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LOCALIZED BASES FOR KERNEL SPACES ON THE UNIT SPHERE*

E. FUSELIER', T. HANGELBROEK?!, F. J. NARCOWICHS, J. D. WARDS$, AND
G. B. WRIGHTY

Abstract. Approximation/interpolation from spaces of positive definite or conditionally positive
definite kernels is an increasingly popular tool for the analysis and synthesis of scattered data and is
central to many meshless methods. For a set of N scattered sites, the standard basis for such a space
utilizes N globally supported kernels; computing with it is prohibitively expensive for large N. Easily
computable, well-localized bases with “small-footprint” basis elements—i.e., elements using only a
small number of kernels—have been unavailable. Working on S?, with focus on the restricted surface
spline kernels (e.g., the thin-plate splines restricted to the sphere), we construct easily computable,
spatially well-localized, small-footprint, robust bases for the associated kernel spaces. Our theory
predicts that each element of the local basis is constructed by using a combination of only O((log N)?)
kernels, which makes the construction computationally cheap. We prove that the new basis is L,
stable and satisfies polynomial decay estimates that are stationary with respect to the density of
the data sites, and we present a quasi-interpolation scheme that provides optimal L, approximation
orders. Although our focus is on S2, much of the theory applies to other manifolds—S¢, the rotation
group, and so on. Finally, we construct algorithms to implement these schemes and use them to
conduct numerical experiments, which validate our theory for interpolation problems on S2 involving
over 150,000 data sites.
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1. Introduction. Approximation/interpolation with positive definite or condi-
tionally positive definite kernels is an increasingly popular tool for analyzing and syn-
thesizing of scattered data and is central to many meshless methods. A basic challenge
in using this tool is that well-localized bases with “small-footprint” elements—i.e., el-
ements using only a small number of kernels—have been unavailable. With this in
mind, we have two main goals for this paper.

The first is the theoretical development of small-footprint bases that are well-
localized spatially, for a variety of kernels. For important classes of kernels on S?, the
theory itself predicts that a basis element requires only O(log(INV)?) kernels, where N
is the number of data sites.

Previous numerical experiments on data sets, with N on the order of 1000, proved
quite successful, but the method for determining the localized basis elements does not
scale. The predictions of our theory, on the other hand, have been verified numerically
on S? for data sets with over 100,000 sites.
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Our second goal is to show how to easily and efficiently compute these small-
footprint, robust (i.e., well-localized, L, stable) bases for spaces associated with re-
stricted surface-spline kernels on the sphere S?. The kernels in question are spherical
basis functions having the form

(1.1) Em(z,0) == (=1)™(1 —2-a)™ 'log(l — z - @)

for m = 2,3,... (cf. [18, equation 3.3]). The kernel spaces are denoted S,,(E)—
these are finite dimensional spaces of functions obtained as linear combinations of
K, sampled at some (finite) set of nodes = C S?, plus a spherical polynomial p of
degree m — 1, i.e., 3 ¢z ackm(+,€) +p(-). The coefficients involved satisfy the simple
side conditions given in 3.1.

The Lagrange functions x¢, which interpolate cardinal sequences x¢(¢) = de¢c, ¢ €
E, form a basis for Sy, (Z). Recently, it has been shown in [12], for restricted surface
splines as well as many other kernels, that these functions decay extremely rapidly
away from £. Thus, {x¢}ee= forms a basis that is theoretically quite good (sufficient
to demonstrate that the Lebesgue constant is uniformly bounded, among many other
things). However, determining a Lagrange basis function generally requires solving a
full linear system with at least N := #= unknowns, so working with this basis directly
is computationally expensive. In this paper we consider an alternative basis, one that
shares many of the nice properties of the Lagrange basis, yet whose construction is
computationally cheap.

Here is what we would desire in an easily computed, robust basis {b¢}ecz for
Sm(Z). Each basis function should be highly localized with respect to the mesh norm
h := max g2 dist(z, Z) of E. Moreover, each should have a nearly stationary construc-
tion. By this we mean that each basis element b is of the form ZneT(f) A nkm (1) +
pe, where the coeflicients A¢ ), and the degree m — 1 polynomial p¢ are completely
determined by k,, and a small subset of centers Y(§). Specifically, we wish be to
satisfy the following requirements:

(i) #Y(§) =c(N),
(ii) |be(z)| < o(r/h), r = dist(z,§),

where the number of points influencing each basis function ¢(V) is constant or slowly
growing with N, and the function o(-) decays rapidly—at an exponential rate o(t) <
Ce~"I"l or at least at a fast polynomial rate o(t) < C(1+ [t|)~. The B-spline basis,
constructed from the family of truncated power functions (i.e., using (z —y)7" in place
of km(z,y)), is a model solution to the problem we consider.

Main results. The solution we present is to consider a basis of “local Lagrange”
functions, which are constructed below in section 3. It has the following properties:

o Numerical stability. For any J > 2, one can construct a numerically stable
basis with decay o(t) < C(1 4+ |t])~7.

e Small footprint. Each basis function is determined by a relatively small set
of centers: ¢(N) < M(log N)?, where the constant M is proportional to the
square of the rate of decay J: M o J2.

e L, stability. The basis is stable in L,: sequence norms |[|c||¢, of the coefficients
are comparable to L, norms of the expansion > ..z cebe.

e Near-best Lo, approzimation. For sufficiently large J, the operator Q=f =
2565 f(&)be provides near-best Lo, approximation.

Preconditioners. Over the years practical implementation of kernel approxi-
mation has progressed despite the ill-conditioning of kernel bases. This has happened
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with the help of clever numerical techniques like multipole methods and other fast
methods of evaluation [1, 4, 13] and often with the help of preconditioners [3, 7, 15, 25].
Many results already exist in the radial basis function (RBF) literature concerning
preconditioners and “better” bases. For a good list of references and further discus-
sion, see [6]. Several of these papers use local Lagrange functions in their efforts to
efficiently construct interpolants, but the number of points chosen to localize the La-
grange functions are based on experimental evidence. For example, Faul and Powell,
in [8], devise an algorithm which converges to a given RBF interpolant that is based on
local Lagrange interpolants using about thirty nearby centers. Beatson, Cherrie, and
Mouat, in [2, Table 1, p. 260], use fifty local centers in their construction along with
a few “far away” points to control the growth of the local interpolant at a distance
from the center. In other work, Ling and Kansa [15] and co-workers have studied
approximate cardinal basis functions based on solving least squares problems.

An offshoot of our results is a strategy for selecting centers for preconditioning
(as in [8] and [2]) that scales correctly with the total number of centers N. We
demonstrate the power of this approach in section 7, where the local basis is used
to successfully precondition kernel interpolation problems varying in size by several
orders of magnitude.

Organization. We now sketch the outline of the remainder of the article. In
section 2 we give some background on kernel approximation and analysis on spheres.
Section 3 presents the construction of the local Lagrange basis. Much of the remainder
of the article is devoted to proving that this basis has the desired properties mentioned
above. However, doing this will first require a thorough understanding of the (full)
Lagrange basis {x¢}eez, which we study in detail in sections 4 and 5.

In section 4 we consider the full Lagrange basis: the stable, local bases constructed
in [12]. We demonstrate, numerically, the decay of these functions as well as the
coefficients used in their construction. These numerical observations confirm the
theory in section 5, where it is proved that the Lagrange coefficients indeed decay
quickly and stationarily with respect to h as ( moves away from &.

Section 6 treats the main arguments of the paper. Section 6.1 introduces the
truncated Lagrange functions (essentially ¢ = ZceT(g) A¢ ckm(-,()), obtained by
thresholding most of the coefficients of the Lagrange function. It demonstrates the
basis properties of these functions and discusses an extra adjustment to the coeffi-
cients which is necessary to make each x¢ satisfy moment conditions associated to the
restricted surface splines.

2. Background.

2.1. The sphere. We denote by S? the unit sphere in R?, and by p we denote
Lebesgue measure. The distance between two points, x and &, on the sphere is written
dist(z, ) := arccos(z - £). The basic neighborhood is the spherical “cap” B(a,r) :=
{z € §% : dist(z,a) < r}. The volume of a spherical cap is u(B(a, 7)) = 27(1 — cosr).

Throughout this article, = is assumed to be a finite set of distinct nodes on S2,
and we denote the number of elements in = by #=. The mesh norm or fill distance,
h = h(Z,$?) := max, s> dist(x, Z), measures the density of = in S?. The separation
radius is q 1= %minE# dist(¢, £), where &, ¢ € E, and the mesh ratio is pz := h/q.

Our results will be coordinate independent. Nevertheless, it is important to pro-
vide various geometric quantities in spherical coordinates. Given a north pole on S2,
we will use the longitude 6, € [0,27) and the colatitude 0y € [0, 7] as coordinates.
The metric tensor g;; in these coordinates is a diagonal matrix with g1 = sin? (62)
and g2 = 1. As is customary in differential geometry, the inverse of g;; is denoted by
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g". This is of course diagonal and has the form g'* = (sin?(f,))~" and ¢>? = 1. Also,
the measure dy = sin(f3)d6;d0,, and the Laplace-Beltrami operator is then given by
1 02 1 .

A= 526, o T sinies) 99, %) 39,

Spectral properties of the Laplace—Beltrami operator. For each ¢ € N,
the eigenvalues of the negative of the Laplace—Beltrami operator, —A, have the form
ve == £(1 + ¢); these have multiplicity 2¢ + 1. For each fixed ¢, the eigenspace H, has
an orthonormal basis of 2¢ + 1 eigenfunctions, {Y}* }f;_ ¢, the spherical harmonics of
degree £. The space of spherical harmonics of degree ¢ < o is Il, = @, H¢ and has
dimension (o + 1)2. These are the basic objects of Fourier analysis on the sphere. In
order to simplify notation, we often denote a generic basis for Il; as (¢;)j=1...(o+1)2-
We deviate from this only when a specific basis of spherical harmonics is required.

Covariant derivatives and smoothness spaces. The covariant derivatives
{V*}2 | play an important role in defining smoothness spaces and in proving results
about surface splines, but they play no role in the actual implementation of the
algorithms. For a detailed discussion of these operators, where the relevant concepts
are developed for Riemannian manifolds (including S?), see [11, section 2]. Using
these derivatives and the standard inner product on the space of tensors, we have

(V" f,V™9)e = ‘ Z (V™ F(@))irsim (vmg(x))il,,,,,imgil’“ (z)...g"™"™ ()

with the norm being |V™ f(z)| := +/(V™ f, V™ f)s. For each m and each measurable
subset of a manifold, the Ly Sobolev norm may be defined this way:

1/2
= k X 2 X .
I fllwym ) = <];1/Q|V f(@)[Fdu( ))

2.2. Conditionally positive definite kernels and interpolation. Many of
the useful computational properties of restricted surface splines stem from the fact
that they are conditionally positive definite.

DEFINITION 2.1. A kernel k is conditionally positive definite with respect to a
finite dimensional space II if, for any set of N distinct centers =, the matriz Kz :=
(k(&,C))e.cez is positive definite on all vectors a # 0 € CN satisfying Z&eE agp(§) =0
forpeIl.

Here is an example pertinent to the kernels discussed in this paper. Let (¢;) en
be the complete set of eigenfunctions of the Laplace—Beltrami for some compact Rie-
mannian manifold M. Consider a kernel

(2.1) k(x,y) ==Y k(i)es(@)e;(y)

JEN
having all but finitely many coefficients k(j) positive and D jeN 1k(7)]]l¢;]1% being
finite; k is thus continuous and the series is uniformly convergent. We claim that

k is conditionally positive definite with respect to the finite dimensional space II :=
span(p; | j € J), where J = {j | k(j) < 0}. Indeed, if } - agp;(§) = 0 for j € 7, then

Y > ack(€.Qaz =D k() Y ace;(©ace;(Q) = Y k(j)lag;l=l* > 0.

(€ CEE jEN £,CEE i¢T

We must show that if this is 0, then a = 0. Suppose the quadratic form above is 0.
Then all of the terms in the series vanish, and Zf agp;(§) =0 for all j € N, not just
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those in J. Equivalently, for all j € N, u(p;) = 0, where u 1=} a¢de(-). However,
in the proof of [19, Theorem 3.6] it was shown that this implies that the distribution
u = 0 and, consequently, that a = 0.

Conditionally positive definite kernels are important for the following interpola-
tion problem. Suppose Z C S? is a set of nodes on the sphere, f : S — R is some
target function, and f|z are the samples of f at the nodes in Z. We look for a function
that interpolates this data from the space

S(k,Z) == S(k,E,II) := { > ack(€) | > agp(€) =0, Vp € H} +1I1.

£EE £EE

Provided = C S? is unisolvent with respect to IT (meaning that p(¢) = 0 for all £ € =
implies that p = 0 for any p € IT), the unique interpolant from S(k, Z) can be written

s(-) = Zagk(',f) + Z Cjﬁpj('),
£€E FISVe

where the expansion coefficients satisfy the (nonsingular) linear system of equations:

(2.2) G{f% %)) (3> N ((f’>

where Kz = (k(&,&5)), 4, =1,...,N,and & = (¢;(&,)), i =1,...,N, j € J. This
interpolant plays a dual role as the minimizer of the seminorm | - | induced from the
“native space” semiinner product

(2.3) (u,v)y = <Zﬁ(j)@jvz@(j)@j> =) 7”(2)(“)0)
k

JEN JEN Ji¢T

Namely, it is the interpolant to f having minimal seminorm |u|p = \/{u, u).

3. Constructing the local Lagrange basis. The restricted surface splines
km (see (1.1)) are conditionally positive definite with respect to the space of spherical
harmonics of degree up to m —1, i.e., II,,,_1. The finite dimensional spaces associated
with these kernels are denoted as in the previous section:

S (Z) == S (km,E, 1)

3.1 - {Zaskmc,@ | S ae() =0, V6 € Hml} + 1.

(ex £eE

The goal of this section is to provide an easily constructed, robust basis for S,,(E).
The fundamental idea behind building this basis is to associate with each £ € =, a
new basis function that interpolates over a relatively small set of nodes a function
that is cardinal at &.

Specifically, let T(£) be a set of n < N nearest neighbors to the node &, including
the node &; see Figure 3.1 for an illustration. Then the new basis function associated
with £ is given by

(3:2) Xe() = Y Acckm( O+ D cejdi(),

CeY () 1<j<m?

where ¢; are a basis for the spherical harmonics of degree < m — 1. The coefficients
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Fic. 3.1. Illustration of the centers that make up the local Lagrange basis. The solid gray and
black spheres mark the set of N nodes making up =. The solid black sphere with a circle around it
marks the node &, where a local Lagrange function X¢ is to be computed. The the solid black spheres
enclosed in the dashed circular line mark the set of n = M(log N)? centers T(€) used to compute
Xe¢. For each & € E, a similar set Y (&) is determined for computing X .

A¢ ¢ and c¢ ; are determined from the cardinal conditions

L if ¢=¢,

. — . 2
0 ifceri\e M Y Aecdi(Q =0, 1<j<m’.

CEY(E)

33)  Xe(Q) = {

These coefficients can be determined by solving the (small) linear system

K o\ (A
)

where y¢ represents the cardinal data and the entries of the matrix follow from (2.2).
We call x¢ a local Lagrange function about .

The new basis for 5., (Z) will consist of the collection of all the local Lagrange
functions for the nodes in Z. It will be shown in section 6.3 that choosing the number
of nearest neighbors to each £ as n = M(log N)? will give a basis with sufficient
locality. The choice of M is related to the polynomial rate of decay of x¢ away from
its center, and a priori estimates are given for M in section 6.3. However, in practice
it will be sufficient to choose M by tuning it appropriately to get the desired rate of
decay.

The exact details of the algorithm for constructing this basis then proceed as
follows: For each & € =

1. find the n = M (log N)? nearest neighbors to &, T(&),
2. construct x¢ according to the conditions (3.3), which amounts to solving the
associated linear system (3.4) and storing the coefficients A¢, ce.
We note that each set Y(£) can be determined in O(log N) operations by using a
KD-tree algorithm for sorting and searching through the nodes Z. After the initial
construction of the KD-tree, which requires O(N (log N)?), the construction of all the
sets Y(£) thus takes O(N(log N)?) operations.

Before continuing, we note that our main results, given in Theorem 6.5 and its
corollaries, depend heavily on properties that this local Lagrange basis inherits from
the full Lagrange basis {x¢}e¢e=. Thus, much of what follows is spent on developing
a working understanding of the full Lagrange basis and its connections to the local
Lagrange basis. Even though the local Lagrange basis is the focus of our work, we
will delay any further mention of {X¢}ee= until section 6.3.
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Lagrange Function Decay
10 T T T T T T

o N=900 -
-6 N=2500
~-@ N=10000

0 0.5 1 15 2 25 3
Geodesic Distance From Center

Fic. 4.1. Mazimum latitudinal values of the Lagrange function for the kernel ko(x, o). This
experiment was carried out in double precision arithmetic, and the plateau at roughly 10~11 occurs
due to ill-conditioning of the collocation matrices and truncation error.

4. The full Lagrange basis: Numerical observations. In this section we
numerically examine a full Lagrange basis function x¢ and its associated coefficients
for the kernel ko(z, ) = (1 — - @) log(l — z - @), the second order restricted surface
spline (also known as the thin plate spline) on S2. First, we demonstrate numerically
that x¢ decays exponentially away from its center. Second, we provide the initial
evidence that the Lagrange coefficients decay at roughly the same rate, which is
proved later in Theorem 5.3.

The full Lagrange function centered at £ takes the form y¢ = Zcez A¢ ck(-, Q) +pe,
where p¢ is a degree 1 spherical harmonic. In this example, we use the “minimal
energy points” of Womersley for the sphere—these are described and distributed at the
website [27].! Because of the quasi-uniformity of the minimal energy point sets, it is
sufficient to consider the Lagrange function y¢ centered at the north pole £ = (0,0, 1).

Figure 4.1 displays the maximal colatitudinal values? of Ix¢|- Until a terminal
value of roughly 1071, we clearly observe the exponential decay of the Lagrange
function, which follows

(4.1) e (@)] < O exp <_M) |

h

(This “plateau” at 107! is caused by roundoff error—see Figure 4.3.) The estimate
(4.1) has in fact been proved in [12, Theorem 5.3], where this and other analytic

1 These point sets are used as benchmarks: each set of centers has a nearly identical mesh ratio,
and the important geometric properties (e.g., fill distance and separation distance) are explicitly
documented.

2The function x¢ is evaluated on a set of points (61, 02) with 152 equispaced longitudes 61 € [0, 2]
and 179 equispaced colatitudes 62 € [0, 7].

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/02/13 to 132.178.2.64. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

LOCALIZED BASES FOR KERNEL SPACES 2545

TABLE 4.1
Estimates of the decay constants v and C for Lagrange functions and coefficients on the sphere
using the kernel ko(x, ) with relevant geometric measurements of the minimum energy node sets
used.

LN I Ax [ px | v | Co [ v | Co |
400 0.1136 | 1.2930 | 1.1119 | 0.8382 | 1.0997 | 0.5402
900 0.0874 | 1.5302 | 1.3556 | 1.0982 | 1.3445 | 0.7554
1600 0.0656 | 1.5333 | 1.3513 | 1.2170 | 1.3216 | 0.5946
2500 0.0522 | 1.5278 | 1.3345 | 0.9618 | 1.3117 | 0.5494
5041 0.0365 | 1.5304 | 1.3395 | 1.1080 | 1.3158 | 0.6188
10000 || 0.0260 | 1.5421 | 1.3645 | 1.1934 | 1.3369 | 0.7291

Lagrange Coefficient Decay

10° . : . . | |
10° t |
2
T o N=900 -
4 N=2500
- - N=10000
10
10° } |
o & e mT e o 1
\ .n.m..m-nz-ﬁo"-:“u'n"@"E'D = B Oogg
_10 e gEAT . P
10 - 00 .A.,AM..A“&@.”A'A'M“- Al
0000 000 4099
10—12_ |
10—14 ! N ) ) I I
0 0.5 1 15 2 o5 5

Geodesic Distance From Center

Fi1G. 4.2. Plot of coefficients for a Lagrange function in the kernel space S(k2,E).This experi-
ment was carried out in double precision arithmetic.

properties of bases for S,,(Z) were studied in detail. By fitting a line to the data in
Figure 4.1 where the exponential decay is evident, one can estimate the constants vy,
and Cp,, which in this case are quite reasonable. For example, the value of vy, which
measures the rate of exponential decay, is observed to be close to 1.35 (see Table 4.1).

We can visualize the decay of the corresponding coefficients in the same way. We
again take the Lagrange function centered at the north pole: for each ¢/ € Z, the
coefficient |A¢ ¢/| in the expansion x¢ = > A¢ ck(-, () + pe is plotted with horizontal
coordinate dist(¢, ¢’). The results for sets of centers of size N = 900, 2500, and 10,000
are given in Figure 4.2. The exponential decay seems to follow

|Acel < Ceq?exp <—Vc .

Indeed, this is established later in Theorem 5.3. As before, we can estimate the
constants v, and C, for the decay of the coefficients. Comparing Figures 4.1 and 4.2,
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Lagrange Coefficient Decay (40 digit arithmetic)

10° -A)'A?yx ;
%‘o.
A%
e,
-5 K
10 | A_. O"OA -
A o
A o
B o.
"A_A %0 o
10—10_ 'A_' OO i
A o.
- o
A, .
‘A 0
A o
107} s, %o ;
A %0
A 0.

: o)

A'A.A (9]
1072k ~+0-N=900 A |

A --N=1600 A‘.A
N
o

A
10_25- L L L L L L =

0 0.5 1 1.5 2 2.5 3

Geodesic Distance From Center

Fic. 4.3. Size of the coefficients for a Lagrange function in the kernel space S(k2,Z). This
experiment was carried out in Maple with 40 digit arithmetic.

we note that the coefficient plot is shifted vertically. This is a consequence of the
factor of ¢~2 in the estimate (5.6) below. Table 4.1 gives estimates for the constants
v. and C¢, along with the constants involved in the decay of the Lagrange functions.

The perceived plateau present in the Lagrange function values as well as the
coefficients shown in Figures 4.1 and 4.2 is due purely to round-off error related to
the conditioning of kernel collocation and evaluation matrices. These results were
produced using double-precision (approximately 16 digits) floating point arithmetic.
To illustrate this point, we plot the decay rate of the Lagrange coefficients for the 900
and 1600 point node sets as computed using high-precision (40 digits) floating point
arithmetic in Figure 4.3. The figure clearly shows that the exponential decay does
not plateau, but continues as the theory predicts (see Theorem 5.3).

5. Coefficients of the full Lagrange functions. In this section we give theo-
retical results for the coefficients in the kernel expansion of Lagrange functions. In the
first part we give a formula relating the size of coefficients to native space inner prod-
ucts of the Lagrange functions themselves (this is Proposition 5.1). We then obtain
estimates for the restricted surface splines on S?, demonstrating the rapid, stationary
decay of these coefficients.

5.1. Interpolation with conditionally positive definite kernels. In this
section we demonstrate that the Lagrange function coeflicients A¢ ¢ can be expressed
as a certain kind of inner product of different Lagrange functions x¢ and x.. Because
this is a fundamental result, we work in generality in this subsection: the kernels we
consider here are conditionally positive of the type considered in section 2.2.

When u, v € S(k, E)—meaning that they have the expansion u = 3.z a1,¢k(-, §)+
puand v =3 . = asek(:, §) + py with coefficients (aj¢)¢ez L (1)|z for j = 1,2—the
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semiinner product is

(u,v)), = <Z a1,gk(-,€),za27gk(-,§)> =Y aremck(£, Q).
k

§EE £EE E€ELEE

(This follows directly from the definition (2.3) coupled with the observation that for
JE T, 00) = Yeen 01,6k(7)65(€) and 6(j) = Yecz az k()b (€).) We can use this
expression of the inner product to investigate the kernel expansion of the Lagrange
function. R

PROPOSITION 5.1. Let k(&) = >,y k(1)9; (1) (§) be a conditionally positive
definite kernel with respect to the space 1I = span;c 7 ¢;, and let = be unisolvent for
II. Then x, € S(k,Z) (the Lagrange function centered at n) has the kernel expansion

Xn(T) = D cez Aneh(x,§) + pe with coefficients

Ay = (Ane)eez = (<Xc(x)aXn($)>k)geE'

Proof. Select two centers (,n € E with corresponding Lagrange functions x¢ and
Xn € S(k,E). Denote the collocation and auxiliary matrices, introduced in section 2.2,
by Kz = (k(&,())c.e and © = (¢;(§))¢,;. Because A¢ and A, are both orthogonal to
(II)|z, we have

XoxXmke = Y Y Ace Apek(61,6) = (K2Ag, Ay)rye)-

§1€E &€

Now define P := ®(®*®)~10* : (5(Z) — (Il7)|z C £2(Z) to be the orthogonal
projection onto the subspace of samples of IT on Z and let P~ = Id — P be its
complement. Then for any data y, (2.2) yields coefficient vectors A and c satisfying
PLA = A and P'®c = 0, and hence P*K=P+A = P'K=A = Ply. Because
Pt : 15(2) — (2(Z) is also an orthogonal projector, and therefore self-adjoint, it
follows that

(Xc(@), Xn(@))k = (KA, Ap)pyz) = (KeAg, PTA) g, z) = (PTKzAG Ay iz
= <PLeC7An>€2(E)-

In the last line, we have introduced the sequence e; = (6¢¢)¢e= for which KeA¢ +
pcl= = e¢, which implies that PAKzA; = Pre.. Using once more the fact that P+
is self-adjoint and that A, is in its range, we have

(X¢(@), Xy ()7 = <PLeC7An> = <eC7PLAn> = (ec,Ay)

and the lemma follows. 0

The next result involves estimating the norms ||a||s, =) and ||c||s, (7, where a and
c are as in (2.2). It will be useful later, when we discuss local Lagrange functions.
The notation is the same as that used in the proof above. In addition, because k is a
conditionally positive definite kernel for II, the matrix PLKz P+ is positive definite
on the orthogonal complement of the range of ®. We will let ¥ be the minimum
eigenvalue of this matrix, that is,

¥:= min (P'KzPta,a)>0.
1PLall=1
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PROPOSITION 5.2. Suppose a and ¢ satisfy (2.2). Let Gz = ®*®. Then,

lalle@ <O HYlleeE) <9 VH#EYle @),
lelleary < 20Ek1olGZH 20 #E Y llen ) < 20kllool G2 1M #HE) 2 ly e 2)-

Proof. From (2.2) and the fact that P+ projects onto the orthogonal complement
of the range of ®, we have that PXKzP+a = Ply and that P+a = a. Consequently,

l[all?,z) = 9P al7,e < (PTKzPaa) < |lallue) Pyl

The bound on ||a||s, =) follows immediately from this and ||y|l,,z) < V#Ey e (=)-
To get the bound on [|c||s, (=), note that ®c = Py — PKza and, hence, that

12¢clleyz) < IPYllea(m) + IIPKzP alley @) < 1PYles) + 97 IPKe PPyl @)-

We also have that || ®c|7, z) = (2*®c, ) > Amin (2P) | c[|7, 7). However, Apin (2*®) =
[|(®@*®)~1||~!, which implies that

lellescay < 1(@*@) V2| Relleyz) = G2 IV 21 @c]leym)-

Next, note that the following hold: [[PKzP*| < |Kz| < #E[klcc, [PYlleaiz):

1Pyllee) < Il < VEEIYIe @), and 22K~ > 1 Applying these to the
inequality

lelles(ay S NG 12 (1PYlleaz) + #ENR o 1Py llen))

then yields the desired bound on ||c|4,(7), completing the proof. O

5.2. Estimating Lagrange function coefficients. In [12], it has been shown
that Lagrange functions for restricted surface splines decay exponentially fast away
from the center. We can use these decay estimates in conjunction with Proposition 5.1
to estimate the decay of the coefficients |A¢ .

Recall that the eigenvalues of —A are Ay = ((¢+1). Let Q(z) =11y (= A1) =
Z:,nzl b,z". The kernel k,,, : S* x S2 = R has the expansion

where, for ¢ > m, k(f) = C,,Q(A¢)~! with C,, = 2™+1xD(m)? [18, equation 3.3].
From the expansion, one sees that k,, is conditionally positive definite with respect
to II,,,_1. Kernels such as k,, are said to be of polyharmonic or related type; they

have been studied in [12]. The kernel k,, acts as the Green’s function for the elliptic
operator L, := C,.1Q(—A) (cf. [12, Example 3.3]), in the sense that

/= / (> @) Lo [£(0) — py(e)] dar + py,
M

where py is the orthogonal projection of f onto IL,,_;.

The native space “inner product” on subsets. In [12] it was shown that
for any k € N, the operator (V¥)*V* (which involves (V*)* the adjoint—with respect
to the Lo(S?) inner product—of the covariant derivative operator V¥, which was
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introduced in section 2.1) can be expressed as Zi:o d, A" with dy = (—1)*. Conse-
quently, any operator of the form Z?:o ¢j(V7)*V7 can be expressed as Zi:o d, A"
with dj, = (—1)*¢;, and vice-versa:

(5.1)

Y(do, ... dm) Ico, .- em) With dpm = (=1)"cr and Y dyAY = " ¢; (V)" V7.
j=1

v=0

Because L, = C,'Q(—A), it follows that L, = 377" ¢;(V7)*V7 with ¢, = Ot
and so the native space semiinner product, introduced in (2.3), can be expressed as

(U, V), = (Lo, V) y(s2) = /S2 Blu,v)du(z)

with B(u,v)s = > peo ek (VFu, VF0), and c, ..., ¢y, the appropriate constants guar-
anteed by (5.1). The latter expression allows us to extend naturally the native space
inner product to measurable subsets 2 of S2. Namely,

(U, V) ko :zfﬂﬁ(u,v)Ed,u(x).

This has the desirable property of set additivity: for sets A and B with u(ANB) =0,
we have (u,v)auBk, = (U,V)ak, + (4, V)5 k,. Unfortunately, since some of the
coefficients ¢, may be negative, B(u,u) and (u,u)q , may assume negative values
for some u: in other words, the bilinear form (u,v) — (u, v)q k,, is only an indefinite
inner product.

A Cauchy—Schwarz type inequality. When restricted to the cone of functions
in WJ*(Q) having a sufficiently dense set of zeros, the quadratic form (u,u)q,, is
positive definite. We now briefly discuss this.

When 2 has Lipschitz boundary and u has many zeros, we can relate the quadratic
form |||u|||?”Cm = (W, u)q,k, to a Sobolev norm ||u||%,V2m(Q) Arguing as in [12, (4.2)],
we see that

el = (e 1) Vs oy < [ Bl whacut) < (maxle] )l

If ulz = 0 on a set = with h(Z,Q) < hg with ho determined only by the boundary of
Q (specifically the radius and aperture of an interior cone condition satisfied by 9€),
Theorem A.11 of [12] guarantees that ”u”?/;/g“*l(g) < Ch2|u|%V;L(Q) with C depending
only on the order m and the roughness of the boundary. (In this case, depending only
on the aperture of the interior cone condition.) Thus, by choosing h < h*, where h*
satisfies the two conditions

* *\2 |Cm|
(5.2) h* <hg and C(h*)? x (?gflcgﬂ S 55
we have
Cm .12 2 9
L il < Bl < (maxlel) Bl

The threshold value h* depends on the coeflicients c; as well as the radius Ro and
aperture ¢q of the cone condition for 2. When (2 is an annulus of sufficiently small
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inner radius, the cone parameters can be replaced by a single global constant, and
hs« can be taken to depend only on c,...,Cn, in other words, only on k,,—cf. [12,
Corollary A.16).

A direct consequence of this is positive definiteness for such functions, [[u|, , >0
with equality only if u|q = 0. From this, we have a version of the Cauchny’chwarz
inequality: if u and v share a set of zeros Z (i.e., u|z = v|z = {0}) that is sufficiently
dense in €2, then

(5:3) [(w, ) k| < Mlullgp,, [0l

follows (sufficient density means that h(Z, ) < h* as above).

Decay of Lagrange functions. [12, Lemma 5.1] guarantees that the Lagrange
function x¢ satisfies the bulk chasing estimate: there is a fixed constant 0 < e <1 so
that for radii r the estimate

Ixellwye (Beery) < €llxellwy Beer—))

holds. In other words, a fraction (roughly 1—¢) of the bulk of the tail ||x¢|lwy (Be(e,r)
is to be found in the annulus B(&,r)\ B(&,r — &) of width & o h (with a constant
of proportionality ﬁ that depends only on m). For r > 0, it is possible to iterate
this n times, provided anO < r. It follows that there is v = —4hgloge > 0 so that

IxXellwg (Beery < € lxellwm ey < Ce™ " |Ixellwy s2)-
By [12, (5.1)]* we have

(5.4) Ixellwy (Bee,ry) < Cq'~me k.
This leads us to our main result.

THEOREM 5.3. Let p > 0 be a fired mesh ratio. There exist constants h*, v,
and C depending only on m and p so that if h < h*, then the Lagrange function
X¢ = Deez Acehm () +pc € Sm(E) has the following properties:

(5.5) Ixe| < Cexp (—VW) ,

(5.6) |Acel < Cg* ™ exp <_VW>’

(5.7) aq®allg,e) < || D acxe < ca¢*'"|allg, (z)-
=S L, ($?)

Proof. The bounds (5.5) and (5.7) are given in [12, Theorems 5.3 and 5.7]. Only
(5.6) requires proof. By Proposition 5.1 and set additivity, we have that

Ace = (X X hm = (XE> X0 o T (X XO) 26 K »

where we use the decomposition into hemispheres: Q¢ = {a € §? | dist(a,() <
dist(o, &)}, Q¢ = {a € $? | dist(a, &) < dist(,¢)}, and (modulo a set of measure
zero) S% \ Q¢ = Q.

3This is simply a comparison of X¢ to a smooth “bump” ¢¢ of radius g—also an interpolant to
the delta data (d¢), but worse in the sense that H!XE ”lk < ll#lly,,- This idea is repeated in the proof
of Theorem 5.3.
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We apply the Cauchy—Schwarz type inequality (5.3) to obtain

[Acel < xclla, k., Ixella, k., + Ixcllo, x, Ixellg, k.,

< Jmaxies] (Iclhws oo Ixela i, + Ixclog, Ixelwpoo ) -

Since Q¢ C Be(¢,r) := $?\ B((, 3dist(&,¢)) and Q¢ C B¢(,r), we can again
employ set additivity and positive definiteness (this time |||X§|"Q<,km < xellse ., »
which follows from the fact that S* = Q¢ U Q_g and that x¢ vanishes to high order in
Q¢—the same holds for x¢) to obtain

Acel < fmaxlesl (Incllw oeceon Ixell,, + Il Ixellws e ) -

The full energy of the Lagrange function can be bounded by comparing it to
the energy of a bump function—for x, this is ¢¢, which can be defined by using a
smooth cutoff function o. In spherical coordinates (colatitude, longitude) around &,
¢¢(0, ) = o(0/q). This is done in [12, (5.1)] and we have that ||x¢||, —and [Ixc|,,
are bounded by Cq'~™.

On the other hand, to treat ||x¢llwy (e(c.r) and [Ixellwy(zec,r)), We can use
(5.4), which gives

- dist(€,
Ixellwgr (Becc.r IXcllwa Becr) < Cql=™me Vi = Cgt~™e ™V e
The bound (5.6) follows immediately from this. O

Remark 5.4. Because the proof doesn’t really depend on S?, a nearly identical
proof works for any of the kernels with exponentially decaying Lagrange functions
considered in [11, 12]. Specifically, we have this: Theorem 5.3 holds for compact, two-
point homogeneous spaces with polyharmonic kernels satisfying £,, L II (cf. [12])
and for any compact, C*° Riemannian manifold, with the kernels being the Sobolev
splines given in [11].

6. Truncating the Lagrange basis. We now discuss truncating the kernel
expansion Lagrange function y¢ = ZCE A¢ ckm (-, C) + pe € Sm(E), replacing it with
an expansion of the form

(6.1) Xe= Y Aeckm(-C) +pe € Sm(2),
CeET(E)

where T (§) C Z is a set of centers contained in a ball B(§,r(h)) centered at &, where
r(h) and the Ag ’s will be determined by A¢ ¢ with ¢ € T(€). We also assume that
& € T(£). Finally, to avoid notational clutter, we will simply use T rather than Y ().

Our goal is to show that if x¢ satisfies the properties (5.5), (5.6), and (5.7), then
we may take r(h) = Kh|log(h)| with K = K(m) > 0, while maintaining algebraic
decay in h of the error ||X¢ — X¢||oo. For this choice of 7(h), a simple volume estimate
(given at the end of section 6.3) shows that the number of terms required for Y is
just O((log N)?) < N, far fewer than the N needed for .

Simply truncating at a fixed radius r(h) = Kh|log(h)| is not suitable, however,
because the truncated function X will no longer be in the space S, (Z) (and thus
{Xe¢} will not act as a basis). To treat this, we must slightly realign coefficients to
satisfy the moment conditions.
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A remark before proceeding with the analysis: Finding X¢ in the way described
below requires knowing the expansion for x¢ and carrying out the truncation above.
This is expensive, although it does have utility in terms of speeding up evaluations for
interpolation when the same set of centers is to be used repeatedly. The main point
is that we now know roughly how many basis elements are required to obtain a good
approximation to x¢. The question of producing a good basis efficiently is left to the
next section.

6.1. Constraint conditions on the coefficients. We would like x¢ to be in
the space S, (2), and so the A¢ ¢’s have to satisfy the constraints in the system (2.2):

(6.2) > A =0, €T =(,...,m?),

CeT

where {¢; };”:21 is an orthonormal basis for II,,,_1. Since the original x¢’s are in S, (E),
the A¢ ¢’s in their expansions satisfy the constraint equations in (2.2). Splitting these
equations into sums over T and its complement in = and manipulating the result, we
see that

(6.3) D Aecdi(Q) + 05, where o =Y Ac(4;(C), jEJT.
= ceY

The way that we will relate the two sets of coefficients is to define the vector (g@c)cer
to be the orthogonal projection of (A¢ ¢)cer onto the constraint space, which is the
orthogonal complement of span{ ¢;|,j < m?}, in the usual inner product for £().
The equations below then follow:

(Aec)cer — (Aec)cer = D 735l € span{(6;(Q))cer,j < m*},
jeT

I(Aec)cer — (Ae)cerltyory = 7Gx, [Grles =Y or(Q)es (<),
CeY

(6.4)

where 7 is a column vector having the 7;’s as entries. Let o be a column vector with
the o;’s as entries. From the first equation above together with (6.2) and (6.3), 7
and o are related by ¢ = Gy7. If we make the rather mild assumption that T is
unisolvent for the space II,,_1, then we can invert Gy: 7 = G;lo, thereby obtaining
T*GyT = U*G}lo. Using this in (6.4) and applying Schwarz’s inequality, we obtain
the following bound:

(6.5) ‘

S (e - Ag,<>km<-,<>H < JHET1GT a2 lFmllocllo 2
CeYr o8]

which we will make use of to establish the estimates below.

PROPOSITION 6.1. Assume that Y is unisolvent for ,,_1 and that |Gy |2 =
O(|log h|=2 h=2H) for some u > 0. If we take r(h) = Kh|log(h)|, where K is chosen
so that J .= Kv —2m — > 0, then for h sufficiently small,

(6.6) IXe = xelloo < CR,

(6.7) [Re(@)| < C(1+dist(w, ) /h) .
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Furthermore, when J > 2, the set {X¢} is L, stable: there are Cy,Cy > 0 for which

> acxe

(6.8) Crg?llalle, ) < \
fe=

< C2*?|alle,(z)-
Lp(8?)

Proof. From (5.6) and N < 4 /vol(B(€,q)) < Cq™2, we have that

(6.9) > |Agc| = O(Ng* ™ exp(—vr(h)/h)) < ChKY=2m,
CEY

Applying it to the o;’s defined in (6.3) results in ||o||2 < Chf¥~2™. Using this in
connection with (6.5), |Gy'[l2 = O(|log |2 h=2#), (6.9), and

Xe —xe = O (Aec = Aekm(Q) = D Ae.chm (-, C)
CeT CEgY

yields (6.6). Next, from (5.5) we have

di di di —Kv
|X§| < Cexp (—y%) < Cexp <_KU%ZZ§)> < C(l + %ﬁ;f)) .

Combining this with (6.6), using J = Kv — 2m — u > 0, and manipulating, we arrive
at (6.7).

It remains to demonstrate the L, stability of (x¢) for 1 <p < co. When p =1,
we consider a sequence a = (a¢)eez € (1(E). Let s := ) agxe and 5 := > agxe. From
Hoélder’s inequality and (6.6), we have [|§ — s|1, s2) < C|lall¢,(z)h” and

15 = sllL) < Cllalewz Y IXe(®) = xe(@)| < Cllallenz)h’a .
¢e=

<N maxe [[Xe—Xell o s2)

Interpolating between these two inequalities—i.e., interpolating the finite rank oper-
ator a — (s — §)—gives

Is = 3l|1,(2) < Ch7q 2P a2
<Ch' 2@ allg, ). (@2 ~h7?).

After some manipulation, this bound and (5.7) imply that
c1g*"lallp,@ (1 = Ch77%) < [5l1,2) < 26" lalle,z) (1 + Ch7?).

Choosing h so that Ch’~2 < 1/2 and letting C; = ¢;/2 and Cy = 3c3/2, we obtain
(6.8). d

Remark 6.2. When there are no constraint conditions on the coefficients, this
result holds for any of the strictly positive definite kernels mentioned in Remark 5.4.
In particular it holds for Sobolev splines on a compact C'*° Riemannian manifold.

6.2. Norm of the inverse Gram matrix. We now demonstrate that the con-
ditions on G}l in Proposition 6.1 are automatically satisfied. We will state and prove
the results below for caps on S%, rather than just S2. Also, it is more convenient to
use with II;, rather than II,,_1, because m is notationally tied to the polyharmonic
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kernels k,, as well as the spherical harmonics on S?. That said, we begin with the
lemma below.

LEMMA 6.3. Suppose that S, := B(&,r) C S is a cap of fized radius r < m, and
that € C S, is finite and has mesh norm he = hg, «. In addition, let L > 0 be a
fixed integer and take 11y, to be the space of all spherical harmonics of degree at most
L. Then, there exists a constant ¢ := co(d, L) > 0 such that when he < cor we have

(6.10) S Ie(Q) > (S0 /S () Pdpu(zr) Voo € T,

454

Moreover, the set € is unisolvent for Il;,. Finally, for every basis for Iy the cor-
responding Gram matrices G¢ and Gsg,, relative to the inner products on (*(%¢) and
S, respectively, satisfy

(6.11) 1GZ 2 < m(SIGH -

Proof. Since p(z) and @(x) are spherical harmonics in IIy, their product is a
spherical harmonic of degree at most 2L. Thus, applying the nonnegative-weight
quadrature formula in [17, Theorem 2.1] to spherical harmonics of order 2L yields

S welp(O)? = /S lel@)Pduo).

Ce®

Since 0 < w¢ < Yeeq e = p(Sy), we have 3o e welo(Q) < pu(Sr) Xeee I
The inequality (6.10) follows immediately from the quadrature formula. To prove
that C is unisolvent, suppose that ¢ € II;, vanishes on C. By (6.10), we have that
fST lo(z)|*dp(z) = 0. Since ¢ is in IIz, it is a polynomial in sines and cosines of
the angles used in the standard parameterization of S¢ with & being the “north”
pole. As a consequence, it is continuous on .S, and, because fSr lo(x)|?du(z) =
0, it is identically 0 on S,. Finally, as a function of the angular variables in the
complex plane, it is analytic, entire in fact, and can be expanded in a power series
in these variables. The fact that it vanishes identically for real values of the angular
variables is enough to show that the coeflicients in the series are all zero. Hence,
¢ =0 on S? and ¢ is unisolvent for I17,. To establish (6.11), note that (6.10) implies
that G — 1u(S,)"1Gs, is positive semidefinite. From the Courant—Fischer theorem,
the lowest eigenvalue of G is greater than that of u(S,) 'Gg,. This inequality
then yields (6.11), since these eigenvalues are ||G'[|;" and ,u(ST)HGngH;l, respec-
tively. O

We now need to compute the Gram matrix for the canonical basis of II;,. This
basis is described in [26, Chapter IX, section 3.6] and consists of spherical harmonics.
Let ¢, ky,...,kq_1 be integers satisfying £ > k1 > ko > --- > kg_1 > 0, and take
K := (k1,...,%£kq_1). A spherical harmonic of degree ¢ [26, p. 466]) will be denoted
by Y% (01,...,04). The angles are the usual ones from spherical coordinates in RI+!
(cf. [26, p. 435]). The basis for I, is then the set of all Y, 0 < £ < L. The entries in
the Gram matrix are [Gs, ], x),r.x1) = (Y, Y(.)s,. Following the argument in [26,
Chapter IX, section 3.6], one may show that
(6.12)

Tod-a d—1
' 4k a4k . _
(Y5, Y s, :B&KBW)K(SKK// C, 2, T (cos0)Cp " (cos 0) sin?"+4=1 94,
0
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where C2(t) is the Gegenbauer polynomial of degree n and type s, and By, is a
normalization factor. In the case where d = 2 and L = 1, G, is 4 x 4 and has six
nonzero entries,

1 V3
G(0,0),(0,0) = 5(1 —cosr), G,0),1,00 = G(1,0),(0,0) = T(l —cosr)(1 + cosr),
1 1
G(1,0),(1,0) = 5(1 —cost)(1+cosr +cos’r), G 41),(1,41) = (1 — cos7)%(2 + cosT).

Since p(Sy) = 2m(1—cosr), the formulas for the entries above imply that Gg, /p(Sy) is
a polynomial in cosr. In fact, a straightforward calculation shows that the minimum
eigenvalue of this matrix is r*/(2567)+O(r%). Lemma 6.3 then implies that |G |2 <
,LL(ST)HGEEHQ = 256mr~* + O(r~2). A less precise, but similar result, holds in the
general case.

LEMMA 6.4. Under the assumptions of Lemma 6.3, for general L > 0, d > 2, and
r sufficiently small, there is an integer . = +(L,d) > L and a constant C = C(L,d) >0
such that |Ggt||2 < Cr~=2. For L =1 and d = 2, we may take 1 = 2.

Proof. From the expression in (6.12) for the entries in Gg,, we see that each of
them is entire in r and has a zero of order d or greater at » = 0. In addition, u(S,) is
also entire in r and has a zero of order d. It follows that the matrix G(r) = G, /u(Sy)
is entire, even in r, and for real r, it is real, self-adjoint, and positive semidefinite.
(In fact, for d even, it is a polynomial in cosr.) In addition, the 2 x 2 block in G(0)
corresponding to k; = 0, £ = 0,1, is rank 1 and therefore has 0 as an eigenvalue;
consequently, G(0) also has 0 as an eigenvalue—it’s lowest, in fact. As Rellich [21,
p. 91] shows, the eigenvalues of G(r) are analytic functions of . For r > 0, these
eigenvalues are proportional to those of the Gram matrix G, and therefore must be
positive. None of these eigenvalues are identically 0. In particular, the eigenvalues
splitting off from the 0 eigenvalue of G(0) are not identically 0. As functions of r they
thus have a zero of finite order at » = 0; the order is an even integer because € (r)
is even in r. The smallest eigenvalue then behaves like Apin(r) = r%(ap + O(r?)),
where ag > 0, ¢ > 0 is an integer and 7 is sufficiently small. Furthermore, from (6.12)
we see that the diagonal entry, with £ = ¢/ = k; = L, is O(r?""). Since this bounds
the minimum eigenvalue from above, we must have 2. > 2L, so + > L. The result
then follows from Lemma 6.3 and the observation that p(S,)||G s1||2 = Ai. The
calculation for L =1 and d = 2 was done above. d

6.3. Local Lagrange bases. We now turn to the local Lagrange basis. Recall
that the function x¢ € S,,(E), with the kernel representation

(6.13) =Y Acckm(¢) + Zde)J € Sn(2),

CeET

is a local Lagrange function centered at ¢ if it satisfies Y¢|r = eg, where e¢({) = d¢ ¢,
that is, e¢ is the vector (1,0,...,0)7. Since X¢ € Sm(Z), the vector A = (A¢ ¢)cer
is in the constraint space. This vector and the coefficients b; then satisfy Y¢|r = eg.
Of course, the (full) Lagrange function x¢ = 3 -cz Ag,ck(+ () + Z;njl b;j¢; restricted
to T also satisfies x¢|r = e¢. Consequently, D¢ := x¢ — x¢ satisfies D¢y = 0. We
can rewrite this difference as ®¢ = X¢ — Xe + Xe — Xx¢ (with X¢ the truncated basis
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function introduced in the last section). It follows that

De =Y (Ac— Ar(- Q) + Z bj)é; +Xe — Xe-
TR
J

Xe—Xe

Evaluating this on T then gives the system Kya+ ®8+ (Xe — x¢)|r = 0. By linearity,
it is clear that ®*a = 0. Finally, letting y = (x¢ — Xe)|r, we arrive at the system

610 (3 o) (5)- ()

Proposition 5.2 applies to (6.14) with Z replaced by Y; thus, noting that |yl () <
IXe — xelloo, and writing J = (1,...,m?), we see that

leleyry <O VH#TXe — Xelloos
18llea(ry < 2MEmlloo |G 207 F# )P 21X — Xelloo-

From this we obtain the following inequalities:

e = Xelloo < kmlloc vVH#T llelezry + mComlBlles(7), Cm = max [ j]oo

< ||km||m#w—1<1 +2mcm\/#r||arl|)||>zg ~xello:

Moreover, using |[Xe — Xelloo < [|Xe — Xelloo + [[Xe — Xelloos We see that

(6.15) ¥ — xelloo < 2[[kmlloc# T (1 +2mCm/ #TIGrlll) [IXe = Xelloo-

Finally, from Proposition 6.1, if K > (2m + 2u)/v, it is easy to see that this holds:

| lo gh| hKlfmepr,.

(6.16) [IXe — Xelloo < C—=— (1 +mh™*) pFV 21 < C1—=—

|log h)?
9
To proceed further, we need to estimate ¥). Such estimates are known for surface
splines in the Euclidean case [20, section 6]. Simply repeating the proofs of [20,
Corollary 2.2] and [20, Theorem 2.4] for a set of points in R? restricted to S? yields
the desired estimate. For the collocation matrix associated with k,, and Z, we have

(6.17) 0> O,

where C depends only on m.* Thus, for ky,, we have ||xe — X¢|loo < ChEV—4m+2-21
where the constant K has to be increased slightly to absorb |logh|?. With this in
mind we have the following result, whose proof, being similar to Proposition 6.1, we
omit.

4For any d-dimensional sphere or projective space and any conditionally positive definite poly-
harmonic kernel with associated polynomial operator Ly, = Q(—A), where Q is a polynomial of
degree m, the coefficients in the expansion for kn, are given by k(j) = Q(\;)~%, j € J. For large
A;, all of these have the asymptotic behavior )\;m, which is the same as that of the coefficients for
the m-d thin-plate spline. This implies that the matrix PL Ky P+ in Proposition 5.2 (here, 2 — 7T)
will have a lowest eigenvalue value, that is, up to a constant multiple, dependent only on m and d.
Consequently, the bound ¢ > C¢?>™~¢ holds for all k,,, associated with £, in dimension d.
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THEOREM 6.5. Let the notation and assumptions of Theorem 5.3 hold. Suppose
that K > 0 is chosen so that K > w and, for each & € Z, T(§) := 2N
B(&,Kh|loghl). If Xe is a local Lagrange function for Y(&) centered at &, then set
{Xe}eez is a basis for Sy, (Z). Moreover, with J := Kv —4m + 2 — 2, we have

(6.18) IXe — Xelloo < C B,
(6.19) IXe ()] < C(1 + dist(z, &) /h) 7.
Furthermore, when J > d, the set {X¢} is Ly, stable: there are Ci,Co > 0 for which

Z agXe

£eE

(6.20) C1q*"||allg, (=) < < C2??|alle,(z)-

Lp(8?)

Quasi-interpolation. It follows that the operator

Q=f =Y f(&)Xe

£e=

provides Lo, convergence at the same asymptotic rate as interpolation I=. Indeed,

[=f(2) = Q= /()] < Y [Xe(@) = xe(@)|F(€)] < Cq2|[ fllach™ 472 < C|| f | och®™

£eE

provided that K > M. It is shown in [12, Corollary 5.9] that restricted surface
spline interpolation exhibits ||Izf — f|lcc < Ch? for f € C?*™(S?) when o = 2m and
for f € B, (S?) for 0 < 2m. So Q= has the same rate of approximation (without
needing to solve a large system of equations).

Constructing basis functions in terms of IN. For a set of scattered points
= it is possible, in fact often desirable, to use N as the basic parameter instead of h.
Therefore we wish to express the number of nearest neighbors needed as a function of
the total cardinality N instead of those within a Kh|logh| neighborhood. Consider
a cap B(a,r). A simple volume argument gives

(6.21) #(Bla,)nZ) < 2 <C>2,
’ ~ 11 \¢

Indeed, one arrives at this bound by first considering caps of radius ¢ around each
node in B(a,r). If ¢ is small enough, say, ¢ < r, then at least 1/3 the volume
of each cap will be contained in B(a,r). Using this and a Taylor expansion of
the volume formula 27 (1 — cos(q)) leads to (6.21). Thus, the greatest number of
points in a cap of radius Kh|logh| is 35p%(K|log(h)])?. Also, it is not hard to
show that 2h~2 < N, and hence it follows that the number of points is bounded
by 25p%(5 log(N))? = 2 (pK)*(log(N))?, and it suffices to take for T the nearest
(pK)?(log(IN))? neighbors.

As a final remark, we point out that bound on n := #7Y derived above is pes-
simistic. To see why, suppose that p is large, but only a few points are roughly 2¢
apart, with the other points being on the order of 2h apart. The number of points
in the disk of radius Kh|log(h)| will still be n ~ K?(log(N))2. Any dependence on
p will be weak, and certainly not O(p?). The important point to be made here is
that, with weak p dependence, n depends chiefly on the kernel used and the number
of points in =. This is born out in the results of numerical experiments we conducted,
where we used n = 7(log(NN))2. See Table 7.1.

9
11
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The constants v and K. Before we turn to a discussion of preconditioning, we
wish to comment on the constants v and K above. These two constants come into
play in a crucial way in many of our estimates.

The decay constant v first comes up in the proof of Theorem 5.3. (Although we do
not mention it in the theorem, the proof produces two different decay constants: vy,
and v¢, the former for the Lagrange function and the latter for the coefficients.) The
estimate for v is, of course, a lower bound on the decay constant itself; it is independent
of p, but weakly dependent on m. Because of the nature of such estimates, it is very
likely that they are much lower than vactual. HOW Vactual behaves as a function of p is
an open question.

There is another open question concerning K. We know that it must be bounded
below by w. Thus a better estimate on v would produce a better lower bound
on K. This in turn means using smaller caps and fewer points in constructing the
local Lagrange interpolant—i.e., giving it a smaller “footprint.” On the other hand,
the larger we make K the better the approximation to x¢ we get. Since K can be
made as large as we please, the question then becomes this: What is an optimal choice
for K7 Indeed, what does the term optimal mean here?

7. Preconditioning with local Lagrange functions. In this section we illus-
trate how the local Lagrange functions can also be used as an effective preconditioner
for linear systems associated with interpolation using the standard restricted spline
basis. Our focus is on the restricted surface spline ko (i.e., the restricted thin plate
spline), for which the interpolant to f|z in the standard basis takes the form

4
(7.1) I=f = acka (&) + Y cid;(),
j=1

£eB

where ¢; are a basis for the spherical harmonics of degree < 1. We note that this
interpolant can also be written with respect to the local Lagrange basis for S2(=2) as

(7.2) Ief = acxe(");

£eE

see section 3 for the details on constructing this basis.
Using the properties of the local Lagrange basis, we can write the linear system
for determining the interpolation coefficients d¢ in (7.2) as

73 K= o) &) ) = 19,

where (KE)i,j = kg(fi,fj), i,j = ].,...,N, and q)i7j = ¢](€l)7 = 1,...,N, ] =
1,...,4. The matrix Ay is an N-by-N sparse matrix where each column contains
n = M(log N)? entries corresponding to the values of the interpolation coefficients
Ag ¢ for the local Lagrange basis in (3.2). The matrix Cy is a 4-by-N matrix with
each column containing the values of the interpolation coefficients c¢ ; in (3.2). With

the linear system written in this way, one can view the matrix [Ay Cy|T as a right
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preconditioner for the standard kernel interpolation matrix. Once & is determined
from (7.3), we can then find the interpolation coefficients a¢ and ¢; in (7.1) from

(7.4) [ac]t =[Ay Cy]Ta

If the local Lagrange basis decays sufficiently fast then the linear system (7.3)
should be “numerically nice” in the sense that the matrix KzAy 4+ ®Cy should have
decaying elements from its diagonal and should be well conditioned. As discussed
in the previous section, the decay is controlled by the number of nearest neighbors n
used in constructing each local Lagrange function and that n = M (log N)?2. In the ex-
periments below, we found that choosing n = 7[(log N)?/(log 10)?)] = 7[(logyq N)?]
gave very good results over several decades of N.

To solve the preconditioned linear system (7.3) we will use the generalized min-
imum residual method (GMRES) [23]. This is a Krylov subspace method which is
applicable to non-symmetric linear systems and only requires computing matrix-vector
products. Each matrix-vector product involving the preconditioner matrix [Ay Cy]”
requires O(N (log N)?) operations, while each matrix-vector product involving [Kz @]
requires O(N?) operations. However, Keiner, Kunis, and Potts have shown that
this latter product can be done in O(N log N) operations using fast algorithms for
spherical Fourier transforms [14]. As we are primarily interested in the exploring the
effectiveness of the local Lagrange basis as a preconditioner, we have not used these
fast algorithms in the results below. In a followup study, we will investigate these fast
algorithms in combination with the preconditioner in much more detail.

For the first numerical experiment we test the preconditioner on two different
families of node sets = C S? of increasing cardinality. The first is the icosahedral family
of nodes, which are quasi-uniformly distributed over the sphere with a small mesh
ratio (at least for the sizes we consider). These nodes are popular in computational
geosciences (see, for example, [10, 24, 22, 16]) where interpolation between node sets
is often required. The second family of nodes we use are the Hammersley nodes,
which are formed by transformed van der Corput sequences and provide so-called low
discrepancy sequences on the sphere (see [5] for more details). While these nodes are
equidistributed over the sphere, they are not quasi-uniform, and the mesh ratio can
be quite large. They are thus not covered by the above theory. However, we have
included them to illustrate how the preconditioner may perform on less uniform data.
Additionally, low discrepancy sequences like the Hammersley nodes are also popular
for numerical tests of kernel methods [6].

Table 7.1 displays the number of GMRES iterations required to compute an ap-
proximate solution to the linear systems (7.3) for these two node families using various
values of N and different tolerances. The values of the target function f in these tests
were chosen from a random uniform distribution between [—1,1]. For both node
families, the results show that the number of iterations is small and stays relatively
constant as IV increases. Additionally, there are only minor increases in the number of
iterations as the tolerances are made stricter. The results for the Hammersley family
show that the number iterations are slightly higher than the icosahedral family, but
they are still small. This is encouraging considering that the mesh ratios (displayed in
the third column) are considerably larger for these nodes and that we used the same
formula as the icosahedral family for determining nodes in each local Lagrange basis.

For the final numerical experiment, we use the preconditioner to interpolate a field
taken from a numerical simulation on the icosahedral node sets to a regular latitude-
longitude grid. As mentioned above, this is often necessary for purposes of comparing
solutions from different computational models, plotting solutions, or coupling different
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TABLE 7.1

Number of GMRES iterations required for computing an approximate solution to (7.3) using the
quasi-uniform icosahadedral and the low discrepancy Hammersley families of nodes on the sphere.
Here N is the cardinality of the node set, n = 7[(logyq N)?] corresponds to the number of nodes used
to construct the local basis, and tol refers to the tolerance on the relative residual in the GMRES
method. The mesh ratio px is also displayed for each node set for comparison purposes but is not
needed in the computations. The right-hand side was set to random wvalues uniformly distributed
between [—1,1], and the initial guess for GMRES was set equal to the function values.

Number of GMRES iterations
tol =106 | tol =1078 | tol = 10710 | tol = 10712
N n X Icosahedral nodes

2562 84 | 1.650 7 8 9 10
10242 119 | 1.679 5 7 8 9
23042 140 | 1.688 6 7 8 9
40962 154 | 1.693 5 7 7 8
92162 175 | 1.688 6 8 9 10
163842 | 196 | 1.701 5 7 7 8

N n X Hammersley nodes

4000 91 24.56 8 10 11 12
8000 112 | 34.74 8 9 11 12
16000 126 | 49.13 7 9 10 11
32000 147 | 69.48 7 8 10 11
64000 168 | 98.26 7 9 10 12

Fia. 7.1. Interpolated relative vorticity from a numerical simulation of the shallow water wave
equations on the N = 163842 icosahedral node sets. The original values for the relative vorticity
come from [9] and have been interpolated to a regular 300 x 600 latitude-longitude based grid using
the restricted kernel spline ka(z,a) = (1 — z - a)log(l — x - ). The interpolation coefficients were
computed using GMRES on the preconditioned system (7.3).

models together. The data we use comes from [9] and represents the relative vorticity
of a fluid described by the shallow water wave equations on the surface of a rotating
sphere. The initial conditions for the model lead to the development of a highly
nonlinear wave with rapid energy transfer from large to small scales, resulting in
complex vortical dynamics. The numerical solution was computed on the N = 163842
node set and we interpolated it to a regular 300 x 600 latitude-longitude based grid.
Figure 7.1 displays the resulting interpolated relative vorticity from the simulation
at time ¢t = 6 days. The figure clearly shows that the complex flow structure has
been maintained after the interpolation. As in the numerical examples above, the
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approximate solution to (7.3) with this data was obtained in seven iterations of the
GMRES method using a tolerance of 1078,
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