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ABSTRACT

The introduction of Common Core State Standards motivated K-12 teachers to
look for ways to engage students in thinking differently about mathematics. Asking
students to generate their own examples is one strategy that has proven to be beneficial to
student learning for students in advanced math courses. This study was designed to
determine if asking students to generate their own examples would be beneficial to

student learning for high school students in a slower paced second year Algebra course.

This study occurred during a two week unit of instruction focused on the concept
of function. The participants were Juniors and Seniors in a course designed for lower
achieving students. The unit was designed to address specific learning goals associated
with the concept of function and the use of different representations. A pre-/post-test and
example generation tasks were designed to align with the unit goals. Example generation

tasks were used on a daily basis as part of the course.

Results of the pre-/post-test indicate that student performance on functions-related
tasks improved by the end of the unit. Analysis of student examples revealed patterns in
the types of representations of functions students used when asked to generate an
example. At the beginning of the unit, students primarily used one form of

representation, but by the end of the unit students used several types of representations.
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CHAPTER ONE: INTRODUCTION

The curriculum and standards for mathematics are in the midst of changing for
many states, including Idaho. Because of the Common Core State Standards for
Mathematics (CCSS-M), the manner in which students must think about mathematics is
going to have to change too. How exactly are teachers supposed to get students to think
about and grapple with mathematics? One possible strategy involves using Learner-
Generated Examples (LGEs). LGEs are examples that students are asked to create.
Asking students to generate their own examples can help students enjoy a greater role in
their own learning and can also reveal, to both student and teacher, what they do or do
not understand. The use of LGEs can be a motivating tool or just a new way to try to
engage learners while deepening their understanding of familiar topics (Watson &

Mason, 2002a).

Teachers are already trying their best to plan lessons that help their students
develop the skills included in the CCSS-M. The extent to which the standards will
require students to think and reason will be a significant change from what students and
teachers are used to with current state testing. Adding the development of these thinking
and reasoning skills to their already bursting curriculum may seem completely
impossible. Teachers need strategies to support their students in meeting the

requirements set by these standards. The use of LGEs may be one way teachers can



encourage their students to think differently and reason with mathematics while still

working on the curriculum pieces they are required to teach.

During the Spring of 2011, I was asked to complete a set of tasks in a graduate
course in which I was required to generate examples about Calculus. I had never been
asked to think in that way before and, even though I have taught the subject for several
years, I learned a great deal in completing the assignment. After completing the
assignment, I began to think about the benefits of this type of task for my students; those
in Calculus and other courses. My gifted students would certainly be challenged to think
in different ways and, for my lower achieving students, it might just be a strategy to get
them to think deeper about mathematics without frustrating them. In my experience, it
has been a struggle to get students to think independently about mathematics; they are not

always required nor are they used to thinking in that way.

Later, in the Summer of 2011, I had the opportunity to work with my district on
the CCSS-M and really started to think about how this shift in thinking was going to
affect my teaching and the learning of my students. I began to think about how using
LGEs might be one strategy to help me and my students make this shift. I wondered if
using LGEs might make my students be more engaged in doing mathematics rather than
just memorizing procedures. Later, during the school year, CCSS-M started to become
more of a reality. My school was chosen to pilot the common core curriculum for the

2012-2013 school year.

In collaborations with my new colleagues during the 2011-2012 school year, it
became clear that students, even in Calculus classes, often struggle with the concept of

function. In fact, many of the teachers in my department wrote yearly goals about



helping students grasp the idea. And, in our collaborations, we often talked about the
ways we should be teaching functions to our students. I began to wonder if using LGEs

could be among the strategies the district might choose to implement.

Anne Watson conducted a significant amount of research on the topic of using
LGEs. In most cases, she studied people who willingly practiced mathematics or who
were gifted in mathematics. In one particular study (2008), she and Steve Shipman tried
this strategy with lower achieving students and found that using LGEs to introduce
concepts to this group of students worked well. My goal was to possibly extend this
work by designing a unit of instruction that fully integrated the use of LGEs in a slower
paced second year Algebra course. I designed a pre-/post-test to assess student
knowledge of functions and a series of tasks used to engage students in generating

examples on a daily basis. The following questions were used to guide my research:

1. How did student ideas about functions at the end of the instructional unit
incorporating LGEs compare with their ideas prior to the start of the unit?
2. How did student success with generating examples of functions change

throughout the unit?



CHAPTER TWO: LITERATURE REVIEW

Watson and Mason (2005) define example to be “anything from which a learner
might generalize” (p. 3). This broad definition of example suggests that examples can be
used to illustrate concepts as a replacement for definitions and theorems, can be thought
of as worked examples or textbook problems, and may represent classes of concepts or

special cases.

In most mathematics classrooms, the teacher usually provides “worked
examples” to demonstrate how students should perform certain algorithms or processes.
But, are these examples really helping students learn the concepts? Do students really
see and conclude what the teacher is hoping they will see? Many researchers would
answer this question with, “not always.” Selden and Selden (1998) go so far as to say
teachers might be inhibiting students’ learning by giving them these “predigested”
examples. In fact, teachers often expect students to generalize based on the examples
they offer, but not all students are able; some students lack those skills. Because of this
inability to generalize, students sometimes have a hard time applying the same steps to
similar problems with different numbers. This might occur because students have a hard
time transitioning to solving problems set up in a different way. Teachers provide
examples to students with the hope that students will be able to apply the same
techniques to a myriad of problems. Students are supposed to use these examples as

templates to complete other tasks similar to what they see in the discussion with the



teacher (Watson & Mason, 2002b). Unfortunately some students use examples as a
“practice of actions” rather than as a way to demonstrate a concept (Bills et al., 2006, p.
3). Some students will just try to repeat the steps the teacher performs on the provided
examples rather than trying to think about how the process applies to the examples. In
students’ classroom experiences, there is rarely a need for generalizing from a specific
example. Teachers do not usually require students to do the generalization piece, either
because of time constraints or curriculum restraints. A teaching strategy that could
address this problem involves the use of Learner-Generated Examples (LGEs). This
strategy can be used during discussion, notes, and/or homework assignments to support

any concept.

LGEs and Example Space

Humans are classifying and identifying all the time, but students are not often
required to use this skill in mathematics classrooms. In general, learners are not given
the opportunity nor are they encouraged to construct examples of their own (Koichu,
2008). Generating examples is a shift in classroom teaching, without a complete change
in curriculum and/or procedures. Teachers can ask students to generate examples during
discussions, as part of notes, notebooks, or journals, or even instead of or with the
traditional homework assignments. With this strategy, students are not just learning from

examples, but by working with examples.

The idea of example space 1s that students have a compilation of examples in their
memories that apply to a certain topic, definition, or property. Examples are sometimes
interconnected and related, which makes them members of structured spaces (Watson &

Mason, 2005). Example spaces vary from student to student because of their past



experiences. The number and variety of examples in an example space depends on a
student’s familiarity with the particular topic. Some examples within an example space
can also be more prominent than others either because of practice with a particular
example or a lack of diversity with that particular topic. When students are asked to
generate or think of an example, the availability of that example depends on the

organization of the example space.

While working with examples, students can further develop their “example
spaces.” The more examples students have seen or worked with, the more likely they
will be able to apply what they know to different problems; even those that are not
exactly like the type they have seen before. It is impossible for a teacher to know how
many and what examples will work best for each student, but when students generate
their own examples it can lead away from possible limited perceptions that could develop
if teachers are always giving the examples. Students are also required to make links

between examples and concepts in their memory.

In their analysis of the examples students generated and in discussions with
students involved in the tasks, Watson and Mason (2005) noticed several themes. Table
1 describes these themes along with their explanations. Learners have different
experiences with examples whether the task was intended to evoke that reaction or not.
Some students have seen the same examples over and over and, in some cases, believe
these are the only examples that meet a certain definition. Other students may generate
certain types of examples based on their personality. Sometimes those differences occur
because of their past experience with the concept. Students have varying example spaces

that may help them generalize based on the examples they are generating. Their ability to



generalize can also be hindered by that example space. And, in some cases, students will
begin to think about other examples, beyond what the task asked of them. In requiring
students to generate examples teachers may learn more about their students and how and

what they learn.

Table 1

Mathematical Thinking Emerging from Example Generation

Theme

Description

Exemplification is
Individual and
Situational

Students will create examples based on their past
experiences. Each learner will respond differently to
these tasks for a variety of reasons.

Perceptions of
Generality Are
Individual

Students generalize differently and sometimes not at
all. In fact, particular students might only be able to
generate one example because they cannot generalize.

Examples Can Be
Perceived or
Experienced as
Members of Structured
Spaces

Students might have a group of examples in their
brain to which they have access. These examples are
related and are often called example spaces.

Spaces Can Be
Explored and Extended
by the Learner, With or
Without External
Prompts

Teachers have the ability to guide students in such a
way that their examples spaces and their
mathematical reasoning skills are broadened.
However, students can and often do this on their own.

(Watson & Mason, 2005, pp. 50-52)

What Is the role of LGEs?

The use of LGE:s is effective for a variety of reasons. One such reason is that
students may begin to feel a sense of ownership in their work. In traditional classrooms,
the lack of ownership can stem from the fact that there is rarely decision making on the
students’ part in the traditional mathematics classroom. In a classroom where students
generate some of their own examples, students may start to feel they are a part of their

own learning and they may even start asking questions themselves (Mason & Watson,



1998). Generating examples is an act of problem-solving, but students get to choose a
strategy rather than the teacher. Students are encouraged to think in their own way and in

their own direction without searching for “the” correct answer.

LGEs can be used for assessment and to motivate interest (Watson & Mason,
2002a). Most educators agree that students are more successful and more motivated
when they discover things for themselves or are studying something of interest to them.
Being able to generate their own examples allows students some choice and
empowerment with mathematics. Encouraging students to find examples of their own

can motivate them and improve their understanding at the same time.

Students are used to the teacher giving them an algorithm they have to memorize
and performing that process over and over again. Having to generate one’s own
examples requires a different level of thought; it forces students to generalize and
organize what they already know. By the nature of the tasks, students are reviewing the
material while trying to generate the example. “Examples are generated by further
knowledge rather than by mere recall” (Peled & Zaslavsky, 1996, p. 77). In other words,

students are required to work with a familiar concept in an unfamiliar way.

Watson and Shipman (2008) also found that this strategy can be used to introduce
new concepts. This particular use of LGEs was presented to students in a lower
achieving math class prior to any instruction being given. Results of this study show that
students might take the time to gain a deeper understanding if they have to construct the
examples on their own. Also, during the study, the researchers note that changing a

particular part of the example can lead to a deeper understanding about the topic.



As students go through this process of generating their own examples, some
construct examples from the meaning or mathematical definitions, while others reflect on
a range of possibilities that fit a particular set (Mason & Watson, 2005). Many of the
researchers interested in this topic have noted that asking students to generate their own
examples will make them better at solving problems. In Watson and Mason’s research
(2002a), they noticed that students who generate their own examples show clear and
effective gains on problem solving. They also suggest that if a student is able to create an
example unlike the examples the teacher provides, it is powerful evidence of
mathematical learning. In this study, the Watson and Mason (2002a) observed a shift in
students’ example spaces, that these students were able to explain better, and their
example spaces were much broader. Therefore, having students generate their own

examples serves as an effective means of assessing student understanding.

Research suggests that students who are good at math and good at learning new
concepts are already generating their own examples (Watson & Mason, 2005). People
who become mathematicians are generating their own examples all the time. Selden and
Selden (1998) suggest that success in advanced mathematics seems to be linked to the
ability to generate examples. Bills et al. (2006) suggest that it is not the examples that are
important, but what students do with those examples. The doing is what helps students
learn. Working with mathematics is all about generating and testing hypotheses. The
general public perceives mathematics as a dead science invented hundreds of years ago
rather than a living science of questioning. If students have to start working with
mathematics, maybe that perception will change. Mathematicians are constantly

questioning their own results, testing different examples, and seeking alternative
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representations (Watson & Mason, 2005). And, being able to illustrate mathematical
ideas “in multiple representations and multiple perspectives is likely to increase one’s

effectiveness as a mathematician” (Watson & Mason, 2005, p. 42).

General LGE Tasks

Most students are not used to generating their own examples; they are rarely
asked to perform such a task, however some already generate examples on their own
(Watson & Mason, 2005). Coming up with prompts that encourage students to generate
examples does not have to be a daunting task. Watson and Mason (2005) offer
suggestions of different ways to create tasks that require students to generate examples.
The different task styles range from direct prompts that may get a quick response to tasks
that require students to take more time to think. The list Watson and Mason (2005)
provide is certainly not meant to be extensive or limiting, but can be a starting point for

teachers to create prompts for generating examples for any topic (see Table 2).

Table 2 Summary of Example Generation Strategies
Types of Tasks | Description An example of a task
Make up an Find out what students | Give me an example of a

example or one | already know and what | number between 3 and 4.
with constraints | they understand about
the constraint(s).

Add constraints | Create an example, Create a quadrilateral.
sequentially then make another Make one with no edges
example, but with a parallel to edge of paper.

new constraint.




Table 2 (cont.)
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Summary of Example Generation Strategies
Types of Tasks | Description An example of a task
Make up Allows students to see | Give an example of a linear

another or more
like or unlike
this

that there are a variety
of examples and
teachers to see what
students decide are the
similarities and

equation.

Change it in some way to
give a different straight line.
Make a further similar
alteration to get new straight

differences. lines.
Make A nonexample does not | Counterexample:
counterexamples | agree with one of the
and conditions and can Find a prime number that
nonexamples highlight the purpose cannot be expressed as 4k +
of a certain constraint. | 1 for any positive integer k.
A counter-example
would prove the Nonexample:
definition or property
wrong. Construct a two-dimensional
object that has a constant
diameter but is not a circle.
Confound Starts with an example | Give a number for which the
expectations that is specific, but may | square is not larger than

not be easy to find.

itself.

Characterize all
objects that
satisfy specified

Students try to find the
types of examples that
meet the constraint and

Find polynomial functions
that have a root of 1. What
can be said about them?

constraints generalize.
Reverse Students are given an What would the question be
answer and are asked to | if 7=11+...7
come up with a
question.
Explore Intended to test the The number 77 has exactly
distinctions boundaries of four distinct positive factors.

definitions and
properties.

‘What other numbers have the
same description?
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Table 2 (cont.) Summary of Example Generation Strategies
Types of Tasks | Description An example of a task
Bury the bone Students are required to | Start with the result of x =5

work backwards,
therefore students work
the processes in
reverse.

and make the equation more
complicated by performing
some operation on both
sides.

Use features of

Find an example that

Borrowing or carrying

method or requires a certain
objects as procedure.
starting points
Find A great jumping off Find examples of...
point for a lot of LGES. | ind an example that shows

that you understand how to
use the technique for...

Use wild-card
generation

Create a random
example to use.

Drop a ruler on a Cartesian
plane and find the equation
of the line created.

(Mason & Watson, 2005, pp. 105-156)

In some cases, it may also be beneficial to engage students in a discussion about

how they came up with their examples. Discussion can help validate some students’

ideas while making others re-think their example. Another benefit to discussion is giving

students the opportunity to speak and argue mathematically. Waywood (1992)

incorporated this into math journals where he expected students to collect examples (p.

36). This is also what Meehan (2007) suggests in her research. Students should be asked

to review and validate their examples as part of this process. Incorporating the use of

LGEs and the validation that Meehan suggests is a big step in students developing

mathematical reasoning and proof skills.
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Relating the Use of LGEs to the Common Core State Standards

There are eight “Standards for Mathematical Practice” in the Common Core State
Standards for Mathematics (2011), some of which are taken directly from the suggestions
of the National Council of the Teachers of Mathematics (NCTM). These standards of
practice are: 1. Make sense of a problem and persevere in solving them, 2. Reason
abstractly and quantitatively, 3. Construct viable arguments and critique the reasoning of
others, 4. Model with mathematics, 5. Use appropriate tools strategically, 6. Attend to
precision, 7. Look for and make use of structure, and 8. Look for and express regularity

in repeated reasoning.

By incorporating the use of LGEs, teachers can attend to several of these
standards. For instance, some LGE tasks ask students to work with constraints or special
cases specifically while others require students to look for patterns or similarities to other
examples. These types of LGE tasks meet the requirements for several of the standards
for mathematical practice. When generating examples, students need to (1) “make sense
of problems and persevere in solving them.” To be able to generate an example, students
need to make sense of the task and what it is asking. And, persevering can be a necessary
skill with certain tasks students face. In the description of this standard, students are
required to look at givens, unknowns, constraints, relationships, special cases, different
representations (verbal, analytical, graphical, numerical), patterns, etc. Then, they have
to be able to recall from their memory, or example space, what types of examples fit the

task or (7) “look for and make use of structure.”

When generating examples, students need to be able to understand and work with

different properties. Teachers can orient tasks in such a way that students are required to
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understand the importance of the specific details. These types of tasks definitely require
students to (6) “attend to precision.” And, the examples students generate may lead to (3)

“constructing viable arguments and critiquing the reasoning of others.”

If students are required to generate an example and then generate more and more
like it, then they are being required to (8) “look for repeated reasoning.” And, in the
description for (3) “model with mathematics,” students are required to analyze
relationships to make conclusions. This is exactly what students are doing when they are

generating several examples under a certain set of constraints.

One LGE task may not meet the requirements of all the Standards for
Mathematics Practice, but the tasks can certainly be created with these practices in mind.
Furthermore, the task itself might just be a means to begin discussions, mathematical

arguments, and written/verbal reasoning.

The Teaching of Functions

When teaching functions, it is helpful to understand how students view functions.
One way to analyze students’ views of functions is to categorize them as having an action
view or process view of functions or the sub-topics involved with them. Students who
have the ability to compute values for functions or who are only able to complete step-
by-step instructions are said to have an action view of functions. (Oehrtman, Carlson, &
Thompson, 2008). These students tend to a function as being a procedure without any
meaning (Oehrtman et al.. 2008). Students who understand functions in this way have a
hard time working with other representations because they have never developed a deep
understanding of the concept of function. Students who have a process view of functions

can work with functions in any situation. Their understanding of definitions and
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properties of functions is fluid and is applicable to any representation. The goal of
teachers is to help student obtain both the action view and process view (Oehrtman et al.,

2008).

Why do mathematicians put such an emphasis on functions? The function
concept is a central piece of the secondary mathematics curriculum and, one might argue,
the most important. The concept of function not only ties branches of mathematics
together, it is central to science and many other related fields as well. Even though it is
so critical, many students do not graduate from high school with a good understanding of
the concept of function. Students’ difficulties with learning functions could be one of the

main reasons they choose not to further their math education (Oehrtman et al., 2008).

The difficulties some students have with functions can be caused by many factors.
One of the issues is that teaching functions is and has been a challenge for many teachers
in the past. Just trying to present the concept to students in an understandable way is
quite perplexing. Teachers formally or informally share a definition of function, but
those definitions can vary depending on the objective(s) of the unit. Some examples of

these differing definitions are provided in Table 3.

Table 3 Definitions of Function

A function is a relationship between input and output. In a function, the output

depends on the input. There is exactly one output for each input.

A function is a relation in which each element of the domain is paired with

exactly one element of the range.

A function is a set of ordered pairs (or number pairs) that satisfies this condition:

There are no two ordered pairs with the same input and different outputs.
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Table 3 (cont.) Definitions of Function

A real-valued function f defined on a set D of real numbers is a rule that assigns

to each number x in D exactly one real number, denoted by f{x).

A function is a mapping or correspondence between one set called the domain
and a second set called the range such that for every member of the domain there

corresponds exactly one member in the range.

(Cooney, Beckmann, & Lloyd, 2010, p. 13)

Even though these definitions are different, they are all written in an attempt to
help students understand more about a particular property of functions. And, depending
on the unit, each one serves its own purpose. Even though it is a challenge to teach, the
concept of function is a major topic throughout CCSS-M and one that the NCTM argues
students will need “to succeed in courses that build on quantitative thinking and

relationships” (Cooney et al., 2010, p. 1).

A function “is not a single concept by itself but has a considerable number of
subconcepts associated with it” (Dreyfus & Eisenberg, 1982, p. 361). Because of all the
subconcepts, deciding what aspect of functions should be introduced first is another
concern teachers face. There is no consensus, neither among experts in the fields of
mathematics nor experts in teaching mathematics, as to the best way to introduce
functions to students. Some researchers suggest students should first encounter functions
as models of relationships and others recommend students need to have a good
operational understanding or action view (O’Callaghan, 1998). Even though an
operational understanding is very important, students’ understanding needs to move
beyond operations alone. Because the concept of function is a very complex one,

students need to be able to understand on “many levels of abstraction” (O’Callaghan,
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1998, p. 23). Students have to be able to evaluate, graph, define, and model with
functions. Quite often, students start by learning the definition of function and then
identifying what is and is not a function. This may be the only time students see a
mapping as a representation of a function, partly because this is the only time students

work with finite data sets.

Typically, high school algebra textbooks emphasize linear, quadratic, and
polynomial functions. Some square root, exponential, and logarithm functions might be
in the book also. Because of their limited experience with functions, students often have
a hard time with constant and piece-wise functions. In fact, most students believe that
constant and piece-wise functions do not meet the criteria for a function. Because of this,

students’ example spaces are very limited when it comes to functions.

In some textbooks, students encounter an equation that they are required to graph
in the coordinate plane. Rarely do they see different representations except if they use a
t-table to establish the graph, but the t-table is not necessarily required. “Representing
functions in multiple ways and analyzing functions from different perspectives are
critical aspects of learning functions” (Cooney et al., 2010, p. 78). And, understanding
functions in one representation does not necessarily constitute understanding in another

representation (Cooney et al., 2010).

Expectations for the Learning of Functions
In NCTM’s “Developing Essential Understanding of Functions,” the authors
present five “Big Ideas” that arise out of the teaching and learning of functions. These
ideas are: the function concept, covariation and the rate of change, families of functions,

combining and transforming functions, and multiple representations of functions (Cooney
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et al., 2010). The mathematical focus of this study is on the first and fifth big idea; the
function concept and multiple representations of functions. Each of these big ideas are
associated with essential understandings, which are somewhat like learning objectives.

Under the function concept, the essential understandings are:

1. Functions are single-valued mappings from one set- the domain of the

function- to another- its range.

2. Functions apply to a wider range of situations. They do not have to be

described by any specific expressions or follow a regular pattern.

3. The domain and range of functions do not have to be numbers.

(Cooney et al, 2010, pp. 8)

These essential understandings for the function concepts align with the CCSS-M:
“F-IF.1. Understand that a function from one set (called the domain) to another set
(called the range) assigns to each element of the domain exactly one element of the range
(Common Core, 2011). Another standard that relates to this study is “F-IF.5. Relate the
domain of a function to its graph and, where applicable, to the quantitative relationship it

describes” (Common Core, 2011).

In NCTM’s “Developing Essential Understanding of Functions” under multiple

representations of functions, the essential understandings are:

1. Functions can be represented in various ways, including through algebraic

means, graphs, word descriptions, and tables.
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2. Changing the way that a function is represented does not change the function,
although different representations highlight different characteristics, and some

may show only part of the function.

3. Links between algebraic and graphical representations of functions are

especially important in studying relationships and change.
(Cooney et al., 2010, pp. 10)

The first essential understanding requires that students be able to see the
connections between a situation that is modeled by an equation, the graph of that
equation, and a list of data points. Students will also be able to determine if data
represented in one of those ways is a function or not. The CCSS-M that aligns with this
big idea is “F-IF.9. Compare properties of two functions each represented in a different
way (algebraically, graphically, numerically in tables, or by verbal descriptions)”

(Common Core, 2011).

Summary of Research
Asking students to generate their own examples shows great promise as a

teaching strategy. Research indicates that it assists in the process of getting students to
begin interconnecting the mathematics they learn (Watson & Mason, 1998). “One of the
techniques that teachers can use to gather information about students’ understanding is to
pose questions that extend given problems and require students to think beyond them”
(Cooney et al., 2010, p. 99). This can, perhaps, be achieved by using LGEs. Cooney et
al. (2010) also notes that students need the opportunity to demonstrate what they know

and they need feedback about their demonstrations. Again, LGEs might be the
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opportunity for students to demonstrate what they know and a good opportunity for
teachers to give them feedback. LGEs can also be a tool for students to see what is
possible and will help them take ownership for their own understanding. Cooney et al.
(2010) claim this as something students really need to deepen their understanding of
function. Discussing and sharing ideas about LGEs could help students see that they can
produce something just as appropriate or sophisticated as their fellow classmates and
maybe even mathematicians. This, as some researchers suggest, could be much more
influential than the teacher-provided examples. Furthermore, using LGEs can be an

effective means to assess student understanding.

In reality, there are few quotable studies regarding this topic. Most of the
literature provides information about how adults experience the examples and their
thoughts about how helpful it would be for their students. A lot of the research has been
conducted with college students who are either in math classes or taking pre-service
education classes to become math teachers. Some work has been done with advanced
secondary students. An even smaller amount of research has been conducted with the
average or lower achieving students. This limited sampling is a road block to introducing
this strategy to all math teachers. Some teachers might not feel comfortable sharing this
strategy because it has not been used enough with the general high school student
population. The findings provide valuable information to colleagues and others in the

field about the value in using LGEs in their own classrooms.
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CHAPTER THREE: METHODOLOGY

This study was designed to explore the impact of using LGEs on student
performance in mathematics, specifically in the area of functions. I gathered data during

a two-week unit focused on functions. The following questions guided my research:

1. How did student ideas about functions at the end of the instructional unit

incorporating LGEs compare with their ideas prior to the start of the unit?

2. How did student success with generating examples of functions change

throughout the unit?

The first question is of a summative nature to measure students’ mastery of the
concept of function as indicated on the pre-/post-test. The second question is formative
and allowed me to assess students’ thinking during our unit. Looking at student success
with LGE tasks helped me see the progression in their thinking about functions and

allowed me to analyze their learning.

Participants
The sample in this study was one of convenience. I had two periods of a slower
paced second year Algebra course. These students were enrolled in a large urban high
school in Southwestern Idaho. Students were placed into this class based on grades of C
or lower in their Geometry or Algebra I class and/or an earned score of 70% or less on a
placement test given by their Geometry teachers on what our math department has

deemed basic algebra skills. Because of students’ poor algebra skills, the course was



22

designed to introduce most, but not all, of the concepts in the regular Algebra II course.
Teachers of this course were able to take more time making sure students understood a
concept before “moving on” to the next concept. This course and the Algebra II course
shared the same book, however, I often created my own worksheets tailored to my
students’ skill level. This was another difference between my course and the Algebra II
course, students were not assigned the more difficult problems that are placed toward the
end of each section. For instance, when Completing the Square in the course I teach,
students will only encounter quadratics with a leading coefficient of 1 or where a greatest

common factor exists.

In the past, students who have passed this class with a very high A sometimes
enroll in our Pre-Calculus class. The success rate of these students in that Pre-Calculus
class is approximately 50%. Many students have enrolled in Advanced Math Topics after
passing this course. Advanced Math Topics is a class intended for students who were not
quite ready for Pre-Calculus, but still had decent algebra skills. Others have taken

Algebra II to make sure they really had a good algebra basis prior to going to college.

At the beginning of the school year in which this study was conducted, there was
some shifting in student enrollment due to some initial misplacement. Most of the
movement came from students entering my class from the Algebra II class. This
movement was typical for any school year and students or teachers usually discover
issues with algebra skills within the first two weeks of the year, but it was not peculiar for
students to move down to my class throughout the semester. At the beginning of the
study, there were fifty-two students in the two classes. During the study, I had one

student transfer into my class, one transfer out, and one transfer in and out.
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The fifty-two students who were enrolled in my class at the beginning of my
study included twenty-seven males and twenty-five females. Of my two classes, 57.7%
were seniors and the rest were juniors. Of the students who chose to participate in my
study, 44.8% were seniors and the rest were juniors. This school year was the first year
seniors were required by state law to take and pass a math class as a requirement for
graduation. For our school, this meant a lot more seniors enrolled in math classes as
compared to the year before. This was also another cause of the movement of students
between classes. Because seniors needed to pass, the school counselors were very
proactive with moving students to classes that would fit their ability level. A little over
17% of the students were on an IEP (Individualized Education Program) or 504 plan
(requires schools to provide support to any student who qualifies under Section 504 of the
Rehabilitation Act of 1973) and 5.8% were part of our ELL (English Language Learners)

program.

Of the fifty-two students, thirty-two agreed to participate in the study. Because of
absences three students were not able to complete the pre-test so their data was not
included in the study. Of the group of twenty-nine who completed the pre-test and post-
test, fifteen were female and fourteen were male. The classes were on a modified block
schedule. The classes met for 59 minutes on Monday, Tuesday, and Friday. There was

also a block period on either Wednesday or Thursday for 117 minutes.

Unit Design
Most students, when asked about a function, will mention f(x), or “f of x.” Even
most upper level mathematics students do not see functions outside of algebraic “rules”

where they take a value and perform some operations on it to see what the result will be.
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Again, the only time students might encounter a different representation of a function

might be when they are first learning what constitutes a function.

Some students struggle with functions because they find it difficult to see where
they can apply the idea in “real life.” Some textbooks provide a motivating scenario to
try to help the students understand why a particular concept in mathematics is useful.
And, in the functions unit, there might be a problem in which a function can model
certain real-world phenomena. But, unless a student can experience functions for
themselves, these examples might not be very helpful. This particular skill set will be a
change for students since the CCSS-M requires students to model with functions.
Modeling will no longer be an afterthought a teacher presents to defend the ultimate

“When am I ever going to need this?” question.

In my textbook, Algebra 2 by McGraw-Hill, there is one section in one chapter
dedicated to what I believe are the following objectives: determine whether a given set of
data is a function, and determine the domain and range of a function. The definition of
function provided in this section is that “a function is a special type of relation in which
each element of the domain is paired with exactly one element of the range” (Holliday et
al., 2008, p. 58)” The next section in this chapter pertains to linear equations and the rest
of the chapter pertains to properties and procedures with linear equations. I did not think
one section was enough to really help my students understand ideas about functions. In
planning my unit, I wanted to introduce the concept of function without notations and
equations just to get at the idea rather than a process. However, I still wanted to attend to
the definition provided in the textbook. With that in mind, I decided on the following

goals for the unit:
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1. Students will be able to determine if a relation is a function.

2. Students will be able to recognize the existence and importance of multiple
representations of functions and determine which representation(s) are most
useful for a particular situation.

3. Students will be able to determine the domain and range for a functional
relationship between two quantities.

4. Students will be able to determine if a graph (picture) is a good representation
of a data set (story).

5. Students will be able to determine if a function is linear.

I designed LGE Tasks for the unit to supplement the material I would normally
use. This was the first time I had taught this unit in this manner. As mentioned earlier,
this unit was not taken directly from the textbook. Last year was my first year teaching
this course and after teaching it the first time I had to spend more days throughout the
year going back to the idea of function. During this school year, my method of
conveying the material to students was via PowerPoint presentations. The slides I created
had definitions, pictures, and examples and prompts (my district called them language
objectives) to check their understanding. After providing this information, I would
normally ask students to begin a worksheet with the same material as practice. If there
was an activity that supplemented the current topic, we would take time, usually the next
day, to engage in the activity. Also, at the beginning of each period, I typically require
students to engage in a “warm-up” task where they worked on review problems or
answered a question pertaining to something we had learned the previous day. These

procedures stayed the same during the functions unit.

After deciding on the goals for the unit and the pre-/post-test questions (see the

next section), I formulated fourteen LGE tasks for the unit (Appendix A) with the same



26

goals in mind (Table 4). Some LGE Tasks were adapted from examples I had read
previously. Other LGE tasks were created using prompts suggested by Watson and

Mason (1998).

Table 4 Relating LGE Tasks to Unit Goals
Goal1 | Goal2 | Goal 3 | Goal4 | Goal 5

LGE Task #1 X*
LGE Task #2
LGE Task #3
LGE Task #4
LGE Task #5
LGE Task #6
LGE Task #7
LGE Task #8
LGE Task #9
LGE Task #10
LGE Task #11 X
LGE Task #12 X
LGE Task #13 X X
LGE Task #14 X X X

I R R R I e R e R e T e

*There was a class discussion to decide if data was that of a function

The LGE Tasks in this unit were presented in one of two ways. Some LGE tasks
were used as the “warm-up” at the beginning of the period. Other LGE tasks were
presented as a closure to the concept we just worked on. I spent time going through the
notes and examples with students. Once I felt the students were ready, they worked on a
worksheet about that concept. When it was time to either leave for the day or move on to

another concept, I asked to students to complete another LGE task. The students kept
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their LGEs in a spiral notebook I provided for them. These notebooks were kept in the

classroom during the unit.

Pre/Post-Test Design
To answer my first research question I designed a pre-test on functions (Appendix
B) that was given prior to the start of the instructional unit. The design of the experiment
was a one-group pre-test-post-test design. Both classes received the treatment of asking
students to generate their own examples along with my typical approach to teaching,
which included notes via PowerPoint presentation, worksheets/assignments, and

activities. Students completed the post-test at the end of the unit.

Each item on the test was selected to meet one of the specific goals I created for

the unit (Table 5).
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Table 5 Pre-/Post-test Goals and Questions

Goal

Question Number & Excerpt

Students will be able to recognize the
existence and importance of multiple
representations of functions and
determine which representation(s) is
most useful for a particular situation.

1. Which of the representations would
be most helpful for determining the
information?

How does each of the pieces of
information appear in each of the four
representations?

(Cooney et al., 2010)

Students will be able to determine if a
relation is a function.

2. In which of the following examples is
y a function of x? Why or why not?
(Cooney et al., 2010)

6. Sketch a graph that represents the
situation.

Does your graph represent a function?
Explain.

(Fiel, Rachlin, & Doyle, 2001)

Students will be able to determine if a
graph (picture) is a good
representation of a data set (story).

3. Circle the graph (or graphs) which
could represent a journey.
(O’Callaghan, personal communication,
May 3, 2012)

4. Circle the graph which most
accurately represents this situation.
(O’Callaghan, 2012)

6. Sketch a graph that represents the
situation.

Does your graph represent a function?
Explain

(Friel et al., 2001)
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Table 5 (cont.) Pre-/Post-test Goals and Questions

Goal

Question Number & Excerpt

Students will be able to determine if a
function is linear.

5. Given the following set of ordered
pairs, determine which represents a
linear function. Explain how you know.
(Shell Center for Mathematics
Education, 2011)

Students will be able to determine the
domain and range for a functional
relationship between two quantities.

7. What is the domain and range for the
relationship?

(Texas Instruments, 2010)

8. Sketch the graph of a function for
which the set of integers is its domain.

Identify the range of your function.

Can you think of another function that
has the set of integers as its domain?
Sketch another graph for each one you
can think of.

In creating the last question (#8), I had a secondary goal in mind. This question

was designed specifically to analyze students’ progress in generating examples. One

might also be interested in why I chose not to use O’Callaghan’s Function Test in its

entirety. For this study and this group of students, the test covered too many topics

relating to functions. O’Callaghan’s Function Test would be a great instrument for me to

use at the end of the school year to see what gains students experienced from the

beginning to the end of the course. For the time constraints of this study, it was not

feasible.
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Data Collection and Analysis

I generated a key for the pre-/post-test prior to the start of the unit. Itook the test
myself and awarded points for what I deemed correct answers and/or correct
mathematical statements. By doing so, I calculated a possible forty-two points for the
test. The numbers of points per question varied depending on how many items students
had to answer in that one question. For instance, on question 2, where students had to
identify if something was a function and then explain why, each sub-question was worth
two points: one for the correct answer (yes or no) and one for a correct explanation.
While grading the test, I awarded an extra point on the descriptions for problems three
and six because students included information I had not originally thought about while
creating the key, but were, however, mathematically appropriate. After the results were
gathered, I performed a t-test for statistical significant differences between scores on each

question.

During the course of the study, students were required to generate examples in a
notebook I provided for them. The notebook was necessary for me to analyze the
examples students generated and to make sure students were involved in the task. |
evaluated their success by the analyzing the correctness, variation, and/or reasoning for

the examples they generated.

Correctness of the example was measured based on how well the example met the

criteria set for that particular task. In some tasks, such as:

Write down an example of a function...Represent that same function in a different

way...Represent that same function in another way...Again
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the variation of the examples students used helped me determine if students
grasped the idea of multiple representations of a function and also revealed what types of
representations were dominant in their example spaces. Consequently, variation had to
be a part of my analysis of student work. Reasoning and/or mathematical explanation
was also another important feature of some of the example tasks [ used. Consider the

following task.

Change something about the given function to make it a non-function.

In response to this task, some students only had one example and thus measuring
variation was not appropriate. However, some students’ explanation revealed
information about their understanding of functions. For this task and others, it was more

appropriate to measure correctness and reasoning, but not variation.

Initial analysis of student responses to LGE tasks involved determining whether
students attempted the problem and whether they generated an appropriate example. For
that analysis, I used a three point scale: 0 was awarded for no attempt, 1 was awarded for
an incorrect attempt, and 2 was award for a correct attempt. See the Figure 1 for an
example of my grading criteria on LGE #4: Write down an example of something that is a

function and something that is not a function.
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Figure 1 Example of LGE Task Scoring

Further analysis of student responses to the LGE Tasks included attention to item
eight on the pre-/post-test and selected LGE Tasks. Like Watson and Mason (2008), I
wanted to analyze students’ mathematical thinking based on their example generation.
To do this, I analyzed the examples students generated in response to the particular LGE
Tasks. By analyzing the examples they generated, [ was able to see if they were more
successful completing the tasks, and I was also able to observe potential changes in
students’ example spaces. This would be a clue to what their example spaces contained.
If a student branched out and used different types of examples, I would be able to infer

that the student’s example space for function had extended.
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CHAPTER FOUR: RESULTS

Results of the pre-/post-test were analyzed to answer my first research question,
which was intended to determine how students’ performance on function-related tasks
prior to the unit compared to students’ performance at the end of the unit. The examples
students generated were analyzed to answer my second research question, which aimed to
determine if there were any changes in students’ success in generating examples about

function.

Pre-Test

The average score on the pre-test was 4.74 points with scores ranging from 0-14.5
points out of 42 possible. Recall, students were awarded points for correct
answers/correct mathematical statements in each problem. Many students did not even
attempt to answer question one about multiple representations nor did they attempt
question eight in which they had to generate an example of a function. Most students
attempted to answer the questions about the definition of a function. This may be
because they have worked with simple functions in their Algebra I courses. They were
also, as a whole, fairly successful on questions three and four where they were required to
identify a graph that matched to a situation. On question three when students missed
points it was mostly due to the lack of a description for the journey. The results of

student performance on each question are provided in Table 6.
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Table 6 Pre-Test Question Results
Points Average
Question | Possible | Points Earned
1 20 0.86
2 8 0.52
3 2 1.10
4 1 0.83
5 2 0.69
6 4 0.66
7 2 0.02
8 3 0
Post-Test

The average on the post-test was 22.38 points with scores ranging from 11 to 35.3
points. The average gain on the entire test was 17.64 points. Overall there was a huge
gain in performance on question one (see the first row of Table 6). Students who missed
this question often just described the answer rather than how the information appeared in
the representation. These students also seemed to have a hard time describing why one
representation was better than the other. Domain and range questions (questions 7 and 8)
seemed to still be very hard for the majority of students at the end of this unit. Using
Microsoft Excel, I performed the t-test on each question to determine any statistically
significant differences between the pre-/post-test results. All but one question was
significant to the p < 0.01 level. The results of student performance on each question are

provided in Table 7.
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Table 7 Post-Test Question Results
Points | Average Points
Question | Possible Earned Average Gain
1 20 11.84* 10.98
2 8 3.76* 3.24
3 2 1.60%* 0.5
4 1 0.93 0.10
5 2 1.34% 0.66
6 4 1.97%* 1.31
7 2 0.52% 0.5
8 3 0.28* 0.28

*significant to the p < 0.01

Although students were not as successful on the last question as I had hoped, in
analyzing it further I began to see more success than initially. Only eight students earned
a point on that final question. This seemed very unsuccessful, but when I looked at the
pre-test I noticed that no students attempted generating an example of a function, even if
they had attempted to answer questions about functions earlier in the test. However, on
the post-test, all but two students attempted to generate an example and of those all but
five correctly generated an example of a graph of a function; one of those five students
generated a table instead because all his work was done on a computer using a word
processing program. So, even though the domain and range seemed to be a road block
for the students, most of them successfully generated their own example of a graph of a
function. Overall, the results of the pre-/post-test showed that students understood more
about functions at the end of the unit when compared to their knowledge at the beginning

of the unit.
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Performance on LGE Tasks
As mentioned previously, I used a three point scale to do the initial analysis of
student performance on the LGE tasks: 0 was awarded for no attempt, 1 was awarded for
an incorrect attempt, and 2 was awarded for a correct attempt. The results of these scores
are found in Table 8. Because of absences, I also included the number of students who

were present to attempt the LGE task.

Table 8 Success with LGE Tasks
LGE Task# | n 2 1 0

1 29 189.7% | 103% | 0%

2 29 | 759% | 13.8% | 10.3%
3 26 | 53.8% |34.6% | 11.5%%*
4 25 | 2% 20% 8%

S5a 26 | 84.6% | 11.5% |3.8%*
5b 26 | 34.6% |23.1% |42.3%
5¢ 26 | 30.8% |269% |42.3%
6 28 | 715% 7.1% 17.9%
7 28 | 0% 60.7% | 39.3%
8 28 | 429% | 53.6% | 3.6%*
9 27 | 48.1% |29.7% |22.2%
10 28 1393% |46.4% | 14.3%
11 27 | 7.4% 74.1% | 18.5%
12 26 | 30.8% | 65.4% |3.8%
13 29 | 58.6% |37.9% |3.4%*
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14 27 | 3.7% 33.3% | 63.0%

*indicates the results to not add up to 100% because of rounding

While analyzing students’ ability to generate examples based on the three point
scale, I noticed some interesting trends. For instance, some students did a very good job
of generating an example of a function in LGE Task #8, but could not quite think of four
ways to represent it. In that case, the student earned a 1 on the task, but I felt like more
analysis might produce more revealing information. I was also interested in seeing
whether students generated functions successfully and what types of representations they

used (if they had a choice).

In analyzing LGE Task #8 (Write down an example of a function, Represent that
same function in a different way, Represent that function in another way, Again), I found
that all but one student were able to generate an example of a function. Three students
manipulated their function algebraically to change representations, but the rest attempted
to represent their function in a verbal, algebraic, graphic, or numeric representation
(either a table or list of ordered pairs). Figure 2 shows how some students attempted

representing their functions verbally, algebraically, graphically, and/or numerically.
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Figure 2 LGE Task #8 Student Work

Over half of the students (56.5%) gave their initial function in tabular form. This
is not too surprising since the students encountered functions in table form more often
than any other form by the time they attempted LGE Task #8. Every student used a
numeric representation of a function, which I believe speaks to the fact that their example
space is very limited when it comes to functions. I thought representing the function in
algebraic form would be the most challenging for students since, in this unit, we did not
focus on creating equations from a different form. However, 65.2% created either an

equation or expression from their data.

Part of this study was intended to answer the question of whether or not students

became more successful as they generated more examples. In this particular unit, the
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prompts became harder as the unit progressed, but many of the questions involved
students being able to generate a function. Because of that, I was able to analyze whether
students became more successful in generating examples of functions in particular. LGE
Tasks #2, #4, #6, #8, and #13 all required students to generate an example of a function.
Some of these required more information, but in analysis of success in this case, I only
looked at the generation of a function. Students who successfully generated an example
of a function were awarded 2 points, those who attempted to generate an example, but
failed to generate an example of a function were awarded 1 point, and those who did not

attempt the problem were awarded O points. Table 9 displays the results of these LGE

Tasks.
Table 9 Generating Functions
LGE Task # n 2 1 0

2 29 | 759% | 13.8% | 10.3%
4 25 | 72% 20% 8%
6 28 | 75% 71% | 17.9%
8 28 | 96.4% 0% 3.6%
13 29 | 93.1% | 3.4% 3.4%

As the unit progressed, my observations were that students became more
successful in generating examples of functions. The number of students who actually
attempted to generate an example also increased, which seems to indicate they felt more

comfortable attempting the task.
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Example Spaces

When I looked at the types of examples students provided, there was a noticeable
trend. On tasks where students were required to generate a function, more often than not
they used a table to represent their function. On LGE Task #4, students were required to
give an example of a function and non-function. Over 80% of students gave their
example in tabular form and over 90% used some type of numerical format (tables or
ordered pairs) to represent their function. On LGE Task #8, where students were
required to generate an example of a function and then give more representations,
students often used the table as their first representation. Approximately 63% of students
generated a table first and 75% gave a numerical representation (a table or ordered pairs)
as their first response. Since students rarely represented their functions in any form but
numerical form, it seems that their example spaces were either limited to that
representation or there was a heavy emphasis on numerical representations in their

example space.

To analyze any potential changes in students’ example spaces, I examined the
examples that students generated for similar LGE Tasks. I especially wanted to see if
those students who seemed to only have access to functions in table or ordered pair form
would eventually demonstrate that other representations were now part of their example
spaces. LGE Tasks #4, #8, and #13 all required students to generate examples of

functions without dictating which representation they had to use.

LGE Task #4: Write down an example of something that is a function and

something that is not a function.
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LGE Task #8: Write down an example of a function, Represent that same function

in a different way, Represent that function in another way, Again

LGE Task #13: Give an example of a function. Write that function using two

different representations which both reveal the rate of change of the function.

LGE Task #4 occurred early in the unit after the class had learned about the
definition of function. Students encountered LGE Task #8 near the middle of the unit
after we had reviewed the different types of representations. LGE Task #13 occurred
toward the end of the unit. A sample student work is included to illustrate how students’
examples progressed to include a greater number of types of representations by the end of

the unit.

Student 1 (Figure 3) used ordered pairs to represent a function in response to LGE
Task #4 and ordered pairs were the first representation used in response to LGE Task #8.
In representing a function, this student did not use a description to represent a function.
However, near the end of the unit, when he generated an example of a linear function,

descriptions were given as an example and thus seemed to be a part of his example space.
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Figure 3 Student 1 LGE Tasks #4, #8 & #13

Student 2 (Figure 4) used tables to represent a function in the first task. In
response to LGE Task #8, he was able to use more representations in generating an
example of a function. This suggests that this student had access to all types of

representations by the time he attempted this task. An interesting observation is that this
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student tried to name each type of representation in response to LGE Task #13, but did

not quite have the vocabulary correct.
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Figure 4 Student 2 LGE Tasks #4, #8 & #13

The example space of Student 3 contained graphs and numerical representations
(tables and ordered pairs). This can be seen in the responses to LGE Tasks #4 and #8
(Figure 5). It seems as though those two types of representations were heavily

emphasized in his example space. However, by the end of the unit, this student used

verbal descriptions as well.
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Figure 5 Student 3 LGE Tasks #4, #8 & #13

Student 4 (Figure 6) seemed to only have access to tables and graphs even when
asked to represent a function in four ways in LGE Task #8. By the end of the unit, he

was able to provide examples using descriptions and equations. Those representations
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were accessible even though he could not make the functions equivalent throughout those

representations.
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Figure 6 Student 4 LGE Tasks #4, #8 & #13

The examples these particular students generated illustrate how teachers can use
LGEs to analyze what their students know and if their knowledge, of a certain topic, has
increased throughout a unit. These students used particularly interesting methods of
generating examples and are good representatives of what occurred with the entire class
during the unit. By analyzing these tasks, it can be inferred that students’ example spaces
extended during the unit. Either these representations of functions were new to their
example spaces or the concepts became clearer, which made the ideas more accessible as

students were trying to create examples.
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CHAPTER FIVE: DISCUSSION

Based on the pre-/post-test results, students’ knowledge about functions showed
clear gains. Their ability to generate examples about functions also improved. Through
my analysis, I could see a change in their example spaces because some representations
were more accessible by the end of the unit. Looking through students’ responses to the
LGE tasks, it was clear that they were becoming more comfortable generating their own

examples.

Thoughts as a Classroom Teacher
During this unit of research, I observed some interesting things occurring in the

classroom. My reflection on the unit revealed some challenges as well as some benefits.

Engaging in the tasks was, for some students, very different from what they had
been asked to do before. Asking them to think for themselves was a definite change from
their previous experiences and they were not always sure what to do. In some cases, |
found myself asking leading questions and/or giving hints. For instance, while students
were attempting LGE Task #5 (In the given coordinate system, draw a graph of a
function that connects the two given points.) I noticed many of them were not writing
anything and there was a general feeling of uneasiness from the students. I realized they
did not even know they should be connecting the two points I had given. This struggle
that students experienced trying to generate their own examples was not bad in an

instructional sense. In fact, seeing them grapple with mathematics was very satisfying
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from my point of view. They finally were having mathematical discussions and were
verbally struggling with mathematics. As the year progressed (and as the unit

progressed), I found myself having to coach them a lot less.

Getting students to write mathematically was a challenge. In any task that asked
for writing, many students either chose not to write or did not know how or what to write.
In LGE Task #3, students were asked to write down everything they knew about
functions. Some students just could not explain what they knew even though when asked
to give examples of functions and non-functions students were able to give an appropriate
example. It seemed that writing with a mathematical purpose was a new skill for them.

It also made me realize how important that type of task is for my students. Although it
was a struggle at first, this became easier for my students throughout the year. And,
using LGE Tasks to get students to write is not only effective, but takes very little

planning time on my part.

In my unit, I had intentionally decided not to teach the Vertical Line Test because,
in my experience, students usually see that as a procedure and have no understanding of
why the test works. In fact, many of my students, including those in my Calculus classes,
could describe how to use the test to determine if a graph is that of a function, but would
not be able to explain why it works. Even though I had planned on not presenting it,
students in each of the two classes remembered and brought the idea up in our class
discussions. Still, many students chose to display their functions as tables rather than
graphs even when the using the Vertical Line Test on a graph seemed to be an easier

method.
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Coming up with these tasks did not take long once I had my unit goals decided.
Of course, I was meticulous about the tasks I chose because they were part of a study.
Normally a teacher could just try a task related to the topic and see what and how the
students do. Many of the tasks [ used are very versatile and can be easily changed based
on the current unit. Giving examples and non-examples was a quick way to see if
students could work with a definition. Changing a given non-example really took more
attention from the students than I originally thought. Students have to figure out why or
how it is a non-example and then how to change it to an example. It really is quite
complicated for being such a quick task to create. Just those two tasks can be changed

for a variety of concepts and levels.

Limitations

It cannot be concluded that the LGE Tasks are the reason for students’ improved
performance on function-related tasks. In the future, I would like to conduct research
with a control and treatment group and see how the use of LGE Tasks affect student
performance. Certainly the fact that this study was not of experimental design brings the
conclusions into question. In this case, I chose not to use a control group for several
reasons. First, I did not want to use one of my classes as a control and the other as a
treatment because of the unfairness and the fact that I could not control if students would
talk to each other about the treatment. Overall, I would not have been able to say the
students in the control group did not see any of my LGE tasks. There are other classes
just like this in my district, but I did not know who would be teaching them at the time of
my proposal and could not guarantee their willingness to participate. Also, I could not

guarantee they would teach a separate functions unit the way I proposed to do.
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Conclusions

Overall the evidence showed that using LGE Tasks is a great way to get students
to think mathematically or at least differently about mathematics than they have had to
before. Shifting students’ thinking the way CCSS-M is asking is going to be difficult for
teachers to require and for students to achieve. Ifound that the examples I was asking the
students to generate were very challenging at first, but that students eventually became
more comfortable completing these types of tasks. Students who are not confident in
their abilities in math may need a little scaffolding as they begin the process of generating
their own examples. However, once they feel comfortable then it is a great way to see

how students are thinking about a concept and whether they really grasp the idea.

I found my students had difficulty writing about mathematics, which was not a
surprise. However, I found that asking students to generate examples and write about
them was a great way to begin supporting students as writers. Also, asking students to
write about what they know, as a task itself, can be a good step for students to begin the
mathematical writing process. These LGE Tasks were also a great way to begin a class

discussion, which I find to be hard to encourage with traditional methods of teaching.

Specifically to my study, using LGE Tasks helped students develop a better
understanding of the concept of function. And, along the way students were able to
illustrate what they knew without having the constraints of a specific test or quiz
questions. Even though students were unsure about generating their own examples at

first, they were much more comfortable by the end of the unit.

I will continue to use LGEs as part of my lessons with all my students. Just as in

Watson and Shipman’s study (2008), I found this to be an effective way to get lower
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achieving students to engage in mathematics. I also know, from my own experience, that
LGE Tasks can get people who are generally comfortable with mathematics thinking
about concepts in a new way. These LGE Tasks are a great way of bringing discussions
and writing into a mathematics classroom. LGE Tasks are effective and quite easy to

create.

Watson and Shipman (2008) performed a study on one group of low achieving
students in England. The teacher, Shipman, used LGE Tasks to introduce a new concept
to these students. The conclusion of their research is that LGE Tasks can be used to
introduce topics to lower achieving students. My research supports what they concluded.
Selden and Selden’s (1998) research also suggests these “give an example” type
problems should be used with at all levels (p. 3). If our main objective as educators is to
develop reasoning skills in our students, then asking students to generate their own

examples may be one way to get them to hone that skill.



51

REFERENCES

Bills, L., Dreyfus, T., Mason, J., Pessia, T., Watson, A., & Zaslavsky, O. (2006).
Exemplification in mathematics education. In J. Novotna (Ed.), Proceedings of the
30th Conference of the International Group for the Psychology of Mathematics
Education. Prague, Czech Republic: PME.

Common Core State Standards. (2011). Mathematics: Standards for mathematics
practice. Retrieved from www.corestandards.org/Math/Practice

Cooney, T., Beckmann, S., & Lloyd, G. (2010). Developing essential understanding of
functions. Reston, VA: National Council of Teachers of Mathematics.

Dreyfus, T. & Eisenberg, T. (1982). Intuitive functional concepts: A baseline study on
intuitions. Journal for Research in Mathematics Education, 13, 360-380.

Friel, S., Rachlin,S. & Doyle, D. (2001). Navigation through algebra in grades 6-8.
Reston, VA: National Council of Teachers of Mathematics.

Holliday, B., Luchin, B., Marks, D., Day, R., Ceuvas, G., Carter, J.,...Hayek, L. (2008).
Algebra 2. Columbus, OH: McGraw Hill.

Koichu, B. (2008). If not, what yes? International Journal of Mathematical Education
in Science and Technology, 39, 443-454. Doi: 10.1080/00207390701753754

Leinhardt, G., Zaslavksy, O., & Stein, M. (1990). Functions, Graphs, and Graphing
Tasks. Review of Educational Research, 60, 1-64

Meehan, M. (2007). Student generated examples and the transition to advanced
mathematical thinking. European Research in Mathematics Education V:
Proceedings of the Fifth Congress of the European Society for Research in
Mathematics Education. Larnaca, Cyprus.

O’Callaghan, B. (1998). Computer-intensive algebra and students' conceptual
knowledge of functions. Journal for Research in Mathematics Education, 29, 21-40.

Oehrtman, M., Carlson, M., & Thompson, P. W. (2008). Foundational reasoning
abilities that promote coherence in students’ function understanding. In M. Carlson
& C. Rasmussen (Eds.), Making the connection: Research and practice in
undergraduate mathematics, MAA Notes Volume, 73, 27-41. Washington, DC:
Mathematical Association of America.



52

Peled, 1., & Zaslavsky, O. (1996). Inhibiting factors in generating examples by
mathematics teachers and student teachers: The case of binary operation. Journal
for Research in Mathematics Education, 27, 67-79.

Selden, A., & Selden, J. (1998). The role of examples in learning mathematics, research
sampler 5. Mathematical Association of American Online. Retrieved from
www.maa.org/t_and_l/sampler/rs_5.html

Shell Center for Mathematical Education. Mathematics assessment program college and
career readiness mathematics. 2011 MARS University of Nottingham. Retrieved
from: http://map.mathshell.org/materials/download.php?fileid=844

Texas Instruments. (2010) Applications of domain and range. Retrieved from:
http://education.ti.com/xchange/US/Math/Algebrall/16811/AppDomainRange_Teac
her.pdf

Watson, A., & Mason, J. (1998). Questions & Prompts for Mathematical Thinking.
Derby, England: Association of Teachers of Mathematics.

Watson, A., & Mason, J. (2002a). Extending example spaces as a teaching/learning
strategy in mathematics. PME Conference, 4, 378-385.

Watson, A., & Mason, J. (2002b). Student-generated examples in the learning of
mathematics. Canadian Journal of Science, Mathematics and Technology
Education, 2, 237-249.

Watson, A., & Mason, J. (2005). Mathematics as a constructive activity: Learners
generating examples. New York, NY: Routledge.

Watson, A., & Shipman, S. (2008). Using learner generated examples to introduce new
concepts. Educational Studies in Mathematics, 69, 97-109. doi: 10.1007/s10649-
008-9142-4

Waywood, A. (1992) Journal writing and learning mathematics. For the Learning of
Mathematics, 12(2), 34-43.



APPENDIX A

Functions Unit LGE Tasks

53



Functions Unit LGE Tasks

LGE Task #1: Write down two quantities (in “real life”) that are related in any way

Example: time spent studying and grades on tests

Now describe how they are related

54

Example: For the most part, the more time spent studying a particular subject, the

better grade you will get. Of course, if you study too much and don’t get sleep

that relationship will decline.

LGE Task #2: Change something about this function that would make it a non-function.

(Given a table of values)

LGE Task #3: Tell me everything you know about functions.

LGE Task #4: Write down an example of something that is a function and something that

is not a function.

LGE Task #5: a) In the given coordinate system, draw a graph of a function that connects

the two given points.
(1, 5)

o= N W H» O

]
N

b) What is the domain of your function?

c) What is the range of your function?
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LGE Task #6: What must be removed or changed in order to make {(0,1), (2,3) (4,7)

(5,7)(2,6)} a function?

LGE Task #7: Find an example of a function whose domain is -2 < x <5 and whose range

is -6<5y<7
LGE Task #8: Write down an example of a function
Represent that same function in a different way
Represent that function in another way
Again
LGE Task #9: Draw a relation that is a function for x > 0, but not for all Real numbers.

LGE Task #10: Change the following in some way so that it is a linear function

L y
-1 10
0 13
3 19
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LGE Task #11:

Which of the graphs below represent journeys? Describe what happens in each

case,

T
of ot o

L8]
§ g g
@ I ]
=] =) =]
Time = Time Time
(a (b) ©

(Leinhardt, Zaslavsky, & Stein, 1990, p. 39)

LGE Task #12: Tell me a story which could be represented by

LGE Task #13: Give an example of a function. Write that function using two different

representations which both reveal the rate of change of the function.

LGE Task #14: Can you find an example of a function that when looking at one

representation there is something misleading, but it is not in the other. (Possibly

looks linear in one, but not the other?)
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Pre-/Post-Test for Study

1. In a movie theater, the relationship between the number of tickets sold (7) and profit

(P, in dollars) is represented in four different ways below.

Representation A Representation C
A movie theater has operating costs 15007 Profit P
of $1025 per day. Tickets cost $7.50 | 0% .
each. The movie theater’s profit %0 :
0 o Tickets Sold T
each day depends on the number of 0 %0 100150200 250300
-500
tickets sold. )
-1000
-1500
Representation B Representation D
T P
P=7.5T-1025 0 -$1025
50 -$650
100 | -$275
150 | $100
200 | $475
250 | $850
300 | $1225
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a. How does each of the pieces of information appear in each of the four

representations?

Representation A

Representation B

Representation C

Representation D

Daily operating
costs for the
theater

Number of
tickets that
must be sold
for the theater
to have a
profit of $500

Daily “break-
even point”
for the movie
theater

The rate of
change in the
relationship

b. Check which of the representations above would be most helpful for determining the

following information? Defend your answer.

Representation

Al B |C

D | Defense

Daily operating
costs for the
theater

Number of

tickets that must

be sold for the
theater to have
a profit of $500
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Daily “break-
even point” for
the movie
theater

The rate of
change in the
relationship

2. In which of the following examples is y a function of x? Why or why not?

3ifx<2

ay= {Zx —2ifx >2 b. The set of all points in the graph

shown below

(4,0)

c. The set of all points on the graph d.

shown below. Y
2] 4
-1 1

61Y
0O

4
| 1|1
< 2 | 4
-10 - 0 5 10

X 319
i 4116
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3. Circle the graph (or graphs) which could represent a journey. (d is the distance at time

t).

de 4

Graph A Graph B Graph C
Describe the journey represented by the graph you chose.

4. A skydiver jumps from a plane, free falls for a while then opens his parachute, and
floats to the ground. Circle the graph which most accurately represents this situation.
(h is the height of the skydiver at time 7).

€ = t
Graph A Graph B Graph C

5. Given the following set of ordered pairs, determine which represents a linear function.
Explain how you know.

X |y X |y X y
1| 6 1 |56 1 6
219 2 |28 2 9
3112 3114 31 135
4 |15 4 |7 4 1 20.25
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6. You are mowing the lawn. As you mow, the amount of grass to be cut decreases. You
mow at the same rate until about half the grass has been cut. Then you take a break for
a while. Then, mowing at the same rate as before, you finish cutting the grass.

a. Sketch a graph that shows how much uncut grass is left as you mow, take your
break and finish mowing.

b. Does your graph represent a function? Explain.

7. Jessie is parking in a garage for a concert. It costs $6 for the first 2 hours plus another
$3 for each additional hour or fraction of an hour, with a maximum charge of $24 for a
day.

What is the domain and range for the relationship between hours and cost for parking in
this garage?

8. Sketch the graph of a function for which the set of integers is its domain.
a. Identify the range of your function.

b. Can you think of another function that has the set of integers as its domain?

Sketch another graph for each one you can think of.



