Sp(xi,t)/o %(Qs)ds - 5(2)0(%,?5)/0 G_q(QS)dS
= U,(t) — Fi(t,U(t),U;)

+f(a;l, t, £i,tUt7 5¢7tU(t), 5z2,tU(t)) — f(.l’l, t, £i7tvt7 (SLtU(t), 5itU(t))

and
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dp
S)ds — 0P p(x; / 5)d
at (xw x’b? / ap S ) aq S

S Uz(t) - E(t7 U(t)7 Ut)

+’f('riat7£i,tUt75i,tU< )7512t ( )) - f(xiat7£i,tvt75i,tU( )7512t ( ))

where Sp(xi, t), S(Q)p(:v,-, t) are defined by (6.12) in the Appendix and
QS = (xia t7 Ei,tvty 57;’151)({;) + Sgp(.xi, )7 52 t/I_}( ) —+ 35 ('Tia t))

is a point from the domain of the function f. We now apply conditions (3.5) and

(3.6) to obtain

dp

. Lof <@ Lof
S@it) = Splant) [ GHQuds =5t [ Qs

< (b)) + k3(t) max |L;,Uy(s, 7) — Ligve(s, 7).

(s,7)eD

Since

max |L; U(s,7) — Li0e(s, T)|

(s,7)eD
X — S S —XT
= max P2 (Uen(r) = @eri(7)) + T (Okr10a(7) = @ksral)) |
(s,m)ED h h
. Tp41 — S ' S — Tk '
= (371%7 3 (e)kri(T) + 3 (e)hr14i(T)
— max | T Sekﬂ-(t +7)+ S err14i(t +7)
(s,7)eD h
Thy1 — S S — Tk
= iy t ’i;t
max | = P(@rsit +7) + ——p(Thsr4in T+ T)
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Tpy1 — S
h

= Inax

S — T
plx; +xp, t +7) + ——p(z; + Tpp1, t+7)
(s,m)eD h

- h h j=k,k+1

Tpy1 —S S—x
<(m§1xD( as + k) max |p(z; +xj,t+7)|
s,T)E

=, ke 47

= max{|p(z; +z;,t +7)]:5=0,%1,...,+M, 7 € [-7,0]}

= |lp@in Ik,

where k is such that x; < s < xj,1, we have

PP S 5 5 1y [ O
St = dotant) [ G Qs =5t [ Qe

< Ylt) + K3(t) || pan |1

We now apply Theorem 6.7 from the Appendix with

1

1
of

0
g(ZEZ‘, t7 p(xi,t)) - a_p(Qs)dsa H(I'Z, t, p(mi,t)) - / %(Qs)d&
0 0
and from the above inequality combined with (6.1), we get
le@lln = max fe(t)] = max - [p(z;t)] <n(t), (6.2)

n(t) = wa(t)n(t) +7a(t),
n(0) = 0.
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From (6.2) and (6.3), we have

udMMsA¥m<Limmm)wu$w

and the proof is finished. O]

The next theorem will be applied to derive an error bound for iterative processes

applied to problem (1.1)—(1.3).

Theorem 6.2 ([37], Lemma 5.1). Suppose F' and G satisfy conditions (3.5) and
(3.7)-(3.10). Then,

|WW”wmsAew</uwM%Omw+mvmw 5+ () )7, (6:4)

for allt € [0,T] and k =0,1,2,..., where || - ||, is the infinity norm in R".

Proof. From the definition of the error E®*) (1), we get

E(k+1)(t) _ Ut) k+1 (t)
U(t) — G(t,0* (), v P (1), v)

(
(
Ut) — F(t,U(t),U,) + F(t,U(t),U,) — G(t, 0¥ (), U (1), U,)
(
(t,

+ G(t,v ilany (t),U(t),Uy) — G(t, “‘““)(t),v(’“)(t),Ut)
+ Gt (—), 00 (1), Uy) — Gt 0®HD (1), 0@ (), 0)

We now multiply both sides of the above relation by an arbitrary ¢ < 0 and evaluate

the following infinity norm
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|EFHD(@) + e EF (1)
- HU oD (1) = (=) (G(t, U(t), U(t),Uy) — G(t, o™ (1), U (1), Ut)>

—(—¢) (U(t) — F(t,U(t),Uy) + G(t, o™ (1), U(t),Uy) — G(t, 0™V (1), 0W(1), 1)
+G(E 0 (1), 0D (1), U) = Gt ot (), 00 (1), o))

> ||u - k“%w—«fmﬂuU@xmmU»—G@wWMQxU@xm1n
—H ( F(t,U®),Uy) + G, o® D (1), U#), Uy) — Gt, o® D (1), 0® (1), U))
Gt 0 (), oD (1), U,) — G(t, v (#), o P (1), v§k>>)

n

From this and (3.8), we get

[ESD @) +eBCV@), = (1= (—e)m®)[U®) — oD@,
—H ( F(t,U(),U,) + G(t, VD), U, U,) — Gt v (), o™ (1), U,)
+G(t v * (), (%w)—G@ﬂMHKWUWU%@mD

n

Since —e > 0, we use the scaling property of the norm and further conclude that the

following inequality holds:

IESD @) + e, - [E4 @, 2 em@ES V@],
e[ 0w = P U@, 0) + Gt o 0w, U@), ) - G o (), 09 @), )

+G(t7 U(kJrl) (t)a U(k) (t)a Ut) - G(t? U(kJrl)(t)? U(k) (t)’ U'gk)) H )
Upon dividing the above inequality by ¢ < 0, we obtain

%(HE(k—i—l)(t) + eEFHD(4) H HE (k+1)( )”n) < Ml(t)”E(k—&-l)(t)”n
+HU(t) — P U®),U) + G, o= @), U 1), U) — G(t, o= 1), o® (1), 1)
Gt oD @), 0® (), Uy) — Gt o® D (1), 0® (1), 0P H .
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Notice that the right-hand side of the above inequality does not depend on ¢ and by

taking € — 0~ on both sides, we deduce that

DES (o) = im < (|| EEI () + B, — [ EED @)

< m ()| E*O @),

HU®) = F(t,U®), U], + |Gt o™ D @), U ), Uy) — G(t, o* 0 (1), 0™ (1), Uy) |
|G, vV (@), 0P (1), U) — Gt 0*HV (#), v®) (8), )]

n

n’

where D™ is the left-hand side derivative with respect to t. We now apply conditions

(3.5), (3.9), (3.10) to get that

D~ EFD(D)].,
< m(@)|[ BV @], + 70 () + 1)U ) = P @], + @)U = 0
= O E*I@)|],, +7a(t) + 1m0 EO @], + ()| EX[

< m@||EFV@)]| 4+ (u2(t) + pa®) BP0+ 1ult).-

Also, note that ||E(k+1)(O)Hn = 0 as the successive iterates satisfy the same initial

condition as U(0). Therefore, we conclude that

IS V@], < A),

n

where A(t) solves the following problem

N(t) = mOAE) + &),
A0) = 0,

and
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£(t) = (ua(t) + ua()) | BP0 + 1 (2).

Notice that

A0 = [ ey ([ i)

for t € [0,7]. Therefore,

|\E(k+1)(t)”n < /Otf(s) exp (/: ul(r)d7>ds,

which implies (6.4) and finishes the proof. O

In what follows, we will prove a sequence of preliminary results that will be useful

in proving Theorem 6.5.
Henceforth, we will use the following notation. Let ¢ € [0, T]. Then, the maximum
starting error will be denoted by

E(t) = max ||E(0)(7')||n.

T€[0,]

We assume that the function p; has no roots in [0, 7, that is, either sign(u;) =1 or
sign(ug) = —1, and we define
: pa(7) + ps(7)
r(f) = sign max ——————
( ) g (/'Ll) ref0d] |ﬂ'1 (T)l

. Yn(T)
I,(t) = sign max .
( ) g ('ul)TE[O,t] ’Hl(’r)‘

For the sake of simplicity of the subsequent proofs, we also introduce the following

definitions of four functions:
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Ozk(t) — 1_€A(t) jzo( "j‘(t)) ’
Set) = —(—r(t)" (),

k
Ae(t) = Fn(t)ZSi(t).

Theorem 6.3 ([37], Lemma 5.2). If yy has no roots in [0, T, then all functions

(- sign(m)) ax(t),

where k =1,2,... andt € [0,T], are nondecreasing and nonnegative.

Proof. Throughout the proof, we use the notation

ax(t) = (—sign (1)) ar(t)

and firstly show that & (t) > 0, for all ¢ € [0, T]. From the definition of the function

A, we get
o) = — e (A() Z CUAON A0 o (ap atn (- Ay
= —exp(A(1)A() ( kzo <_1)J+;!( 2oL, k_o (_1)j§f4(t) )
= exp (A()A'(t) (_122(1_4(115))')#1
We now consider two opposite cases, sign(u;) = 1 and sign(uy) = —1. Suppose

firstly that sign(p;) = 1. Then, from the definition, A(t) > 0 and A'(t) = py(t) > 0.
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Since

a(t) = (—sign(m)) ai(t) = (=) exp (A(1) A'(t)—

(A(t))k—l N

= exp (A(t)),ul(t)m >

ai(t) is shown to be nondecreasing in the first case.

We now suppose that sign(p;) = —1. Then, A(¢) < 0 and we get

&) = (—signlm) a(t) = alt) = exp (A®) ().

(—A®)"
S

= exp (A(t)) (= ()

showing that &y (t) is nondecreasing also in the second case.

Since A(0) = 0, ax(0) = ax(0) = 0 and since @ (t) is nondecreasing on [0,7], we

conclude that ay(t) > 0, for ¢ € [0, 7], which finishes the proof. O

We now apply Theorem 6.3 to prove the next theorem on the nonnegativity and

monotonicity of r(¢)Sk(t) and I',,(t)Sk(t) for k=1,2,....

Theorem 6.4 ([37], Corollary 5.1). If uy has no roots in [0,T], then the functions
r(t)Sk(t) and T, (t)Sk(t), with k = 1,2,..., are nondecreasing and nonnegative for all
t€0,77].

Proof. Let 7(t) = r(t)Sk(t). Then, from the definitions of r(t) and Sk(t), we get
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i) = ) (= (=) )

= (—r(1) a(t)

. palr) + ()"
‘( R ] ) 0

e ka
= (—sign(u)) ax(t) <Te[o,t] |11 (7)) )

) )
r€[0,4] |1 (7)]

is nondecreasing and nonnegative for ¢t € [0,7]. Moreover, by Theorem 6.3, the

Notice that the function

function (—sign(y;))*ax(t) is also nondecreasing and nonnegative for ¢t € [0,7].

Therefore, we conclude the same about 7(t).

We now define I'(t) = I',(t)Sk(t). From the definitions of the functions I',(¢) and

Sk(t) we get

r€l0,4] |p1(T)

I(t) = (sign(m) max LT)l) : (— (- r(t))k_lock t)

- (—signml))(—r(t))’“‘laku)(max )

rel0] |1 ()]
= ( —sign — sign max +,u3 max ()
= ( g (Ml))( gn(p) o |,u1 ) (ret)t] |M1(T)|>
_ — sign koz . maXM 7 - | max Pyn(T)
= (—sign(mm)) ax(t) ( of | (7] ) ( €lo.1] Iu1(7)|>
(6.5)

It can be observed that
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[0, |1 (7)|

<max p2(7) + p3(7) ) .

and

Tn (T)
max
rel0,] |1 (7)]

are nondecreasing and nonnegative as functions of ¢ € [0, T]. Moreover, by Theorem
6.3, we conclude that ( — sign(ul))kak(t) is nondecreasing and nonnegative on [0, 7.
Therefore, we further conclude from (6.5), that f‘(t) has the same properties, which

finishes the proof. n

The last result that is necessary in order to prove Theorem 6.5 can be summarised

by the following lemma.

Lemma 6.1 ([37], Lemma 5.3). The relation

/0 Cexp (= A () (Fdr = — exp (- AW (1),
is satisfied for all t € [0,T] and k = 1,2, ...
Proof. Since A'(t) = iy (1), we get
/Ot exp ( — A(T)),ul(T)ozk(T)dT = /Ot exp ( — A(T))A/(T)Oék(T)dT

— _/Otd%l_<exp(—A(T))> cag(T)dT

From «y(0) = 0, we further conclude that

/0 exp ( — A(T)),ul(T)ak(T)dT
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Since

(A(T))k—l

e

= —exp ( — A(t))ozk(t) + (153_—1)1)' /0 A’(T) (A(T))k_ldT

k

T=t

(A(7)

T7=0

From A(0) = 0 and the definition of ay(t), we further conclude that

/Ot exp ( — A(T)),ul(T)ak(T)dT = —exp(—A®))ou(t) + ( - 12'(75»
= —exp ( - A(t)) (Oék(t) _exp (A(t)a{:g - A(t)) )

which finishes the proof. m
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We now apply Lemma 6.1 and the previous two Theorems 6.3 and 6.4 to prove

the following theorem that supplies an explicit error bound for the successive iterates.

Theorem 6.5 ([37], Theorem 5.1). Suppose that the function F satisfies condition
(3.5) and G satisfies conditions (3.7)-(5.10). Moreover, suppose that the function p,

has no roots in [0,T]. Then,

IE® @), < rOE@)Sk(t) + Me(o), (6.6)

n

forte€[0,T] and k =1,2,....

Proof. We first show (6.6) for k = 1. By Theorem 6.2, we get

|wm@mslew</u@m%«mm+vaWQM+%myh

< /o exp (/0 pi(s)ds — /OT u1(8)d8> ((MQ(T) + Mg(T))E(T) + %(7')>d7'-
Then, using the definition of the function A(t), we further get

1B < [ exp () = A) (1) + par)) B + 30(7) )

= eX t ex — T T —Mz (T> * Hs (T) T —P)/n (7—) T
= (a0) | p<A”W“”< () “)+Mm0d'

We now reduce the above integrand by considering its maximum and deduce that

IEO®)|, < exp (A(t)) /0 exp ( — A(T)) ‘,ul(T)} max (M) E(r)dr

selo) \ - [pa(s)]

+ exp (A(t)) /0 exp ( — A(7)) |p (7)] max < n(s) )dT.

s€[0,t] |u1(s)‘
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Therefore, since both maxima do not depend on 7 and the function E(t) is nonde-

creasing, we deduce that

HE(I)(t)Hn < exp (A(t)) max <M> E(t)/o exp ( — A(T))‘u1(7)|d7'

+ exp (A(1)) mas ( (o) ) [ e (= A st ar

selo] \ [ (s)]

which further implies that

IED (#)] < exp (A(t)) sign(y) ( max (M> E(t) + max (7"—(3)) )

selo \ [pa(s)]
-/0 exp (— A(T)) pa (7)dr.

We now use the definitions of the functions r(t), I';, to deduce that

IEO@I, < exp (A®) (r®) @) + Tu(0)) /0 exp (= A(7))u(7)dr.

Therefore, since

/0 exp (— A(7)) pu (7)dr = /0 exp (— A(r)) A'(T)dr = [ —exp (— A(7))

=1—exp(—A(t))

we find that

IEO@ < exp (40) (rOE® + Tu®) (1 - exp (- A))
(6.7)

_ <r(t)E(t) + Pn(t)) (exp (A(®)) = 1)'
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On the other hand, notice that, for k& = 1, the right-hand side of inequality (6.6) is

written in the form
r(t)E(t)S1(t) + M(t) = —r(t)E(t)ai(t) + Tn(t)S1(t) = —aq(t) <r(t)E(t) + Fn(t)).
Moreover, from the definition of the function «;(t), we get
a1 (t) =1 —exp (A(t)).
Therefore, from (6.7), we have
IED @)l < r(O)E®)S1(t) + M(t),

which shows that (6.6) is satisfied for k£ = 1.

We now suppose that (6.6) is satisfied for a certain k£ > 1. From the definition of

the maximum norm || - ||, we have
IEPN = max [[EF(s)]l, = max [|E®(r + )|,
s€[—70,0] s€[—T0,0]

for 7 € [0, T]. Therefore, from (6.6), we find that

HE@H% < r[naxo] (T(T + $)E(T 4+ 8)Sk(T + 5) + Ap(T + 8))
se|—17o,

Since, by Theorem 6.4, all functions I',,(t)S;(t), where i = 1,2, ..., are nondecreasing,
from the definition of the function Ay, we conclude that A, is also nondecreasing.
Moreover, the function E(t) is nondecreasing and, by Theorem 6.4, the functions

r(t)Sk(t) have the same feature. Therefore, the function that is being maximized on



46

the right-hand side of the above inequality is also nondecreasing, which implies that

IEXS < r(m)E(T)Sk(T) + Aw(7).
Therefore, by Theorem 6.2, we find that
IEFD @), < /0 exp (/ ul(s)ds> ((/@(T) + ug(T)) (T(T)E(T)Sk(T)

+/\k(7)> + %(7)> dr.

From this and the definition of the function A(t), we further deduce that

IESD @)

IN

A0 [ et (—W) 8T (37 B(r) () + )

|H1(T)’
+ Q:E:;‘) ‘M1(7)|d7'.

We now consider maxima of the two quotients in the above integrand and obtain that

”E(kJrl)(t)Hn < eA(t) max (W) /0 efA(T) (T(T)E(T)Sk(T) + )\k<7'>)

|y (7) |dr + eA® max ( () ) /t e’A(T)‘u1(7)|d7’.
0

selod] \ | (s)]

From this and the definitions of r(¢) and T, (), we deduce that

1Bl < e ) [ A (rOBE)SE) + () ()
(6.8)

¢
+ eA(t)Fn(t)/ e_A(T)ul(T)dT.
0
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We now consider the first term, 77, on the right-hand side of (6.8) and, from the

definitions of S;(¢) and A (t), we obtain the following expression for 7y

T = eA(t)(sign pp)r(t) (/0 e_A(T)(— sign [L1>k0zk(7') ( max —u2(8> + M3(S)>

s€[0,7] ’,Ul(s)‘
¢ k n(5) io(s) + ia(s)\
E(r T dT+/ e A max | —— max oL
(Mlm()ldr + | Z[X} )] LS o)

(—sign i) a; (1) |11 (T)|d7> :

By extending the above maxima from [0, 7] to [0,¢] and interchanging the order of

summation and integration, we deduce that

k t
T SeA(t)(Signul)T(t)<<;g[%ft<] %) B@) [ A= s ) ()

k i-1 t
7n(3) } : ,UQ(S) MS(S) / —A(T) . ;
d T (2
|pa (7)]d7 s€[0,4] <| |> — (sE[O,t] ; e (— sign p1)

pa(s) |1 ()]

ai(7)|pa (7) \dT> :

We now apply Lemma 6.1 and obtain

selod]  [pa(s)]

max ) - maxw - —sion 1 )V (—1)e—A®) 4.
+S€[0,ﬂ<|N1(S)|>;<se[0,t] p1(s))| ) (—signu)'(—1) z+1(t))-

From the definitions of r(t), I',(¢), and S;(t), we obtain

Ti < eMr(t) (( max M) E(t)(—sign p1)*(—=1)e oy (1)
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T < (=) E@)apat) + Tu®) > (=1 (= (1) @i (t)
=l (6.9)

= (DS OB@) + Ta(t) 3 Sina (1)

We now consider the second term, 73, on the right-hand side of (6.8) and obtain

the following expression for it:

T, = 0T, () / A0 4 (r)dr = A0 (1 - e_A(T)]T:: — T (t)(e*® — 1)
= —TI,(t)aa(t) =T, (8)S1(2).
(6.10)
From (6.8), (6.9), and (6.10), we deduce that
IE V(@) < T+ To < r(0)Skn(DE®E) +Talt) Y Silt) + Tu(t)S1 (1)

k+1
= r(t)Sk1(t)E() + Tn(t) Z Si(t) = r(t)Se+1 () E) + Aeta (D),

which shows that (6.6) holds and finishes the proof. O
We now compare error bounds by means of the following theorem.

Theorem 6.6 ([37], Lemma 6.1). Suppose

k1(t) =0, r3(t) = oka(t), Yul(t) = coh®*(1 + 0)ra(t),

pi(t) = —oh ™ ka(t),  pa(t) = oh™?ka(t),  pa(t) = ora(t)

where 0,0,cq > 0. Then,

A(t) < /Ot yu(8) exp (/t mg(T)dr) ds,



forallt € [0,T], k=1,2,....

Proof. Let

n(t) = /Ot Tn(S) exp (/: Hg(T)dT) ds,

for t € [0, T]. Then, from the definition of ~,(¢) and r3(t), we deduce that

n(t) = coh*(1+ o) /Ot Ka(8) exp (/Ot ok (T)dT — /Os QKQ(T)dT) ds

= coh?(1+ o) exp (/Ot Ql{g(T)dT) /Ot ka(s) exp (- /0 Q@(T)dT) ds.

Since

/Ot Ka(S) exp <_ /05 QI{Q(T)dT) ds — —?1 [eXp (_ /Os Q@(T)d7>] st

s=0

1 t
= = (1 — exp (— / QFLQ(T)dT)),
0 0
we further obtain

n(t) = ch’(1+o)e (/0 ok (T ) (1—GXP< /OtQm(T)dr))
= coh (exp (/0 oko(T ) _1)

IS

and
C;—Z(t) = coh2(1+9)f€2(t)e><p</o Q’ﬂz(T)dT)-
Let
g 120+ ta(7) T—h
MOS0 YT el

Then, from the definition of A (t), I',(¢), Si(t), and r(t), we find that
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k

k
M(t) = To(t)> Si(t) = —sign(m)y(t) Y (— i(t)
=1 . =1
= —sign(u)y(®) Y (—sign(p)u(t) ailt)
. 111
= > () (— sign(p)) ai(t).
i=1
Since
max n(7) = coh4(1 + Q)J’l, max —'UQ(T) + p(7) =1+ oh’c 1,
rel0] | (7)] refod] ()|

the function Ak(¢) can be written in the form

Ae(t) = Z coh*(1+ 0)o " (1+ QhZO'_l)i_l( — Sign(,ul))iozi(t).

Therefore, from the relation

iday ‘,Ul ) QA -1
(t) d
dt (1—1)! / ra(7)l T

- JZ_in)(!t) (ah_2 /Ot o (T )dT) exp ( —oh” /o 2(7’)d7’>

(— sign(m))

we obtain

E(t) = coh?(1+ 0)ka(t) exp ( — oh™? /Ot m(T)Ch')

k

: Z 0 _1 i ((alf2 +0) /Ot KQ(T)dT)i_l

and



o1

%(t) < coh*(1+ 0)ra(t) exp < —oh™2 /Ot HQ(T)dT) exp <(Uh_2 + 0) /Ot HQ(T)CZT)
= coh*(1 + 0)ka(t) exp <Q /Ot ﬁg(T)dT) = %(t)

(6.11)
Notice that A\;(0) = 0 and 7n(0) = 0. Therefore, from (6.11), we conclude that
Ae(t) < n(t), for all t € [0,T] and k = 1,2, ..., which finishes the proof. O

In this last theorem, we have demonstrated a relation between error bounds,
specifically, that the latter bound is sharper. Particularly, we conclude from the form
of the error bounds that the numerical schemes indeed converge towards the exact
solutions as the step-size h tends to zero — a necessity for any numerical scheme —
from which we deduce that the schemes produce robust results.

In this thesis, we investigated general parabolic partial functional differential equa-
tions and their approximate solutions constructed by means of spatial discretization
and iterative processes of the Picard type in the functional sense. We used differential
inequalities and proved a variety of theorems on the approximate solutions and their
errors. Particularly, on the basis of the results that we have proved, we have arrived

at important convergence properties of the considered numerical schemes.
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APPENDIX

In this thesis, we apply the following one-dimensional version of [34, Theorem 1].
For this application, we use the symbol F.({z; : i = 0,%1,...,£M} x [—7,0],R)
to denote a class of functions continuously differentiable with respect to the second

argument. We also use similar notation for functions on similar domains.
Theorem 6.7. We assume that the following conditions are satisfied.

(i) o : [0,T] x Ry — Ry is continuous, nondecreasing with respect to the second
input and such that there exists the right-hand mazimum solution w on [0,T] of

the initial-value problem

w(t) = olt,w(@),

(ii)) G H + [0,T) x {a; +i = 0,41,...,+M} x Fo({w; : i = 0,+1,...,£M} x

[—70,0],R) — R satisfy the inequality

Som| < uep,

where P is any point in the domain of G and H,

(iii) p € Fo({w; 1 i = 0,%1,...,£M} x [-7,T],R) is such that p(z;,t) = 0 if

t€[—1,0] and i =0,%1,..., =M orift € [-7,T] and i = £M, ..., £M, is
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differentiable with respect to the second input and satisfies the inequality

0 < -
a—i(% t) = 0p(xi, )G (i, t, pasny) — 0P plai, Y H (it piay )

<a(t, lpa.nln),
fori=0,%1,...,£M', where

St t) = o (i, t) = pleir, ),

~ 1

5(2)p(‘73i7t> = ﬁ<p<xi+17t) - 2/)(1‘2‘, t) + p<xi—17t))=

Hp(w’“t)HZ = maX{|p(xZ + Lj, t+ T)| : ] = O? :l:]-v R :tM7 TE [_T07 0]}
(6.12)

Then,
|p(2i,t)| < w(t),
forallt €[0,T],i=0,+1,...,£M .

For clarity, we omit the proof, which is too technical for the purpose of this thesis.

We refer the reader to [34], where the proof is presented for the multi-dimensional

case.



