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Channel Estimation and Optimal Training Design for Correlated MIMO
Two-Way Relay Systems in Colored Environment

Rui Wang, Meixia Tao, Senior Member, IEEE, Hani Mehrpouyan, Member, IEEE, and Yingbo Hua,
Fellow, IEEE

Abstract

In this paper, while considering the impact of antenna correlation and the interference from neighboring users,
we analyze channel estimation and training sequence design for multi-input multi-output (MIMO) two-way relay
(TWR) systems. To this end, we propose to decompose the bidirectional transmission links into two phases, i.e., the
multiple access (MAC) phase and the broadcasting (BC) phase. By considering the Kronecker-structured channel
model, we derive the optimal linear minimum mean-square-error (LMMSE) channel estimators. The corresponding
training designs for the MAC and BC phases are then formulated and solved to improve channel estimation accuracy.
For the general scenario of training sequence design for both phases, two iterative training design algorithms are
proposed that are verified to produce training sequences that result in near optimal channel estimation performance.
Furthermore, for specific practical scenarios, where the covariance matrices of the channel or disturbances are
of particular structures, the optimal training sequence design guidelines are derived. In order to reduce training
overhead, the minimum required training length for channel estimation in both the MAC and BC phases are also

derived. Comprehensive simulations are carried out to demonstrate the effectiveness of the proposed training designs.

I. INTRODUCTION

Relay assisted cooperative communications has been regarded as one of the most promising techniques in
combating long distance channel fading in complex wireless communication systems. One popular example is
one-way relaying, which has been well studied in the past decade [1]-[3]. Although one-way relaying shows
great potential in reducing power consumption, enhancing reliability, and extending coverage, it suffers from low
spectral efficiency due to the half-duplex nature of the network. To overcome this disadvantage, by using the idea
of network coding, two-way relaying (TWR) has been proposed and has received great attention recently [4]. In
fact, TWR can maintain the advantages of traditional relaying while doubling spectrum efficiency.

The improvement in spectrum efficiency in TWR is achieved by applying self-interference cancelation at each

source node and extracting the desired information from the received network-coded messages. In this case,
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the accuracy of the self-interference cancelation process significantly affects the performance of TWR systems.
Moreover, when using the popular amplify-and-forward (AF) relaying strategy, the accuracy of self-interference
cancelation process is highly dependent on the precision of the channel estimation process. Thus, obtaining highly
accurate channel state information (CSI) becomes more important in TWR systems compared to traditional one-way
relaying systems. In fact, devising new channel estimation schemes for TWR systems has received great attention
recently. For example, in [5], the authors propose to estimate the cascaded channel of TWR systems under the
AF relaying strategy. By using multiple phase shift keying (M-PSK) training symbols, blind and partially-blind
channel estimators are investigated in [6], [7]. Different from [5]-[7], where flat fading channel are assumed, the
authors in [8] investigate time varying channel estimation via a new complex-exponential basis expansion model.
Moreover, in [9], [10], the channel estimation process for TWR is extended to the scenario of orthogonal frequency
division multiplexing (OFDM) systems.

It is worth noting that the works summarized above are concerned with single-antenna TWR systems. As
expected, the multi-antenna or multi-input multi-output (MIMO) technique can be introduced to TWR systems to
further improve transmission reliability and bandwidth efficiency. One efficient way to realize such performance
improvement is to exploit the estimated CSI for the application of source and relay precoding [11]-[14]. Therefore,
in MIMO TWR systems, in addition to affecting the performance of self-interference cancelation, inaccurate channel
estimation also imposes a negative effect on the precoder design.

Fig. 1 depicts a MIMO TWR setup. Let us denote the process of data transmission from the source nodes to
the relay and relay to the source nodes as the broadcasting (BC) and multiple access (MAC) phases, respectively.
In [15], a MIMO channel estimator is proposed that uses the self-interference as a training sequence to estimate
the channel matrices corresponding to the BC phase. In [16], the performances of different channel estimators,
including individual and cascaded channel estimators, are compared based on the least squares (LS) criterion. In
[17], an LS estimator is used to obtain the cascaded channel matrices corresponding to the BC and MAC phases
using a single carrier cyclic prefix. Note that in the contributions of [15]-[17], the channel statistics, whether
cascaded channels or the individual channels, are assumed to be unknown deterministic matrices. Based on the
estimation theory, if channel statistics are known, the channel estimation can be conducted under the Bayesian
framework and the estimation accuracy can be further enhanced. Hence, by taking these statistics into account, we
seek to improve upon the channel estimators in [15]-[17].

Very recently, the authors in [18], [19] independently investigate the minimum mean-square-error (MMSE)
channel estimation for TWR systems based on a correlated Gaussian MIMO channel model. In particular, in [18],
the cascaded channel matrices for AF TWR systems are estimated and the training sequences at the two source
nodes are optimized to minimize the total channel estimation MSE. Different from [18], the authors in [19] aim to

estimate the individual channel matrices for each link. To reach this goal, two different estimation schemes, i.e.,
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Fig. 1. An illustration of MIMO two-way relay system.

the superimposed channel training and the two-stage channel estimation schemes, are proposed. In addition, the
training sequences at the two source nodes, as well as, at the relay node are jointly optimized to improve channel
estimation accuracy.

In this paper, similar to [15]-[19], while assuming that the channel statistics are known, we analyze and devise
channel estimators for correlated MIMO TWR systems. Specifically, we consider the Kronecker-structured channel
model, such that the individual channel matrices can be estimated based on the Bayesian framework. However,
unlike [18], [19], we take into account the interference from the nearby users. Thus, in this model, the disturbance
at the source nodes and the relay node consists of both noise and interference. Note that the considered colored
estimation environment may be more practical for applications in today’s more densely deployed wireless networks.
Although channel estimation in point-to-point MIMO systems in colored environments has been studied in [20],
[21], to the best of our knowledge, this topic has not been addressed in the TWR scenario.

To enhance TWR performance, we seek to estimate the individual channel matrices corresponding to source-to-
relay and relay-to-source links, see Fig. 1. To this end, a new two-phase estimation scheme is proposed, where the
bidirectional transmission of a TWR system is decomposed into the MAC and BC phases. For the MAC and BC
phases, the channel estimation is performed at the relay node and two source/user nodes, respectively. The proposed
estimation scheme is different from the ones in [18], [19], where the channel estimation is assumed to only be
conducted at the user ends. As such, our proposed estimation scheme can more efficiently support precoding at
the relay since it requires significantly less feedback overhead [13], [22], [23]. Based on the proposed estimation
scheme, we derive the optimal linear MMSE (LMMSE) estimator for each phase. Next, the corresponding training
design problems are formulated with the aim of minimizing the total MSE of channel estimation process for each
phase. The training design problem considered here is different from that of [18], [19], since we take into account
the effect of colored disturbances caused by interference at the relay node and user ends. Moreover, the training
design scenarios for point-to-point systems in [20], [21] are different from the scenario under consideration in

this paper, since our proposed training sequence design is optimized to simultaneously enhance channel estimation
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accuracy over both links in the BC and MAC phases. Although, for the general scenario, it is difficult to derive
the optimal training sequence structures as in [18]-[21], we propose two iterative design algorithms to solve the
training design problems. These algorithms are verified to converge quickly to the near optimal solution and to not
be sensitive to the initialization process. For some special cases, where the covariance matrices of the channels
or disturbances have specific forms, two specific approaches are applied to obtain the optimal training sequences:
1) the original problem is converted into a standard convex optimization problem; 2) the optimal structures of
the training sequences are first derived and then used to reduce the original non-convex problem into a simple
power allocation problem. Finally, to reduce training overhead, the minimum required training length for channel
estimation in both the MAC and BC phases are derived and extensive simulations are carried out to support the
findings of the paper.

The rest of the paper is organized as follows. In Section Il, we present the system model. The optimal LMMSE
estimators for both MAC and BC phases are derived in Section Ill. The training designs for the MAC and the BC
phases are analyzed in Section IV and V, respectively. Simulation results are provided in Section VI. Finally, we
conclude the paper in Section VII.

Notations: £(-) denotes the expectation operator. @ denotes the Kronecker operator. vec(-) signifies the matrix
vectorization operator. Superscripts AT, A*, and A denote the transpose, conjugate, and conjugate transpose of
matrix A, respectively. Tr(A), A=, det(A), and Rank(A) stand for the trace, inverse, determinant, and rank of
A, respectively. A(A) denotes a vector containing eigenvalues of A. Blkdiag(Ai, Ao, -, Ay) denotes a block
diagonal matrix constructed by matrices A;, for Vi. Diag(a) denotes a diagonal matrix with a being its diagonal
entries. A(n : m,:) and A(:,n : m) denote the sub-matrices constructed by n to m rows and n to m columns of A,
respectively. ||A||% denotes the Frobenius norm of A. 0 and I denote the zero and identity matrices, respectively.
R(z) denotes the real part of complex variable z. The distribution of a circular symmetric complex Gaussian vector
with mean vector x and covariance matrix X is denoted by CN (x, X). C**¥ denotes the space of complex x x y
matrices. SV and Sf denote the set of symmetric N x N matrices and the set of positive semidefinite NV x N

matrices, respectively. x < y denotes that the vector y majorizes the vector x.

Il. SYSTEM MODEL

Consider a TWR system, where source nodes .S and Sy intend to exchange messages with one another through
a relay node R. Sy, R, and S, are assumed to be equipped with Ny, M, and N, antennas, respectively. The
channel matrices from S; and S» to R are denoted by H; and Hs, respectively, and the channel matrices from R
to S; and S, are denoted by G and G, respectively.

Signal transmission within the TWR system is assumed to be achieved in two time slots. In the first phase,

referred to as the MAC phase, the source node .S;, for i = 1,2, transmits its signal to the relay node R, while in
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the second phase, referred to as the BC phase, the relay node R forwards the its combined received signal to the
two source nodes S; and Ss. The proposed channel estimator aims to obtain the individual channels of the two
hops, i.e., {H;y,Hy, G1, G2 }. Note that different from the cases studied in [5], [18], where the cascaded channels
are estimated, here, the individual channel matrices are estimated. This approach enhances precoding design and/or
power allocation at the relay node, which can further improve the overall system performance [11]-[14], [22], [23].

Following the transmission model in Fig. 1, we assume that H; and H are estimated in the MAC phase via
the training signals sent from the two source nodes, and G and G, are estimated in the BC phase via the training
signal transmitted from the relay.

The received training signals at the relay node in the MAC phase can be expressed as
yr(t) = Hisi(t) + Hasa(t) + ng(t), )

where s;(t) € CN:*! denotes the training signal at the source S; and ng(t) € CM*! represents the correlated
Gaussian disturbance at the relay node. ng(t) models the total background noise as well as the interference from
adjacent communication links. ng(¢) is modeled as a stochastic process with respect to the time variable ¢ [20],
[21], [24]. Here, the channel matrix H; € CM*Y: is modeled by the Rayleigh fading with mean zero and covariance

ZHi € S{i‘-/[Ni XMN;

, i.e., vec(H;) ~ CN(0,Zg,). To estimate the channel matrices at the relay, the source nodes
typically need to send a sequence of known training signals. Assuming training sequences have a length of Lg,

the received signal in (1) can be written in matrix from as
Yr =H;S; + H2Sy + N, (2)

where Yr £ [yr(1),yr(2), - ,yr(Ls)] € CY*Fs, 8; 2 [s1(1),81(2), -+ ,s1(Lg)] € CV*Fs and Np £
ngr(1),ng(2), - ,ng(Ls)] € CM*L, Here, the disturbance N is modeled as vec(Ng) ~ CN(0,Kr) with
Kp € SYFs>MEs suppose that the source node S; has a maximum power of 7; during the channel estimation

phase, the training sequence S; should fulfill the following power constraint
Tr(S;S]") <. @)
In the BC phase, the received training signals at the source nodes are given by
yi(t) = Gisp(t) + ny(t), i =1,2 4)

where sr(t) € CM*1 denotes the training signal at the relay node and n;(t) € CYi*! represents the correlated
Gaussian disturbance at the node .S;. The channel matrix G; € C**¥: is modeled by a Rayleigh fading parameter
with mean zero and covariance Zg, € SYV MY e, vec(G;) ~ CN(0,Z¢,). As in (1), here, the disturbance
term n;(¢) also includes the total background noise and interference from nearby communication nodes. By rewriting

(4) into matrix form, we have

Y, =GiSp+N;, i =1,2, (5)



This is an author-produced, peer-reviewed version of this article. The final, definitive version of this document can be found online at IEEE Transactions
on Wireless Communications, published by IEEE. Copyright restrictions may apply. doi: 10.1109/TWC.2015.2390645 6

where Y; = [y;(1),y:(2), -+ ,yi(Lr)] € CN*Lr Sp 2 [sr(1),sr(2),--- ,sr(Lg)] € CV*Ir and N; £
n;(1),n;(2),--- ,n;(Lg) € CM*Er_ The disturbance N; is modeled as vec(N;) ~ CN(0,K;) with K; €
SN:LrxN:Lr Here, we assume that the training sequence length at the relay is Lg. The following condition
must be met to satisfy the power constraint at the relay node

Tr(SgpSH) < Tr. (6)

In (6), 7z denotes the maximum power at the relay node during the training phase.

In this work, we assume that the channel covariance matrices Zy, and Z¢, and the covariance of disturbance
Ky and K;, for i = 1,2, are structured and their statistics are known. Let us first focus on the properties of the
channel statistics.

The correlation amongst the channel parameters can be caused by insufficient antenna spacing as verified by
measurements in [25], [26]. Accordingly, the channel matrices are assumed to follow the Kronecker-structured
model, i.e., the covariance matrices are separated between the transmitter and receiver sides and given by Zy, =
Zig, @ZLrn, Zag, = 21 ® L, g, for j = 1,2. Here, indexes ‘¢’ and ‘r’ denote ‘transmitter’ and ‘receiver’,
respectively. In addition, since the channels H; and H terminate at the relay node and the channels G; and G,
begin at the relay node, we have that Z, i, = Z, g, = Z, g and Z; ¢, = Zy g, = Z; . Using the Kronecker

model and the above definitions, the channel matrices can be expressed as [18]-[21], [24]

H; = C,yWy,Cly, Gi=C.cWg,Clg, i=12 @)

where Zt,Hi = C@Hm‘CEHi’ ZT,H = CTvHCEH' Zt,G = Ct,GCEGy and Zr,Gi = CTvGiC{“{Gi' WHi and WGi are
unknown matrices, where their entries are modeled by CA (0, 1).

The structured disturbance covariance K;, for i € {R, 1,2}, are assumed to be modeled by [20], [21], [24]
Ki = Kq,i ® K?”,i7 i = RJ 17 27 (8)

where K, 1/K,2 € CLls*ls K, p € CEn*Er denote the temporal covariance matrix and K, ; € CNt*M,
K, € CN2*N2 and K, p € CM>*M denote the received spatial covariance matrix. Moreover, it is assumed that
K, 1, K, 2, and K, r share the same eigenvectors with Z, ¢,, Z, ¢, and Z, g, respectively. This assumption is
valid when the disturbances are either spatially uncorrelated or share the same spatial structure as the channel
[21], [24]. In addition, as summarized in [21], this assumption models the following scenarios: 1) Additive noise-
limited scenario, K,; = ;I with p; being some variance, for i« = R,1,2; 2) Interference-limited scenario,
K,i=%7,q, fori=1,2, and K, r = Z, g, 3) Additive noise and temporally uncorrelated interference scenario,
K., = wl+vZ, g, fori =1,2, and K, p = prl + vrZ, g with v;, for i = R, 1,2, being the number of

interfering users; and 4) Additive noise and spatially uncorrelated interference scenario, K, ; = I.
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The singular value decomposition (SVD) of Z, i,, Z, 1, Zc, and Z, ¢, are given by

Za,b = Ua,bza,bUg{bv a € {r,t},b € {H, Hq, Ho, G, Gl,GQ}, (9)

where U, ; denotes the unitary eigenvector matrix and X, ; is a diagonal matrix with [3, ], » = 04 being the

n-th eigenvalue of Z, ;. Accordingly, the SVD decomposition of C,; is denoted by C,; = Ua,bzifﬁﬁfb with

U, represting a unitrary matrix. The SVD decomposition of K, ; and K, ; is denoted by
Koy = VapAapy VI, a€{rt}be{1,2,R}, (10)

where V,;, denotes the unitary eigenvector matrix, A, is a diagonal matrix with [Ag ], = 045, being the

n-th eigenvalue of K, ;. As mentioned before, it is assumed that V,.; = U, g,, V,2 =U,q, and V, p = U, p.

I11. CHANNEL ESTIMATION FOR TWO-WAY RELAY SYSTEMS

Following the proposed estimation scheme in Section I, we next obtain the channel estimates based on (2) and

(5). For the estimation during the MAC phase, we rewrite (2) as
Yr=C,yWg,Cly S1+CruWp,Cl 1,82 + Ng = C,, yWyC{ ;S + N, (11)

where Wy = [Wg,, Wp,], Cl; 2 Blkdiag(C]y;,,C{y;,), and S = [ST,ST]7. Vectorizing Y in (11) and

applying the identity
vec(ABC) = (CT @ A)vec(B), (12)
we can rewrite (11) into

YR = (STCmH ® CnH) wWg + ng, (13)

where yp = vec(Yg), wy = vec(Wpg) and ng = vec(Ng). The estimation of wy based on the LMMSE

criterion can be obtained as wy = Trygr. The estimation matrix T has the following form [27]

Tr = RunyeRynyn- (14)

where
mwh,yR ég(VVHy}[:%[) - Cl{—,IHS* ® CEH
H *
Rynyn ZE(YrYH) = (STColy @ Crnr) (S"Cry ® Crur)” + Kg =S"CyyCl'yS* ® C yClly + Kh.

Let us define h £ vec(H) = (C; g ® C, ) w with H £ [Hy, Hy], the resulting estimation error, or mean-square-

error (MSE), er can be derived as
en =€ (|Ih—hi3)
=Tr [CQH(WH — WH)(WH — WH)H]

=Tr [CO’H(WH — TRyR)(WH - TRYR)H] )
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where Co y = CEHCt,H ® CfHCT,H. Substituting T into (15) and using the matrix identity (I 4+ AB)~! =
I- A(I+BA) !B, we obtain the following more compact form for ep
T Hyr 1 (QT -1
ep =T [CO,H (I +(S"Cry @ Crn) Ky (STCry @ CT,H)) } . (15)

Note that since the channel estimation model in (13) is linear and Gaussian, the proposed LMMSE estimator is
equivalent to the optimal MMSE estimator.
During the BC phase, the channel estimation should be based on the received signal in (5). By vectorizing Y

in (5), we have

yi = (SECt,G & C?«,Gi) wg, +1n;, 1 =1,2 (16)

where y; £ vec(Y;), wg, 2 vec(Wg,), and n; = vec(N;). Similar to steps above, the estimation MSE of g; can

be obtained as

ei = € (|lgi — &ill3) = Tr [Coc,(Wa, — W) (wa, —We,)"] (17)
=Tr [Coc,(wu — Tiyi)(wy — Tiy)], i =1,2
where Co g, = C{{;C:c © Cll; C,. ¢, and
Ti = mwGiyimZZ?lJi‘ (18)

In (18),
9%wc;iyi :g(szYZH) = Ci;,IG *R ® C;I“;{Gw

Ry =E(yiyl) = (ST Cre ® Cri,) (SECre ® CnGi)H +K; = SECi¢ClSk ® Crg,Clly, + K.
By substituting T; into (17), we obtain
)H

-1
e; = Tr [CO,Gi (I +(S5Ca® Cra) K (S5C16 ® cr,Gi)) ] . (19)

IV. TRAINING SEQUENCE DESIGN FOR MAC PHASE

In this section, the design of the training sequences for the MAC phase are analyzed. Namely, we shall optimize
the training sequences S; and S, subject to two source power constraints to minimize the total estimation MSE,

i.e., er in (15). The corresponding training sequence optimization problem can be formulated as

-1
min  Tr [COJ{ (1+ (8"Con @ Cri) " KG (STCri @ Cr) ) ]
5.8, (20)

st Tr(S;SHy <, i=1,2.
Before solving (20), we first introduce the following lemma that deals with the minimum length of the training

sequence S, Lg.
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LEMMA 1. To achieve an arbitrary small MSE with infinite power at the source nodes, the minimum length of the
source training sequence should be set to Lg = N; + No. Otherwise, even with infinite power at the source nodes,
the total MSE is lower bounded by "2 o, 1y, SN2 | oy gy With oy g7, beINg the m-th element of A(Z,. )
and Z, g = Blkdiag(Z; #, , Z¢,u,). Moreover, for K, r = ¢I and any power constraint at the source node, if the

optimal solution of S in (20) has a rank r, the minimum length of source training sequence can be setto Lg = r.

Proof: See Appendix A |
With the minimum length of the training sequences determined, we seek to solve the non-convex optimization
problem in (20) with respect to S; and Ss. Although the objective function in (20) has a similar form to that of
point-to-point systems, there are two power constraints in (20) that make the problem of solving this non-convex
optimization problem more difficult than that of point-to-point systems in [20], [21]. In order to proceed, we first
note that e in (15) can be obtained by substituting (14) into (15). Thus, to make the problem tractable, we propose
an iterative algorithm, which decouples the primal problem into two sub-problems and solves each of them in an

alternating approach. Let us rewrite (15) into the following form
ér =Tr [Con(wy — Tryr)(Wu — Tryr)"]
H
—Tr [CO,H — (8"Cty ® Cru)” THCHy — CouTr (S"Cru ® Cr) (21)

+ ConTr (STCoir ® Cr) x (STCopy ® Crr) TH + CO,HTRKRTg] .
Then, the optimization problem in (20) is equivalent to
rdls, (22)
st Tr(S;SHYy <7, i=1,2.
In the first subproblem, we intend to optimize the LMMSE estimator matrix T for a given S; and S». Since
Tr is not related to the the power constraint, the problem simplifies to an unconstrained optimization problem

given by

I"]ﬂn ER. (23)

Given that (23) is convex with respect to T g, by setting its gradient to zero, it can be shown that the optimal T
is equal to (14).
In the second subproblem, the training sequences S; and S, need to be optimized for a given Tr by solving
the following optimization problem
pin or 24)
st Te(S;8H) <7, i =1,2.
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Next, it is shown that the optimization problem in (24) can be transformed into a convex quadratically constrained
(25)

quadratic programable (QCQP) problem [28]. To achieve this goal, we first reformulate the last term in (21) as
H
CO’HTR (STCt,H ® Cr,H) (STCmH & Cr,H) Tg]

Tr {
[TEConTr(S" ®I)(CyuClly ® C,yCHy)(S* @ 1)

@Tr

)
=vec
s"E" (T ConTr® Cf) Es,

VeC(S), E = Blkdlag(E(l),E(Q), ,E(Ls)), E(z) = E, E
e;),and e; 2 [0,0,---, 1 ,---.0]7. In(25), Eq. (a)

(1>

(S (THCouTr® CL.) vec(S ® 1)
is

©
s

i—th element

where C;. = Ct,HCfH ® Cr,HCfH’ S
(26)

[Eq):E@)i-- i Eun], Ei) = Blkdiag(e;, e;,
. . . N1+ N> elements = :
obtained by using the circular property Tr{AB} = Tr{BA} and the matrix identity

(A ®B)(C ® D) = AC ® BD,
@7)

Eq. (b) is obtained by using the identity
Tr(ABCD) = vec(D)T(A ® CT)vec(BT) and (A @ B) = A# @ BH
and Eqg. (c) is obtained by using vec(S ® I) = Es. Similarly, the term Tr [Co yTr(STCip @ C, )] can be
(28)

expressed as
Tr [CouTr(S'Cou ® Cri)] =Tr [(S® )" (Crur ® Cr 1) Co,uTr]
=vec(S @ I)Tvec(Cr)

=vec(Cr)TEs,
(29)

Tr(ATB) = vec(A)Tvec(B).

where Cp £ (Cir ® C,,7)Co,uTr. To obtain (28), we use the fact
T
(30)

The source power constrain in (24) can be rewritten as
Tr(S,;SH) = Tr(E;S8™),

where E; £ Blkdiag(In,,On,«n,) and Ey 2 Blkdiag(Oy, «n,, Iy, ). Based on the property that Tr(ABCD) =
vec(DT)T(CT ® A)vec(B), Eqg. (30) can be further modified as

Tr(S;SH) = s" (1@ E))s. (31)
(32)

According to (25), (28), and (31), the optimization problem in (24) can be transformed into
min s?EX (TgCO7HTR ® Cg;) Es — 2R(vec(Cr) T Es)

st. sSPHAIQE)s <7, i =1,2.
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Since both E# (T2 Tx ® C.) E and I E; are positive semidefinite matrices, we conclude that the optimization
problem in (32) is a convex QCQP problem, which can be easily solved by applying the available software package
in for example [29].

In summary, we outline the proposed iterative training design algorithm as follows:

Algorithm 1
« Initialize S1, S»
o Repeat
— Update the LMMSE estimator matrix T r using (14) for fixed S; and So;
— For fixed Tr, solve the convex QCQP problem in (32) to get the optimal S; and S»;

« Until The difference between the MSE from one iteration to another is smaller than a certain predetermined threshold.

THEOREM 1. The proposed iterative precoding design in Algorithm 1 is convergent and the limit point of the

iteration is a stationary point of (22).

Proof: Since in the proposed iterative algorithm, the solution for each subproblem is optimal, the total MSE
is not increased after each iteration. Meanwhile, the total MSE is lower bounded by zero. Hence, the proposed
algorithm is convergent. It further means that there must exist a limit point, denoted as X = {Ty,S;,i = 1,2}
after the convergence. At the limit point, the solutions will not change if we continue the iteration. Otherwise, the
total MSE can be further decreased, which contradicts the assumption of convergence.

Since at the limit point X, T is the local minimizer of subproblem (23), it can be concluded that T satisfies
the following Karush-Kuhn-Tucker (KKT) condition [28]
0er(S1,Ss)
OTg

where ér(S1,S2) denotes the function e with S; and S, being evaluated at S; and Ss, respectively. Similarly,

Tty = 0, (33)

S;, for i = 1,2, is the local minimizer of subproblem (24), which satisfies the following KKT conditions
0er(TR)
OTRr

where \; is the lagrangian multiplier associated with the source power constraint. By summing up the KKT

si=s, =0, X (Tr(SiS) —7) =0, i=1,2 (34)

conditions given in (33) and (34), it can be concluded that the limit point X satisfies the KKT conditions of the
primal problem in (22), which further means that X is a stationary point of (22). |
To this point, it is shown that the joint source training design can be solved via Algorithm 1. In the following,

we illustrate that for some special cases, the optimal solution of (20) can be obtained in closed-form.

A. When KT,R = Zr,H

We first consider the case with K, r = Z, . This case is applicable in the scenario where the disturbance is

dominated by the interference from neighboring users as shown in [24]. As summarized in Section I, this scenario
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corresponds to the interference-limited case. Accordingly, the LMMSE estimator given in (14) can be rewritten as

Ty = [ClyS* © €y [8TCLuCHyS* @ C, yCHy + Ki] ™
= [clys @ Cly] [(sTct, HCHS + K, p) @ z;}{]

* * -1 —
=C/ys* (sTC, yCllyS* + Ky r) ®Cr,}{,

N
=Tr1

which further leads to

THConTr = (Tr1®C, ;)" (CIyCiu ® CllyCru) x (Tr1® C. ) = T, C/HCraTr1 ®1,

and
Tr [CovHTR (STCiy ® Cropy) (STCrr @ Crr) " Tg}

=Tr [(S"CLuC{yS* ® Cr.uCly) (T, C{yCLuTr1 @ T)]

(a)

35
=Tr(Zyy)Tr [STC, gy CyS* T ClyCLnTr ] (35)

2
b
U2, ) S T (ST Z0 1, S;TH  CHyCLi TRy -

i=1
In (35), Eq. (a) is obtained by using the identity Tr(A @ B) = Tr(A)Tr(B), and Eq. (b) is derived based on the
fact that C, p is a block diagonal matrix as shown in (11). In addition, the term Tr [CO7HTR(STC1&7H & CnH)]
can be reexpressed as

Ty [CQHTR(STCt,H ® Cr,H)] ="Tr [(STCt,HCfHCt,HTR,l) ® CT’,HCEH]
2 (36)
= Tr(Z n) Z Tr (S} Zt,1,Cr.1, Tro1,i)
i=1

where Tp11 = Tr1(l: N1,:) and Tri2 = Tr1(N1+1: N1+ No,:). Based on (35) and (36), (24) is equivalent

to the following optimization problem
2

mip ; {Tr (STZy 1, S; TH ,CHCLuTR )

" @37)
—Tr (SiTZt,HiCt,HiTR,Li) —Tr (Tg,l,inHiZz{,{Hisi )}
st Tr(S;Sy <, i=1,2.
We note that compared to (24), (37) has a simpler form and as shown below can be solved in closed-form via the
KKT conditions.

To proceed, the lagrangian function of (37) is first derived as

2
L= {Tr(8TZuS;TH,ClyCruTr1) — Tt (S] 2y, Cotr, Trai) — Tr (Th 1, Clu 2t S7) }
i=1
2
+ Z )\Z’ [TY(SZSf{) — Ti] N
i=1
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where \; is the lagrangian multiplier associated with the power constraint at the source S;. The KKT conditions

for (37) can be derived as follows [28]

oL T T
e (TECIyCoLnTr 1S Zon,) — (Th1,Cly Zi)" + NS =0, (38a)
Ai [Tr(S:SH) — 7] =0, (38b)
Tr(S;SH) <7, i=1,2. (38c)

Based on the KKT conditions shown in (38a) and by using (12), the optimal s; = vec(S;) can be obtained as

S; = [Xs,l ® Xs,2,i + /\Z‘I]_l Xs,3,is (39)

where X1 £ TgleHCt,HTR,l, Xs2i = ZZHI,, and x, 3, = vec((TgMCinZin)T). The optimal \; in (39)
can be zero or should be chosen to activate the power constraint in (38c). For the case where \; # 0, the following

lemma is introduced.

LEMMA 2. The function g();) = Tr {S;S¥} = Tr {s;s/" }, with s; defined above (39), is monotonically decreasing

with respect to A\; and the optimal \; is upper-bounded by Todi _ O mini. Here, o, 3, denotes the smallest
Ti
eigenvalue of X1 ® X2, and o min; = |[Xs.3./[3.
Proof: See Appendix B. |

By applying Lemma 2, the optimal )\; that meets the condition Tr {Sisﬁ} = 7; can be readily obtained via the

bisection search algorithm.

B. When K, r =4I

This scenario corresponds to the practical case, where the disturbance consists of both the additive white Gaussian
noise and the temporally uncorrelated interference. This is referred to as the additive noise-limited and spatially
uncorrelated interference scenario in Section Il. Similar to the derivation steps in Appendix A, the total MSE can
be derived as

—1
ep =Tr [CO,H (I +(sTCiu® C,ZH)H Ky (S"Ciu® CnH)) }

=Tr

1 -1
C()7H <I + §CEHS*STC,§,H ® CEHK;}ECKH) ]

M -1
= Z oy i nTr [(Zt_}{ + anS*ST> } ,
n=1

where «a,, = % Subsequently, the optimization problem in (20) can be rewritten as
q0r,R.n
M
. —1 *rqT -1
min or,qn 1T [(Zt g+ anS’S ) ]
51,52 1 (40)

st. Tr(E;S*ST) <7, i=1,2
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where E; is defined in (30). Although the optimization problem in (40) is non-convex with respect to S;, it is
noted that one may optimize (40) with respect to the positive semidefinite matrix S*S” instead of the training
sequence S;. Accordingly, after solving for the optimum S*S”', the solution can be decomposed to obtain S;. This
approach is preferable since in (40), the objective function and the constraint both depend on S*S” and not S;.
Hence, by defining Qs £ S*S”, the following equivalent problem can be obtained
M -1
min Z o HnIr [(Zt_}{ + aan> }
n=1

QSEO (41)

S.t. Tr(E,QS) < Tiy 1= 1,2

THEOREM 2. The optimization problem in (41) is convex with respect to the positive semidefinite matrix Qg.

Proof: See Appendix C. |
Next, it is shown that the optimization problem in (41) can be solved by transforming it into a semidefinite
programming (SDP) problem. By introducing the variables X,,, the problem in (41) can be rewritten in an equivalent

form as

M
min Z ormnTr (X,)
n=1

Qs~0,X,
st. Tr(E;Qg) <7, i =1,2 (42)
(Zi + aan)_l < X,,Vn
By using the Schur complement, (42) can be further transformed into the following SDP problem
M
i, o)
st. Tr(E;Qs) <73, i =1,2 (43)

Z p+onQs 1
I X,

=0, Vn

By solving the SDP problem in (43), the optimal solution to the optimization problem in (41) can be obtained.
However, this numerical method of solving this optimization problem has a relatively high computational com-
plexity. As such to obtain the optimal structure of S; and gain a better understanding of the optimization in (40)

the following theorem is introduced.
THEOREM 3. With the minimum training sequence length requirement Lg > N7+ N5, the optimal training sequence
S; in (40) should satisfy the condition S;SI" = 0. In addition, the optimal S; has a form of S; = U;Hizsivg,

where V. is chosen such that le’Vs2 = 0 and X, is a diagonal eigenvalue matrix with [}, ,, = 05, n. 2s,
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can be obtained by solving the following water-filling problem
M 2
> T ansesmot o = “
In (44), the optimal \; should be selected such that Zﬁ;l a?ﬁm =
Proof: See Appendix D. |

Remark 1: the optimal )\; in (44) can be found via the bisection search algorithm and the optimal \; is bounded

by (0, maxy, 0L 1 0nor. 1,002, )~ The upper limit of this bound is obtained via the following relationship

2 M
anarvanat,Hi,m

M
A < max E < max E anaanaz
— — s 4Ly t,Hi,,m'

V. TRAINING SEQUENCE DESIGN FOR BC PHASE

In this section, we intend to optimize the training sequence Sk by minimizing the total estimation MSE at the
two source ends subject to the relay power constraint. According to the MSE derived in (19), the corresponding
optimization for this problem can be formulated as

2
min > T [Cogi (I +(8hCLe ® Cra) K (ShCLa @ cr,gi)) _1]
i=1 (45)
s.t. Tr(SrSE) < 7.
It is also worth noting that the training designs for point-to-point systems in [20], [21] are not applicable to the
scenario under consideration here, since the training sequence at the relay, Sg, needs to be optimized to enhance
channel estimation over both links that connect the relay to the sources nodes. Prior to solving (45), let us first

present the minimum training sequence length required for channel estimation in the BC phase.

LEMMA 3. To achieve arbitrary small MSE with sufficiently large relay power, the minimum length of the relay
training sequence must be set to L = M. Otherwise, even with infinite power at the relay, the total MSE is always
lower bounded by S0, 61 Gan (At OrGin T YonZy OrGan), With {076} being the eigenvalues of Z, ¢
arranged in decreasing order. Moreover, when K, ; = ¢;I, for ¢ = 1,2, and with any relay power constraint, if the
optimal solution of Sg in (45) has a rank of r, then the minimum length of the relay training sequence should be
Lr=r.
Proof: Since the proof is similar to the proof of Lemma 1, it is omitted for brevity. |
In general, the optimization in (45) is non-convex. Hence, as in Algorithm 1, we first propose an iterative

approach to optimize the design of the training sequences at the relay. To this end, the MSE, i.e., e;, given in (19)
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is rewritten as
& =Tr [Coc,(wa, — Tiyi)(wa, — Tiyi)" ]
~Tr [Co6, — (ST Cro © Cr)" TH Cllg, — Co.6. T (STCra © Crc) (46)

H
+Co,6.T; (ST Cr6 © Cr.) (ST Cro ® Cra) " T + Co o TKGTY |
Since (17) and (19) are in equivalent form, the optimization problem in (45) can be rewritten as
min e1+ éo
T17T2ysR (47)
s.t. TY(SRSg) < TR.

In the first subproblem, for a given Sg, the optimal LMMSE estimators T, and T at the two source ends are
obtained as given in (18). Thus, we focus on solving the second subproblem, where the relay training sequence is
optimized for a fixed LMMSE estimator. Similar to (25) and (28), the MSE in (46) is reexpressed as

& =spBI (TFCye, T; ® C%Gi) E;sg — vec(Crg,) Eisg — vec(CifnGi)TEis*R
+ Tr(Co g, T:K, TH) + Tr(Co g,),
where s = vec(Sg), Cirq, = Ct,cCll; ® Cr6,Cll;,, and Cr g, = (Ci g ® C,.6,)Coc, T In this case, E; is
an N;Lr x MLk matrix that is constructed as in (25). Accordingly, (47) can be rewritten as
min sH Apsp —aksp —allsh,
Sn (48)
s.t. sgsR < TR,
where Ap £ 52 | BF(TACyq,T; © Cf  )E; and ap £ Efvec(Crg,) + Ef vec(Cr,q,). Note that different
from the source training design, (48) has only one power constraint. Thus, its solution can be obtained via the

KKT conditions given by

Agsg —ap+ Asp =0, )\(sgsR—TR):O, sgsR—ngo, (49)

where X is the lagrangian multiplier associated with the relay power constraint. The closed-form solution of (48)

is obtained as

sp = (Ag + \I) ' aj,. (50)

In (50), if the solution sp with A = 0 violates the KKT conditions given in (49), A should be chosen to meet

sgsR = 7. Consequently, we introduce the following lemma.

LEMMA 4. The function g(\) = sgsR, with s defined in (50), is monotonically decreasing with respect to .
Oa,R

Moreover, the optimal A is upper-bounded by
TR

— oR,min With 04 r = aﬁa*R and o g min denoting the smallest

eigenvalue of Ag.
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Proof: Since the proof is similar to that of Lemma 2, it is omitted for brevity. |

Using the above steps, the overall relay training design algorithm can be summarized as follows:

Algorithm 2

« Initialize Sy
o Repeat

— Update the LMMSE estimator matrix T;, for ¢ = 1, 2, using (18) for a fixed Sg;
— Update the training signal S using (50) for a fixed T, for i =1, 2;

« Until The difference between the MSE from one iteration to another is smaller than a certain predetermined threshold.

Although for the general case the solution of Sk can only be obtained via an iterative approach, it is shown

that for some special cases, the optimal training sequence of Sy can be found in closed-form.

A. When KqJ' = ¢l

In this subsection, we consider that the temporal covariance matrix, K, ;, is a scalar multiple of the identity
matrix. This scenario corresponds to the practical case, where the disturbance consists of both the additive white
Gaussian noise and the temporally uncorrelated interference. Using similar steps as in Appendix A, we rewrite the
MSE in (19) as

N,

e =S o Tr[(Zrh + inSEK1SE) 7,

n=1

where §3;,, = T2,
We first consider the scenario where either K, or K, is equal to a scalar multiple of the identity matrix.
Without loss of generality, let us assume that K, = ¢:1, while K, is assumed to be an arbitrary matrix.

Subsequently, we have that
N1 _ 1
e1 = Z ar,GhnTr[(Zt_’é + 51,nS*RS£)_ B
n=1
where Bl,n = B1,n/q1. For this case, the original problem in (45) can be transformed to

N1 N2
- -1 -1
min Z oGy nIr [(Zt_é + ﬁLnS}SE) } + Z Or Gy T [(Zt_é + B EK;%S%) }
SR ’ ’ k]
n=1 n=1 (51)
s.t. TT(SRSE) < TR.
To solve (51), the following lemma is introduced.

LEMMA 5. With the minimum relay training sequence length given in Lemma 3, i.e., Ly = M, when the eigenvalues

of Zyq, Z,q,, Kqs and K,.; are small compare to one, the optimal Sy in (51) has the following structure

Sk =U; o3 rUL,, (52)
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where X;  is the diagonal eigenvalue matrix. In (52), taking U  and UL 4.2 as the eigenvector matrices of Z;

and K, », respectively, the eigenvalues of Z,  and K, » should be arranged in an opposite order. With the structure

] A 1/2

given in (52) and by defining [X, rlmm = 0.5, 0s,rm Can be obtained from

No

2 —1
Z Oy Gl,nﬁl no't2G m n Z 0-7"7G2,”527”5q,2,m0-t2,G,m (53)

1 )
1 + 51 n0t,G,mOs,R m) n—1 (1 + ﬁ?,ngt,G,mUS,R7m5q72,m)2

2
U7‘,G2,n62,natyg,m

where A € (0,maxy, { SN (0.6, nBrn02 o + )}) and can be found via the bisection search

algorithm to meet the relay’s power constraint.

6q,2,m

Proof: Please refer to Appendix E. |

For the case with Kq 1 =aqlIand K, o = ¢oI, (51) can be further simplified as

N

~ —1 ~ —1

min E OrGin Tf[<zt_,c1;+51,n *Rsﬁ) ]+§ O-T,G277LTT|:(Z;C1;+52,” *RS£> }
n=1

s.t. TI“(SRSg) < TR,

(54)

where Bgm = [2,n/q2. The optimal solution of (54) is given in the following lemma.

LEMMA 6. The optimal Sg in (54) is of the form

T
Sr=U; ¢35 rV; R

where X g is a positive real diagonal matrix, U, ¢ is the eigenvector matrix of Z; ¢, and V g is an arbitrary
unitary matrix. The corresponding eigenvalues of Z;  are arranged in the same order as the diagonal elements

of 35 . The optimal 3 r can be obtained from

N1

2 2 2 2
Z Or,G1,nB1,n0 t,G.m " Z UT7G2,nﬁ2,"Ut,G7m

1 + 51 n0t,G,mOs,R, m) n—1 (1 + B2,n0't,G,m0's,R,m)2

I

where A € (0, max,, { S0 (0.6, 081002 ¢ + TrGanBon0?cm) }) can be found via the bisection search to

meet the relay’s power constraint.

Proof: The expression of MSE, i.e., e;, for i = 1,2, in (54) contains a term Tr[(Z;, + 3;,S5S%) ™' ]. If the

eigenvalues of Z, ¢ and S%S% are arranged in the same order, we have [30]
A(Zi &) + A (BinSiSE) < AMZ; & + BinSESR)- (55)

Since the function Tr[(A)] is a schur convex function with respect to the eigenvalues of A [21], based on (55),

we can easily obtain the results in Lemma 6. |
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B. When Z; ¢ = al
This case corresponds to a scenario, where the relay antennas are far enough from one another such that they
are spatially uncorrelated. In this case, the corresponding training design problem can be formulated as
—1 N> —1
mm Z Or. Gy LT [(I + 5 nSRK 1S£) ] + Z Or Gy 1T [(I + Bg,nS*RK;%S£> }
n=1 (56)
st. Tr(SESE) < 7g,
where ¢, g, n = a0, g, n, and Bm = af;, for i =1,2. In general, the optimization problem in (56) is non-convex
with respect to Si. However, based on the minimum training sequence length derived in Lemma 3, i.e., L = M,
(56) is equivalent to the following problem

B N _
mln Z Or.Gyn LT [(I + ﬁl nS SRK;%) 1] + Z@»,szTl‘ [(I + B2,nS£ EK;%) 1}

n=1 (57)
st. Tr(SES%) < 7r.

In obtaining (57) from (56), we have used the identity Tr([I + AB] ™) = Tr([I + BA] ') +m — n, where A

and B are m x n and n x m matrices, respectively, [31]. Similar to the Section IV-B, it is observed that in (57),

we can directly optimize the matrix S%,S*%, instead of Sk by solving the following optimization

Ny N>
(igi;no ; 5T,G1,nTr [(I + Bl,n 1/2QRK_1/2) ] + nZ::l &T’G27nTr |:(I + B2,n 1/2QRK_1/2> :| (58)

st. Tr(Qgr) < 7R,

where Qp = SES}}. By using similar steps as that in Theorem 2, it can be shown that (58) is convex and it can

be readily solved via the following SDP problem

Q ;g%? Y § :&T,GhnTr (XTL) + ON'r,G%nTI' (YTL)
RZU,Apn, X p
n—

s.t. TI‘(QR) <Tr

i I+ 5, 1/2 K—1/2 I
L1 K, 1" Qr - 0. Vn
I X,
1+ 5,K, QK 1?1
PanK Qr =0, Vn.
I Y,

VI. SIMULATION RESULTS

In this section, we present simulation results to verify the performance of the proposed training design algorithms.

The total normalized MSE (NMSE), defined as either m 2 E {HH,- - I:I,-H%} or
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Fig. 2. Convergence behavior of the proposed iterative designs.

mZ?zlE{HGi — GiH%}, is utilized to illustrate the performance of the proposed algorithms. In all

simulations, the channel covariance matrices are assumed to have the following structures
[Zt pnm = zepJo(dipln —ml), b€ {Hy, Hy, G},

(Zyplnm = zrpJo(drpln —ml), b€ {H,G1,Ga},

where Jy(-) is the zeroth-order Bessel function of the first kind, d; , and d,., are proportional to the carrier frequency
and the antenna separation vectors at the transmitter and the receiver, respectively [20]. Moreover, the scalars z;
and z,; are normalization factors such that Tr(Z; p,) = N;, Tr(Zy ) = M, Tr(Z ) = M and Tr(Z, q,) = N;.
The temporal covariance matrix of the disturbance is assumed to be modeled via a first order autoregressive (AR)
filter, i.e., AR(1), that is denoted by [Kp|nm = qubkq,bn(‘ﬁ)—m‘ for b € {1,2, R} [20]. Here, the scalar k,, is
a normalization factor similar to Z;; and Z, ,. Moreover, I, indicates the strength of the interference from the
nearby users. Following the approach in [21], it is assumed that the received spatial covariance matrix of the
disturbance, K, ;, shares the same eigenvalue vectors with Z,.; but with different eigenvalues. For simplicity, the
length of the source and relay training sequences are assumed to be Lg = N7 + Ny and Lr = M, respectively.
The sum power at the two sources are assumed to be 7, + 72 = 2P. If not specified otherwise, we assume that
N; = Ny = M = 3. Furthermore, the system parameters for the MAC phase are set to: d; i, = 1.5, d, g, = 1.8,
drc =13, ngr = 0.9 and I, g = 1, while for the BC phase, we choose d; ¢ = 1.9, d,.q, = 1.95, d,.¢, = 0.3,
g1 = 0.9, 752 =—-09and I,; = I,2 = 1.

In Fig. 2, the convergence behaviors of Algorithms 1 and 2 for different SNRs are shown in subfigures (a)
and (b), respectively. It is illustrated that in general, the proposed iterative algorithms converge very quickly and

at most 60 iterations are required for them to converge. These results also indicate that as the SNR increases
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Fig. 3. Optimality for the proposed iterative designs with different initiations.

more iterations are needed for the proposed algorithms to converge. In Figs. 3(a) and 3(b), the convergence of
the proposed algorithms are verified for different sets of initializations. In this setup, “Random-1" indicates that a
random initial point is selected, “Random-N" implies that N random initial points are tested but the one with the

best performance is selected, and “Identity” indicates that
S = Blkdiag(aly,,bly,) and Sg = cIyy,

where a, b, and ¢ are used to satisfy the source and relay power constraints. The results in Figs. 3(a) and 3(b)
indicate that for various SNR values, the proposed iterative training design algorithms are not sensitive to the
selected initial point. Furthermore, it is observed that the initialization process denoted by “ldentity” performs well
as an initial point and can approach the initialization scenario denoted by "Random-10”. Hence, in the following,
if not state otherwise, the “ldentity” initialization point is used.

In Fig. 4, we compare the total NMSE of the proposed iterative training design algorithm with that of [21],
which is intended for point-to-point systems. To make this comparison possible, for the training sequence design
in the MAC phase, it is assumed that two source nodes transmit their training sequences in two orthogonal time
intervals, i.e., s;(¢) with ¢t € [1,2,--- , N;| and sq(t) with ¢ € [N +1, N1 +2,--- , N; 4+ NaJ. In the BC phase, the
training sequence, Sr, is designed according to the channel from the relay to the source S;. The plots in Figs. 4(a)
and 4(b) illustrate that compared to the approach in [21], the proposed training design can significantly improve
the accuracy of channel estimation in TWR systems. This gain is even more pronounced when the two source
nodes operate at different transmit power levels during the MAC phase and when the strengths of the disturbances
at the two source nodes are asymmetric, i.e., I, 1 # I, during the BC phase. This can be mainly attributed to the

fact that the proposed training design algorithm, i.e., Algorithm 1, takes into account the temporal correlation of
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the disturbances at the relay node in the MAC phase, while ensuring that the training sequences transmitted from

the relay node simultaneously match the channels corresponding to relay-to-source links during the BC phase.

In Fig. 5, the performance of the proposed training sequence design algorithms and channel estimators in the

MAC phase for K, r = ¢I is demonstrated. Three training sequence design approaches are taken into consideration:
1) The iterative design based on Algorithm 1; 2) The SDP design based on (43); and 3) The SVD design based

on Theorem 3. As shown in Theorem 2, in this case, the optimization problem for finding the optimal training

sequences is convex. Hence, it is well-known that both the SDP and the SVD design schemes can achieve optimal

channel estimation performance. This outcome is also verified by the results in Fig. 5. However, it is interesting

to note that the proposed iterative algorithm denoted by Algorithm 1 can also achieve optimal performance, which
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Fig. 7. Total NMSE of channel estimation during the BC phase with C,.¢ = /al.

further verifies its effectiveness for designing the training sequences in the MAC phase.

Figs. 6 and 7 present the channel estimation performance for the special cases presented in Sections V-A and
V-B during the BC phase. More specifically, in Fig. 6, the scenario where K, = ¢:I and K, > is an arbitrary
matrix is taken into consideration. In this figure, the plot with the legend “SVD design” refers to the results in
Lemma 4. Although Lemma 4 shows that the training design structure given in (52) is only optimal when the
eigenvalues of Z, ¢, Z, ¢,, K,; and K, ; are small, the results in Fig. 6 show that the proposed “SVD design”
method closely matches the performance of the proposed iterative design algorithm for most practical scenarios
of interest. Moreover, the optimality of Algorithm 2 is further verified via the results in Fig. 7. In this setup we

consider the special case presented in Section V-B. Note that since the proposed “SDP design” in Section V-B is
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optimal, we conclude that the iterative design in Fig. 7 can approach the optimal solution in this special case.

VII. CONCLUSIONS

In this paper, the problem of channel estimation in MIMO TWR systems was analyzed. Unlike prior work in this
field, the impact of the interference from neighboring devices and the effect of antenna correlations on the design
of training sequences and channel estimation performance were taken into consideration. To obtain the channel
parameters corresponding to each individual link, we have proposed to carry out the channel estimation process in
two phases: the BC phase and the MAC phase. Next, the optimal LMMSE channel estimators for both phases were
derived and the corresponding training sequence design problems for each phase were formulated. Subsequently,
to ensure accurate channel estimation in TWR systems, the minimum required length of the training sequences
were also analyzed. Since the resulting optimization problems were non-convex in their general form, specific
transformations were used to obtain near optimal iterative algorithms for the design of the training sequences.
Further analysis showed that the optimal structures of the training sequences can be obtained in closed-form when
the channel or the noise temporal covariance matrices have special structures. Simulation results show that the
proposed training sequence design algorithms can significantly enhance channel estimation performance in TWR

relaying systems

APPENDIX A

PROOF OF LEMMA 1

To prove Lemma 1, we first rewrite (15) into the following form
-1 M -1
er = Tr [(z;}q ®Z p+K 1 ® S*K;}%ST> } => o Tr [(z;}{ + ﬁRvnS*K;}%ST> ] . (A1)
n=1

where Br, £ 522 To obtain (A.1), we have used the rules (A@B)~! = A~l@B~!and (26). Since S*K;}%ST €
CV#N2)x (N N2) f the designed training sequence S makes S*K_ 1,S” full rank, the MSE can be arbitrary small
by increasing the source power. In this case, the minimum length of S; should satisfy L, > N; + N,. Otherwise,
based on the fact that Rank(AB) < min{Rank(A ), Rank(B)}, we must have Rank(S*K;}BST) < N1+ No. Let
us consider the best case scenario, where Rank(S*K;}zST) = Lg, In this case, the MSE in (A.1) can be lower

bounded by
Ls

M 1 Ni+N
eRr 2 Z Or,Hn (Z - + Z Ut,H,m> ) (A2)
n=1

1
m—1 %t,Hm + /BR,m)\SK,m m=Ls+1

where Asg ., is the m-th element of )\(S*K;}%ST). Moreover, the eigenvlaues in {0 m .} and {Ask n} are
assumed to be arranged in decreasing order, respectively. To obtain (A.2), we have use the fact that the function

Tr[(A)] is a schur convex function with respect to the eigenvalue of A and the following result from [30]

AZyn) + AMS'K S") < A(Zry + S'K, ,S").
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L, 1
m=1 U;}{’m"l‘BRmn)\SK,m

(A.2) is lower bounded by e > 32 0y 1y SN 64 .

When the source power is large enough, the term >

in (A.2) approaches zero. Thus, eg in

If K, r = ¢I, the total MSE in (A.1) can be written as
M ~ -1
er=3 0Tt [(z;}, + ﬁRvnS*ST> } , (A3)
n=1

where ﬁ}m =S Br.n/q. With a finite power at the source, it is assumed that the optimal solution of S; and Sy in
(20) results in the optimal S to have a rank of » < N; + N». By using the SVD decomposition, we assume that
the optimal S can be decomposed to

S=UszsVEH,

where Ug and V g are matrices of size (N1+N2) xr and Lg xr, respectively. Moreover, UIS{US =1, V?Vs =1,

and Xg is an r x r diagonal eigenvalue matrix. The optimal S; and S, can be denoted as
S; = Ug1ZsVH and S; = Ugy VY,

where Ug; 2 Ug(1: Ny,:) and Ugy 2 Ug(N; + 1 : Ny + N, :). Subsequently, a new S given by S = Ug3g,
can be obtained that achieves the same total MSE as that of the optimal S, however, with a shorter training sequence
length of Lg = r. Furthermore, the new optimal S, = Ug1Xs and S, = Ug 23 s require the same power at the

sources nodes compared to the optimal training sequences. This completes the proof of Lemma 1.

APPENDIX B

PROOF OF LEMMA 2

By taking the gradient of g();), we can easily verify that g();) decreases with \;. Next, we mainly focus on

deriving the upper bound of \;. The source power constraint can be rewritten as

05,30

TI'(SZ'SZI{) =Tr [(Xg + )\Z-I)—2xs73,ix£3,i] S m,
s,min,i i

(B.1)

where ogmin; and og3; are defined in Lemma 2. In (B.1), the inequality is obtained based on the identity
Tr(AB) < ). 04,08, [32]. Here, 04, and o ; are the eigenvalues of the n x n matrices A and B, respectively,
{oa1,042,--- ,04,} and {op1,0B2, -+ ,0B,} are arranged in the same order, and the equality is achieved

when A and B are diagonal matrices. Hence we have m > 7;, which further implies \; < U%f”—os,min,i-

APPENDIX C
PROOF OF THEOREM 2

In (41), the feasible set established by the power constraints is convex since the function Tr(E;Qg) is linear

[28]. To prove the convexity of (41), it is sufficient to show that the objective function is convex. Without loss
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of generality, we denote that f(Qgs) = Tr[(Z;}{ + anQS)_l]. According to [28], we can prove the convexity of
f(Qgs) by considering an arbitrary linear combination, given by Qs = Qg1 +tQs,2, Where Qg1 € Sf, Qs € SN
and Qg1 +1Qs2 € SY. By defining g(t) = f(Qs1+1Qs2), we have g(t) = Tr[(Z, j; + an(Qs1 + th,z))_l]-

Then we obtain d@—(f) = —Tr(ay, (Z;}i + o (Qs,1 + tQS72))_2QS,2). Based on that, we can further reach

d?g(t)
a2

2 -1 -2 -1 -1
= 2a;,Tr <<Zt,H + an(Qs1 + tQS,2)) Qs,2 (Zt,H + an(Qs,1 + tQS,2)) Qs,z) c

>0

9

To obtain (C.1), we use the fact that (Zt"}{ + an(Qs1 + th72))_2 and QSQ(Z;}I + an(Qs1 + tQ&g))_l

x Qg 2 are positive semidefinite matrices. Hence, we conclude that the function f(Qg) is convex with respect to
the positive semidefinite matrix Qg, which further implies that the objective function in (41) is convex since the

sum of multiple convex functions is a still a convex function.

APPENDIX D

PROOF OF THEOREM 3

For notation convenience, we define Dy £ Z;}, + ,S*S” and let

Z;} + oSSt o, StSY D, D¥
Dy =Z; L +a,87sT = | THH T OO n12 a | P R
o, S5ST Z, };, + anS5S] D, D;
According to the matrix inverse identity, we have
Ay By

Co Do

D' =

I

where Ay = (D;—DD3'Dy)~!, By = —D;'D (D3 —D,D; 'D{ )1, Cy = —D;'Dy(D; —DID;'D,) !,
and Dy = (D3 — DDy 'D4)~L. Subsequently, we have that Tr(Dy ') = Tr [(D; — D¥D; Do)~ +

Tr [(Ds — DoD; 'DE)~1]. Since DYD;'D,y = 0 and D,D; "D = 0, the following inequalities hold Dy —
DID;'Dy < D; and D3 — DoD; 'DI < Dj. This result further implies that

(D, - DY¥D3'Dy) " = Dy and (Ds — D,D;'DY) ' = D3, (D.1)

where in obtaining the above we have used the fact that the matrices D, D3, D, —Dngng and D3—D2D1_1D£{

are positive semidefinite. From (D.1), we have
Tr (D1 - DfD;'Dy) '] = Tr (D) and Tr | (Ds - D,DT'DY) '] = Tr (D). (D.2)

Hence, if Dy = 0, i.e., S;ST = 0, the value of the objective function in (40) can be always reduced.
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Next, it is shown that for any S; and Ss, letting S3S7" = 0 does not increase the need for power at the source
nodes. Since in (40), the values of the objective function and the power constraints are only affected by SS? and

S5ST the optimal S; and S, can be determined as
S1= U4, %, Vi, (D.3)

where V. can be any matrix satisfying VgVSi = I It is worth noting that since Ls > N; + N> based on

Lemma 1, one can always find a specific V, and V, such that

viv,, =o, (D.4)

which further results in S3ST = 0. In this case, we do not change the value of S¥S” and the power constraint,
while decrease the value of the objective function according to (D.2).

It is noticed that the orthogonal training sequences has also been proven to be optimal for the cascaded channel
estimation in two-way relaying system in [18], [19]. Here, we show similar results hold for individual channel
estimation. With the optimal condition SSZ = 0, the optimization problem in (40) can be decomposed into two

subproblems given by

M
—1
Héiin ZUT,HJLTT [(Z;}L + OmeS?) }

n=1 (D.5)
st Te(SiST)<m, i=1,2

Based on the results derived for point-to-point MIMO systems [21], we obtain that the unitary matrix U, ,, given

in (D.3) should be of the form U, ,, = Uj 5, and V, should satisfy (D.4). Then, solving (D.5) just reduces to

solving the following power allocation problem

M N;
min o E t,Hiym
r,H,n 2
0, 1+ anor g omo
v n=1 m=1 + n thwm Si,m

N;
2
s.t. Og,m S Ti
m=1

where the optimal o, ,,, can be obtained via the water-filling approach in (44).

APPENDIX E

PROOF OF LEMMA 5

Note that when eigenvalues of Z; ¢, Z, ¢,, K,; and K, ; are small, o, ¢, , becomes very small compared to
Zt"cl;, mS*Rsﬁ and ran}KﬁSE. Based on the inverse approximation rule in [31, Eq. (167)], the original

problem can be approximated as

N1 N2
min Y 06,0 Tt | ZoG — PaZecSiShZec] + Y 0rcun ™ |20 — onZiaSiK Sk Zia
Fon=1 n=1 (El)

st Tr(S,S%) < 7r.
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By defining a new variable P £ Z; ;S%, (E.1) is equivalent to

Sk

1 N2
max Z orayn 1Y {ﬁlmPPH] + Z Or.Gyn LT [52’nPK;%PH]
=1

n=1
st Tr [PPH(Z{{G)*Z;;;] < .
Assuming that the SVD decomposition of P is given by UpXpVEH with the eigenvalues in Xp arranged in

decreasing order, we have

max Z Or,Gy 1T [51 nEP} + Z Or,Gon 1T [ﬁg nZPVqu 2Aq 2Vq 5oVp

S
" n=1

st. Tr[SRURULGE2UMGUR| < 7.
We observe that the unitary matrices Up and V p only affect the power constraint and the objective function,

respectively. Based on the trace inequality identity in [32, Eq. (3)], we have
Tr[BonZpVE Va2 A GV V] < Tr[52,ZhA ]
Tr[S3UE V62, GVIcUp| > Tr[S3E 2],

where the eigenvalues in A, » and 3, ¢ are arranged in increasing order and decreasing order, respectively, and
the equalities are achieved when Vp = V, - and Up = U, . Hence, we obtain the optimal S}, as S}, =
Z, G Hy, GZJqu o= U a3y GEqu o, Which further leads to (52).

With the structure of training sequence given in (52), the original optimization problem in (51) is reduced to
the following power allocation problem

N> M
. 0t,G,mOr,Gy,n Or,Gy,n0t,G,m
min D>
Vn

SR AL — 1 +51 nOt,G,mOs,Rm 1 m=1 1+ 32 nUtGmUsRm(ngm

(E.1)

The lagrangian function of (E.1) can be written as

N, M No
0t,GmOr,Gy,n Or.Gy,n0t,G,m
L= > — ZZ ZasRm—Tm

n=1m=1 L+ Bl,ngt,G,mU&R,m n=1m=1 1+ 52 nO0t,Gm0s,RmOy 2 m

where A is lagrangian multiplier. Based on the KKT condition, we obtain (53). Then, by setting o5 r.» = 0, we

obtain the range of A as shown in Lemma 4.
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