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ABSTRACT

For some students, the equals symbol is vieweddactive to carry out a
procedure, instead of a symbol expressing matheata&tuivalence. The purpose of this
study was to develop and to pilot a questionnaimaeasure students’ understandings of
relational equivalence as implied by their intetatiens and use of the equals symbol.
The results of this questionnaire were comparet stitdent testing data with the goal of
determining a correlation between understandimgyofbolic equivalence and success in
a typical algebra course.

It was found that students who demonstrated dityatai define and articulate an
appropriate meaning for the equals symbol scogaifgiantly higher on an end-of-
course test and on a state achievement test. Howibis study also found that students
who can define or articulate an appropriate meafinthe equals symbol may not
necessarily be able to demonstrate a working krayder understanding of the
symbol’s appropriate uses. Another significantatesion found was that quality
instructional practices contribute to studentsqrening at a seemingly higher level, with

respect to symbolic relational equivalence, thars¢éhshown in previous studies.
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CHAPTER 1: BACKGROUND AND FOCUS OF THE STUDY
Introduction

The development of arithmetic skills and the ingianal techniques traditionally
used at lower grade levels can lead students tiocamplete or incorrect interpretation of
the equals sign. This lack of understanding carldgvinto struggles with beginning
algebra concepts. There has been much discusstorttes reasons for these student
deficiencies, as well as the type of teaching tephes that would help students develop
proper conceptual understanding of the symbol fmeequality. For this researcher, it
began with a personal experience.

“What do | do first?” she said, as sheexdaat a simple two-step algebra problem.
“Do | add...do | subtract...how about divide?” She Wwes guessing, and Jill had been
struggling all year in my Algebra 1 class. As wias daily routine, | tried desperately not
to show my frustration as | helped her throughgrablem. I'm a little embarrassed to
say that, at this point, | was beginning to giveompher. | would try to patiently walk
through the steps, trying to ask good leading goest but | knew that come tomorrow,
she would be completely lost on what “steps” tdidk. If she got one right, it was
because she guessed right. Jill had no idea whesllyy meant to solve an equation.
There was nothing in her mind that made it cleay,wi solving an equation such as

2x+ 3=11, one would probably want to start by subtractirfigo® both sides. At this
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point in the year, almost all of the students hastered solving simple equations. There
was a huge barrier in her mind that was preverttgrgrom making any further progress.
What was it? | had tried everything | knew. Theriea, as it turned out, went a lot
farther back in her career than | realized. Fdy l3dr lack of success stemmed directly
from her lack of understanding of the equals sym8bk did not connect her
understanding of equality in the world around héne-concept of sameness — with the
mathematical symbol for equality. She did not haw®mplete understanding of what the
equals symbol meant in the context of a matheniataaation.

One of the most enlightening moments feraame while reading the book

Thinking MathematicallfCarpenter, Franke, & Levi, 2003). After seein@ a@f the

classroom videos on equality, included on a CD-R@i the book, | began to realize
how many students really don’t understand whaetiieals symbol means. More
specifically, some of the student views lead therart incorrect view of the equals
symbol. Following the video, | decided to ask mgsd to fill in the blank:

8+4=__  +7
| was confident that, unlike thé"grade students in the video, my algebra studeatddv
easily understand that 5 is the only number thatldvmake the statement true. To my
surprise, Jill (and several other students) puFt@m then on, | realized that most of the
problems that my students were having were a diesttlt of a procedural understanding
of the equals sign. There had been something eregtan them that thensweralways
followed “=.” They gave no thought to the concdmttthe symbol meant there was

equivalence between the two halves of a mathenhatcdence.
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Students always come to us with somedfgterequisite knowledge. There are
instructional methods that force on students,naé$, an incomplete understanding of
concepts. When most ideas that we seek to havstwdents understand are so filled with
depth and application, why would we ask our stuslémperform single tasks and not
allow them to investigate multiple ways of expl@riand solving problems? The
importance of allowing students to express thein aeas, patterns, intuitions, and
methods cannot be overstated (Witherspoon, 1988)student is only exposed to one
type of use of the equals sign (i.e., they lealdy tmdo some arithmetic and then write
the answer), the concept of equivalence may nexézdrned. For my student Jill, once |
realized my own shortcomings in seeking to getasgon her thought processes, we
were able to make some progress. Some of the rfiestiee exercises that helped her
were the following: 1) Working with an actual scé&debalance objects. We then moved
on to drawings, following the same concept to bedamumber values. Finally, we
replaced the scale with the equals symbol and btghalance values in the same way.
An example follow-up question that seemed to wodkila be: “If you removed 5 from
this side of the scale, how many would you havestoove from the other side to keep
the statement true?” then, “Can you write that apen out mathematically?” 2) Writing
about her thought processes. She would descrilbesteg in words, as she worked
through various types of balance problems. Ofteat, alone would helper identify
areas of flawed logic or reasoning. The writingbadsive me an invaluable insight as to
how to more specifically meet her learning neegi$.a®so had Jill and the other students

come up with their own fill-in-the-blank number semces and share them with others (or
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me) to solve (Carpenter et al., 2003). This wa®aderful way to get the students to talk
about why they chose the numbers and how they khattthe correct answer was indeed
the only number that would make the sentence true.

These activities mentioned above, alorty wiany others, would be appropriate
at almost any grade level, and in fact would helpétter prepare students for learning
how to think algebraically. As educators, the intgot thing to remember is that in order
to design activities that will help students oveneodeficiencies, it is imperative that we

have a solid grasp of the level of understandingstudents possess.

Resear ch Question
Although there are most likely studies that dem@tstbetter methods of
instruction, particularly at the lower grade leyélsat might encourage the type of
understanding needed for success in algebra, tip@gel of this study is:

1. To develop and to pilot a paper and pencil questige to measure students’
understandings of relational equivalence as imgiigtheir interpretations
and use of the equals symbol. Note that in theldpugent and piloting of
this questionnaire, it is hoped that teacherslajralde levels will be able to
use such a questionnaire as they design and measueéectiveness of
meaningful equal-symbol classroom experiences. gitos questionnaire will
be modeled after, and adapted from, questions inga@vious studies
completed by Freiman and Lee (2004), Falkner, Lawi Carpenter (1999),

and Hunter (2007).



2. To examine the relationship between the resultgiobdt from this
guestionnaire and student success in algebra asuneglaby End-of-Course

(EOC) exam and the Idaho State Achievement Te&l(JS



CHAPTER 2: REVIEW OF THE LITERATURE
Introduction

Throughout the development of mathematics, symiieN® crept their way into
the manner in which we write and communicate cotu@ly and procedurally. These
symbols, which have become commonplace, are usstadisthand tools designed to
simplify the way mathematics is written. For someymbol is a mathematicabject a
thing that can be manipulated in the mind. For othesgitifies aprocedureto be
carried out. Students who concentrate on procetiaiecapably develop a set of skills,
which allow them to do computational arithmetic audceed in the short term; but in the
long term, they may lack the flexibility that wdive them ultimate success in learning
mathematical concepts (Gray & Tall, 1992). Whetuaant encounters a symbol for the
first time and is instructed as to its meaning,ttbpe is that he connects that symbol with
some prior conceptual understanding of what itesents. “A mathematical symbol
[should] evoke a particular thought, help to uneedonceptual object, and point to
specific features that belong to the significaatdiof meaning of such a conceptual
object” (Saenz-Ludlow & Walgamuth, 1998, p. 154)n& students see these symbols as
computational directives with no connection asdw o use them functionally. They
read the symbol but do not connect it to anythiragfical or relational — literacy without
understanding (Bickmore-Brand, 1990). In orderebaystudent to the point of really

understanding what a symbol is representing or comcating, teachers must



continually provide meaningful, contextual, and e@nt experiences to nurture and
develop this progressive understanding. Becaukewfthe brain learns (Dewey called it
the principle of continuity of experience), studeoannot be expected to immediately
conceptualize the depth and different meanings dodmkin a symbol (Saenz-Ludlow &
Walgamuth, 1998). The concept of equality, withpexg to the equals symbol, is a
concept that students must have a chance to wdhkinva variety of settings. Several
researchers have written about how students caglajea procedural, “do something”
notion of the equals symbol without these expersmrovided by their teachers
(Carpenter et al., 2003; Rivera, 2006; Falknel.e1899; Behr, Erlwanger, & Nichols,
1980). For some, the symbol is a call for actiodiractive to write the answer. Instead of
a symbol expressing relational equivalence, froesé¢hstudent’s perspectives, it is a
symbol that is simply requesting an answer (CoBB7) Furthermore, a student’s
misinterpretation of the equals sign is not a ftesutognitive limitations or immaturity
on the part of the learner. Itis, however, adtiresult of certain instructional strategies
and techniques that force this “do something” efl‘ine what the answer is” notion on a
student’s interpretation of the symbol. The teashleat Cobb surveyed believed their
curriculum was a collection of isolated facts akilsthat had to be mastered separately.
The teacher’s role, as they saw it, was to traidestts to use particular skills. In turn,
their students learned to just mimic their teach&@alk and behavior and never sought to
understand and make connections within the mathespaspecially with respect to the
equals symbol. There are other examples of hovatiguage a teacher uses to instruct

can reinforce this notion of procedure versus ustdading in mathematics. For example,



using the phrase “do the same to both sides ofjaat®n” when solving can be very
confusing to a student who thinks all he has tesdtemove a number to get a desired
result. It becomes “a magic trick” instead of aermexse of relational equivalence (Gray
& Tall, 2007). A teacher who believes this way aeaches this way inevitably has
students who are not mathematical thinkers, sirbptause of the lack of classroom
experiences they have been given. The conceptuaiggand the understanding of the
equals symbol is not as intuitive for students asyrteachers believe it to be. It is a
concept that is very difficult for many learnersutaderstand completely, and yet, it is
essential that a student grasp it before theyumidlerstand any formal algebraic concepts
(Falkner et al., 1999; Knuth, Stephens, McNeil, BbAbi, 2006). The equals sign stands
for relational equivalence. However, in studentgias, it is often used and interpreted in
many different ways. If students are not exposeatiecappropriate multiple forms and
representations of a word or symbol, they will rrdwve able to interpret and use it

correctly (Witherspoon, 1999).

Student Misinter pretation of the Equals Sign
One of the consequences of teaching from the petispehat mathematics is a
collection of isolated facts and skills that havdoé mastered separately is that students
seem to decide, at some point, that working foreusténding is not necessary—that

learning the procedure is appropriate. They sefarchnswers, not for understanding. As
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students do worksheets similar to Figure 1, theyasdy one form of an equation and one

use for the equals sign. It is not surprising thay should reject alternative forms,

2+3=__ 2+__ =8
4+7=__ 3+5=__ +2
3+1=_ 9:4+_
5+2=__ 4+  =6+_
Figurel. Figure 2.

Traditional Worksheets Suggested Practice

similar to those shown in Figure 2 (Cobb, 198710)1Another problem that seems to
be commonplace among students taught procedusatigtionly an incomplete
understanding of the equals symbol, but an incokieev as well. A typical example of
this could be seen in a student’s work of the feitay problem:

John has three bags with seven cookies in eachlbagmeone gave him four

cookies, how many would he have all togeth@x?Z =21+ 4 = 25.
The incorrect use of the equals sign demonstratéuis student’s work clearly reveals a
procedural “and the answer is” type of understagdithe equals sign (Cobb, 1987, p.
110). A very disturbing outcome that should be datestudents who take a mechanistic
approach to understanding symbols is that theyyréoek for reasonableness of results
(Witherspoon, 1999). This is one of the most fratstig behaviors for teachers to
overcome, and for this researcher, it has alwags badifficult task to focus my students
on considering the importance of “reasonablenesisaif results.”

As students progress through school agdhlie take algebra courses, it becomes

absolutely essential for them to have developeelem kinderstanding of equality and the
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various forms in which the equals symbol might app®/hen a student begins algebra,
if he still has an incomplete understanding of ‘thé equations in Figure 2 will not make
sense. He will have an extremely tough time undadshg various manipulations needed
to solve equations. When reading and working withvtarious types of symbols, letters,
numbers, and expressions in algebra, a studenthimis that the equals sign means
“write the answer’ is likely to believe that anmession likex +y requires a single term
answer” (Boaler & Humphreys, 2005, p. 17). Studéetsome bogged down by their
lack of symbol interpretation. In their minds, #gressionx = 6 + 3 has no solution,
because we cannot say with meaning, “somethingleguaand three” (Steinbring,
Bartolini-Bussi, & Sierpinska, 1998, p. 10). Simija “a mathematical sentence, such as
2x + 5 = 3k + 2), must seem completely nonsensical to sometiaeviews the equals
sign as meaning, ‘and the answer is’™ (Witherspd@99, p. 1). This type of student is
way behind in his understanding and will foreveuggle with algebraic concepts, if not
given special attention to her specific needs arakty. Studies by Carpenter et al.
(2003) have shown numerous examples of studens€anceptions of equality. When
asked to fill in the box for the equation 8 + 4= 5 to make the equation true, many,
demonstrating a need to “write the answer” immedyaafter the symbol, claimed the
answer was 12 instead of 7. Then, when asked taiexprther, some students wrote: 8
+4 =12 + 5 =17. This clearly demonstrates a needite in the answer immediately
following the equals symbol, instead of seekinfpton a true equivalence statement. In
the same study, students who were quick to vergtatement like 3 + 4 = 7 was true

were also quick to claim that 7 = 3 + 4 was no¢trThey either stated it was
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“backward” and couldn’t be written that way or s#idimply didn’t make any sense.

Clearly, these students had developed a procednd&rstanding of equality.

How Students Should View the Equals Sign

The question now becomes, what is it that studgmsid know about the equals
symbol, or more importantly, the relational equerade that it represents? First and
foremost, students must be aware that they arg ggmmbols only to aid in
communicating their ideas (Witherspoon, 1999). Gtheg is realized, students can begin
to understand the various representations andiogatat are frequently used in
mathematics. The fact that their misconceptionsl@varound a symbol does not mean
their lack of relational understanding is trivialeasy to overcome (Carpenter et al.,
2003). Teachers must not treat it as such, butgpeeial attention to their students’
conceptions, from primary-grade mathematics thraalgkbra. For, as algebra students
encounter various uses of the equals symbol, tibelerstanding of equality must be
complete. If not, they will get caught up in thgars of procedure. For example, these
students might always believe an answer, or resluttuld be written immediately
following the equals symbol. Or, an algebra studeigiht always believe that adding or
subtracting a constant is the first step in sohangoblem, without giving any thought to
the necessity of maintaining an equivalent mathe@ladentence. The goal, by the time a
student reaches algebra, would be for them to stated the different ways the equals

symbol is used. In arithmetic, 2 + 5 = 7 meansstima of two and five is seven. In certain

algebraic contexts, we might sax®+ 2x+1= (x+1)*” should be interpreted as a
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mathematical sentence being true for all values aihother context might define the
mathematical sentengé+ 9x + 8 =0, which should be interpreted as being
mathematically true for two values xafOnce again, if students have not been exposed to
various forms and uses (like that in Figure 2),pghevious equations would not make
sense. There are many other uses for the equalsFigexample, in geometry, we might
write AB = 2, meaning the distance between pok&ndB is two units. In summary, the
goal is to have students understand the equaldsigpresent 1) the sameness of
objects, 2) quantitative sameness, and 3) simjlafitwo numerical statements (Saenz-

Ludlow & Walgamuth, 1998).

Measuring and I mproving Student Under standing

As mathematics teachers, the overall goal should loaltivate students’ abilities
to reason. In the National Council of Teachers attM@matics (NCTM) document
Principals and Standards for School Mathema{®800), a proper, relational
understanding of equality is a concept that stuglenist begin to encounter and
understand, even in the lower grades. Teacherstoauaake it clear to all students that
their goal is to make sense of and find ways teesgarious types of problems. Itnst
to give the teacher the impression that they atiagm line with some sort of procedural
expectations (Cobb, 1987). If both the teacherstndent are aware of this goal, it will
help set the stage for students to seek concepng@rstanding. If teachers do not want
to stifle a student’s progress mentally, then thmesst be aware that “cognitive activity is

constrained by the context of on-going activity’ofidd, 1987, p. 116). This fact puts a lot
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of responsibility on the teacher to design actegtihat are non-procedural. “The
standardization of algorithms is unnecessary. S$tisdean develop their own processes
for using the symbols in problem solving as londhase processes are consistent with
the underlying meanings of the symbols” (Witherspd®99, p. 3). To rid students of
the desire to be given a standard algorithm ishougis often met with severe
opposition from students (and parents) who have beoctrinated with procedures.
These learned procedures, however, are not comiseteoss time or cultures. Once
students find success in investigation and obsermvatheir potentials becomes limitless.
Carpenter et al. (2003) found that placing studangsposition to challenge their existing
conceptions was productive. Engaging them in dsous in which different conceptions
about equality emerge and must be resolved camlpéuhto broaden their views. True-
False number sentences are easy to introduce araswstool for engaging students in
discussions.

The importance of allowing students to esgrtheir ideas, patterns, intuitions,
and methods cannot be overstated. The instrugtdy’description should be to facilitate,
guide, question, and assess. Blair (2003) comments,

Teachers do not realize how powerful the pattenasgeneralizations that students
express can be. These expressions should be seppartunities for class
discussions so that all of the students have atodbgse ideas. As teachers, it is

our job to understand how children think about raathtics when they come to
school and build on this informal understanding.2)p

Freiman and Lee (2004) developed a sefigsiestions that teachers or
researchers could use to quickly and effectivelasuaee the level of student

understanding of mathematical equality. These questvere adapted from their
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research on how best to measure understandinguafigg their source came from
earlier studies done primarily by Falkner et a@99). The following fill-in-the-blank
type questions are included in the pilot questiimenased in this thesis:

atb=c+_ ,a+b=__ +d,c=a+,anda+___ =c+d.

Warren’s (2003) study agreed with the tlsquresented by Falkner et al. (1999).

In Warren’s study, six tasks were given to studentslving number sentences and
finding missing numbers. This study showed thatyrstndents had difficulty relating
sums and differences, due in part to “=" being useanathematical equality. Hunter’s
(2007) study was also designed to explore studentrstandings of the equals sign and
equivalence. It involved similar questionnaires arad similar to those listed above, with
the addition of number sentences in the form af- b = ¢ — d. Her study revealed that
only 28% of the subjects used an appropriate melatistrategy. These results highlighted

a lack of understanding of the equals sign amomgcgzants in the study.

Summary
Both secondary and elementary teachers toeleave a wealth of knowledge and
experience before they begin to structure classédessons that are designed to guide
students through an interactive process of meanlinigghlog, investigation, and discovery
of a mathematical concept. Often, however, teadteéesnentary in particular) are not
familiar with, nor have they been given an oppaitiuto develop their own experiences
with a deeper, richer, more connected algebra addnstanding of how to build these

opportunities for their students (Blair, 2003). @wsly, more teacher awareness is
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needed, both in mathematical content and instmcttas appropriate to expect students
to justify their claims and repeatedly ask questibke, “Will that always be true?” and
“How do you know that is true?” to help them gakills in presenting mathematical
arguments and justifications. The notion of mathgcabequality is the idea that two
expressions have the same value. This is impdidamivo reasons. One, children who
understand mathematical and symbolic equality alle a useful way to communicate
and represent arithmetic. If a student is tryinfjgare out 83 — 29, she might be able to
relate that to an easier problem: 80 — 30. To e tabcorrectly reason, and see that
83-29=80+3)- (30-1) = 80-30) + (3+1) =50+ 4 =54 is a powerful computational
tool and an essential skill used in the understapdf algebraic concepts. Second, this
understanding of relational equivalence is a brithge allows students to be able to
conceptualize and understand the concepts undegrlgenmore abstract principles of
algebra. Without a robust understanding of the isggy\anbol, what chance would a
student have in being able to understand why sciirtiga27 from both sides of
4x + 27 =87would maintain equality (Falkner et al., 1999)%tlidents were to just

memorize rules that would allow them to solwe+ 27 =87 what chance would they

have of being able to understand what they wenegjdanuch less be able to apply and
justify the solution processes?

Understanding precisely what the equaistmy} represents, and the many
appropriate uses for it, is embedded in every af@aathematics. Teachers must start
very early and focus on developing students’ urtdaings as they move very

consistently through each activity and make suexyeghild is developing a complete
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and correct interpretation of the equals sign. ifi@thl methods of memorizing facts and
practicing worksheets that only show one use oktiusals sign throughout most of a
student’s education bring about a “do somethinglarstanding of the equals sign. This,
in turn, renders algebraic sentences meaninglesadst students. Developing a robust
understanding of equality and of the multiple waf/sepresenting arithmetic facts in the
early grades will establish the groundwork for tineire learning of more advanced

mathematics.
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CHAPTER 3: DESIGN OF THE STUDY
Resear ch Design

This research was a mixed-method, qugsemental study to develop and pilot
a questionnaire that tests both the level of studederstanding of symbolic equivalence
and to examine the relationships between the estithis questionnaire and students’
understanding and success in algebra as measutbdibfznd-of-Course (EOC) exams
and their scores on the Idaho State Achievemerit {®sccessful completion of the
ISAT is a requirement for high school graduationdaho.) This study sought to discover
if students with a complete, relational equivalenesv of the equals symbol, as
measured by the developed questionnaire, scor#isagrily higher on ISAT or EOC
exams than those who do not. The questionnairewasdlerived and adapted from
guestionnaires developed by Falkner et al. (199@iman and Lee (2004), Stephens
(2006), and Hunter (2007).

In addition, the research design included an intfdeygerview with the teacher of
the students that participated in the study. Tis §oal of this interview was to
determine how one teacher reflected on his teadbing robust understanding of the
equals symbol as he delivered the content contamadeginning algebra course. A
second goal was to see if the teaching goal wasesstul as reflected by students’ scores

on the questionnaire.
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Participants

The students used for this study werengpéa of convenience: a population of 72
ninth-grade algebra students at a local junior-tsigfnool. The school is centrally located
within a large urban district and is comprisedtofignts from a wide range of socio-
economic backgrounds. Of the total 790 studentsattend this school, 29 were
identified as English language learners, 179 gedlifor free or reduced lunches, and 52
were qualified for special-education services. 8hisl were asked to voluntarily fill out
the questionnaires during class time and werethatit was not a test, but simply a way
to find out how students solve problems. Parentsstudents signed consent forms and
these were collected by the teacher. Data as ttheher not consent was given was not
included in the analysis; student papers withouseat were not included in these data.
The survey was given during May 2009, and requagaloximately ten minutes of class
time.

The teacher was interviewed via an Internet chdetermine a baseline for what
activities, specifically focusing on equality armtequals symbol, were accomplished
throughout the year. The teacher was also askadt apecific instruction given
regarding how the equals symbol should be integpreind about how he talked about
and used the symbol throughout his instructiomgudision, and activities with his

students. The researcher had no contact or intenaeith the students.
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Data Collection

Questionnaires were collected, scored,canctlated to ISAT and EOC exams to
determine if students with high levels of symbogtational equivalence understanding
have more success in algebra. The questionnawvebs/ad two sections (see Appendix
A). Part 1 consisted of a twelve-question fill-metblank and true-or-false section. Part 2
involved two free-response questions. Part 1 wasesloon a twelve-point scale, with
each question being marked correct or incorreat. gaul of Part 1 was to measure the
students’ procedural understanding of the equgls siould they simply fill in the blanks
with numbers to form true statements? Part 2, whachsed on discovering each
student’s conceptual understanding of the equgls @ias also scored using a twelve-
point scale using the rubric groupings shown inléa and 3. These data were then
analyzed to determine possible correlations betvgaimient scores on the ISAT and EOC
exams. Student responses were also grouped intgEgeategories found during
qualitative analysis and were used to examine sgr@mdtudent thinking and reasoning.

The second set of data was obtained from an ilet@rwith the master teacher

after student data were collected. These data reeceded through the format of an
Internet chat and were later analyzed from thegastsve of a teacher looking at his
students’ understandings of the equals symbol.pLinpose of this interview was to
gather data that would allow the researcher to fia&enaster teacher share his thoughts
and reflections on his focus throughout the yedreakelped his students develop a

robust understanding of the equals symbol. In amdithese data would allow for a
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better interpretation of student responses on tlestgpnnaire through a triangulation

process (Glaser & Strauss, 1967).

Resear ch I nstruments

Both the Stephens (2006) and the Freiman and2@#] studies mentioned that
many errors in student responses were due to catiml errors. In both cases, this
was a direct result of the use of questions invg\three-digit numbers in their
symbolic—equivalence statements. Because the prigddbis study was only to measure
equivalence understanding as it related to thelsegyanbol, all of the number sentences
utilized one or two-digit numbers to minimize staderrors resulting from arithmetic
computation.

Best-fit lines were derived from an appraie computer algebra system,
Microsoft Excel (2007), to determine the strendtle@relation between both the survey
scores and each student’s ISAT score, as wellesutvey scores and each student’s
EOC. Categories of responses from Questions 1 amd ummarized in Tables 2 and 3.
Question 1 is “Describe why you put the answer giolfor #1 above 8+4=___ +5).
How did you know the answer was correct?” Quesfias “A friend missed a lot of class
time and was having trouble understanding what “symbol meant. How would you
describe it to help him/her understand?”

Qualitative data were gathered and recorded duh@gnaster-teacher interview
through the use of an Internet chat. The intendi@gan with a question asking the

master teacher to reflect on his teaching and coetl along lines as determined and
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directed by the teacher’s conversational commé@iftsse data were analyzed and used to
help interpret the results of the student data.

The analysis of the qualitative development of shidesponse categories using
guestionnaire data, and the statistical analysibefelationships between these

categories and the EOC and ISAT scores will begmtesl in the next sections.
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CHAPTER 4 RESULTS
Data Analysis Overview
The data from the questionnaire were asalyn several ways. It was found that

there was almost no correlation between the prae¢édnd conceptual sections,
R? = 0.09. The quality of student responses to thprd2edural questions in Part 1 had
no bearing on whether or not students respondedatty in Part 2. A strong majority of
students (79%), labeled for this study as Groupiére able to answer all of the Part 1
guestions correctly. They were able to demonstedtie very least, that they had been
exposed to equations of this form and could strectwe mathematically equivalent
statements. This was surprising due to the fattghevious studies had not shown
anywhere near this high a level of proficiency. lwer, this ability did not correlate into
an ability to demonstrate, on Part 2, a robust kedge and understanding of the equals
symbol. This lack of correlation required that grecedural and conceptual scores be
separated before being compared with the studestsig data. The correlation
coefficients between testing data along with thaisg rubrics for the conceptual
guestions numbered 1 and 2 are shown in Tables3l,ahd 4, respectively. A strong
correlation was not found between students’ sconesither the procedural or conceptual

sections and their corresponding ISAT or EOC scores
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Tablel
Summary of Correlation Coefficients

Categories Compared R?
Procedural with Conceptual 0.087
Procedural with ISAT 0.37
Procedural with EOC 0.14
Conceptual with ISAT 0.10
Conceptual with EOC 0.33
Conceptual Question 1 with Conceptual Question 2 -0.17

The Teacher
The students involved in this study had the beméfitorking directly with a

highly qualified master teacher named Mike (pseydon Through this researcher’s
interaction with Mike over the last ten years, pea knowledge of Mike’s teaching
experience and abilities, and through the teactteniiew conducted after the data were
collected, it was evident that he had worked diiityeto help his students achieve a high
level of understanding in each of the conceptsahght to his students. His classroom,
demeanor, and attitude towards his students isinigyiwarm, and focused on providing

his students with a comfortable, nurturing enviremtnin which to learn. At the time of
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this study, Mike was concluding his 13th year atagsroom teacher. During these 13
years, he has taught mathematics courses ranginglfeginning algebra to advanced
placement courses, teaching students in grades Hé&2s a widely respected
professional among his colleagues and possessasaiang, heart-felt concern for his
students’ overall well-being and growth. In regat@$he topic of this study, it is
important to note that Mike has a correct view oWtthe equals symbol should be
viewed and utilized in mathematics in general. tégesl, “The equals symbol is a way to
show that two quantities have the same value a@rttieae is the same amount of ‘stuff’
when comparing two things.” He also made it cleaw flaware he was of the importance
of students having an appropriate understandingeoéquals symbol. He said, “The idea
of equality is a very important concept for stugatot understand if they are going to be

successful in algebra.”

Methods of Analysis

A qualitative analysis was performed on Part thefquestionnaire to develop a
categorical breakdown of the different student-oese types that would lead to a better
interpretation of student understanding. Afterdlaé were collected, common themes, or
core theoretical concepts, were identified fromgh&lent responses. The most obvious
method for determining common themes or conceptisarstudent responses was to
identify similar words or phrases used by the stgsleOnce those were identified,
similar patterns in student responses were easletuify. This qualitative method of

gathering data, identifying, and sorting the datsdda on key “codes” or common themes,
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and then drawing a conclusion or theory based onthe data presents itself, is referred
to as Grounded Theory (Glaser & Strauss, 1967).

As mentioned above, Group A was identified asd¢hsiadents that were able to
complete all twelve questions of Part 1 correctBonsequently, Group B consists of the
students that missed at least one of the proceduestions in Part 1. This was
determined to be the most logical distinction, thughe fact that most students were able
to complete Part 1 with absolute competence.

The sorting of the data for the conceptual pathefquestionnaire (Part 2) began
with an analysis of each question independentlychiof the questions was sorted based
on the commonality of student responses. The nuwf&udents in each category is
summarized in Tables 2 and 3.

Question 1. Describe Why You Put the Answer You Bid (8 + 4 = + 5).

Each of the student respon$is into one of six categories. The categoriesewe
awarded points (1 through 6, respectively) basedroimcreasing level of demonstrated
knowledge of equivalence. The categories were:sBdunental math, 2) Used algebra,
3) Said it was “the only one,” 4) Incomplete dissios of sameness, 5) Complete
discussion of sameness, and 6) High number sem&est0dent did not answer the
guestion and was awarded no points for question one

Category 1: Used mental math

Six of the seventy-two respondents wrote theitifjaation of how to complete
the problem as some form of mental arithmetic. MEHsponses included statements like,

“I just knew the answer,” or “mental math.” Althglu they were able to correctly fill in
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the blank, they were unable to identify or artitela solid rationale or explanation as to
why their choice must be correct. This was intetga as having a lack of solid
understanding in the fact that the mathematicalesee (8+ 4=_ +5) represented an
equivalence statement. These six responses wamredsene point.

Category 2: Used algebra.

This category was the second largest categorfudest responses. It was evident
that these students had learned, or had been maditto believe that they needed to
apply some sort of algebraic procedure, perhapausecthis was asgebraclass. And,
although a correct response can definitely be fdundsing a well-known algebraic
procedure, the students were still not able taadte why the number seven had to be
the missing number to make the statement true @nahically equivalent). Almost
every response grouped into category 2 includeavtird “subtraction.” Most responses
stated exactly how they would need to “subtraat’fivom both sides of the equation, or
“subtract five from 12" to discover the correct aes. Clearly this is correct, but does
not answer the question of “why your answer is@ctfr(which would need to include a
discussion about equality). It simply states “hdté answer was derived. The 24
respondents in Category 2 were scored two points.

Category 3: The only one

The three respondents in this category did nat gidetailed description of why
they knew the answer was correct, but they didrbagcross the line from procedure to
reasoning. At first it might seem that a resporiss fit’'s the only one that fits” should

have been placed in Category 1; however, it intlyeshows that the student knows there
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is a reason why it must be true, even though thigyhtmot be able to articulate what that
reason is. The other two students responded witmé&de it equal.” Once again, the
students are demonstrating that they know theagemson why, that extends beyond a
procedural-step explanation, even though they wetable to articulate it.

Category 4: Incomplete discussion of sameness

The students in this category began to demonsdraterking knowledge that the
statement represented sameness of two values.nfyeeason why these students were
not grouped along with those in Category 5 is bseaf their inability to communicate
their thoughts effectively. It was therefore imgiide to determine if there existed a lack
of complete understanding or just simply a lacklofity to communicate effectively
through written language. The student responses @raracterized by statements like,
“both are 12,” or “the two have to be 12.” It wasarred that the students meant to say
both sides of the equation had to be 12; howelierirtore complete responses were
grouped into Category 5.

Category 5: Complete discussion of sameness

All of the 26 responses in this category (thedatgategory) made clear
statements demonstrating a realization that theegabn each side of the equals symbol
had to have the same value. An example of one msgonse is, “Because 8+4 is 12 and
to make both sides of the equation equal, you woakt to add 7 to the 5 to make the
answer 12 and the statement true.” Some studenfgysshowed two separate equations:

“8+4=12, therefore 7+5=12...8+4 = 7+5, and 12=12."
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Because the teacher was aware of how studentgsnwgh solving equations
due to a lack of understanding of what an equivtatatement represents, it is not
surprising that so many students were able to \aatairate descriptions of sameness.
Mike mentioned, “I see students struggle with mglgare they are ‘fair’ to both sides of
an equation.” The teacher’s knowledge of this tetis students being exposed to a
variety of activities to help them to better graisis concept. He said, “When solving
equations, | talk about the idea of a scale. Thessions on each side of the equation
have the same value, just like a balanced scale’é& discussions, which communicated
the need to keep each side of an equation the saatk a positive impact on how his
students viewed equivalent statements.

Cateqgory 6: High number sense

Students in this category demonstrated not orhgar understanding of symbolic
equivalence, but were also able to clearly artteugahigher than “normal” level of
number sense. Without performing an algebraic mhoeor computing an arithmetic
sum of both sides of the equals sign, these sduelersts were able to view the entire
number sentence as one entity and describe thenshaips between the numbers. One
student wrote, “since 8 + 4 =+ 5, | know thafot added to the 4 to make 5. So that
means | must subtract 1 from 8 to get 7.” Thiscdption was interpreted as an above
average understanding of the numbers and valuas @guivalence statement. This
response was 1 out of 7 in this category, out efttiial 72 responses.

In regard to this understanding, Mike commented, €émphasize that whatever step is

taken to alter the left side of the equation, ningstione to the other as well. Also, when
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simplifying expressions with variables, | like tauye students pick several random
values...so students can see that the simplified feralways equal to the original
expression.” These activities that allow studeatsitplify expressions, work with
various forms of expressions, and relate the ngwession back to the original
expression, clearly gave these students a morepthdinderstanding of how to work
with, and interpret, mathematically equivalentesta¢nts. Mike’'s awareness of how
students can struggle with symbolic equivalenaanad him to weave appropriate uses
and activities into his instruction. In this resgw®ar’s opinion, his awareness and
instruction is the prevailing reason why his studgrerformed so well on this type of
guestionnaire. Nearly 53% of the students wereggdunto categories 4, 5, and 6. The
most common student response for question one @@itbut of 72, or 36% fitting this
grouping) made reference to “both sides havingyteae12.” This was considered an
appropriate understanding of the relational egene¢ shown in the number sentence.
The next most common response involved the stutksudribing an algebraic process
that was needed to solve for the missing numbes Whs made clear by the student
referencing a need to “subtract” from one sidelitam the correct answer. Although this
process does yield a correct answer, it demonsdtthtestudent’s need to solve
something via a known procedure when seeing thalegymbol involved in a number

sentence, instead of simply discussing the equivagdationship shown.
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Table?2
Question 1. Describe Why You Put the Answer You Did For (8+4=___ +5).

Categories based on common student responses N  Scoring Value Applied
0. No understandable response given 1 0

1. Used mental math 6 1

2. Used algebra 24 2

3. The only one 3 3

4. Incomplete discussion of sameness 5 4

5. Complete discussion of sameness 26 5

6. High number sense 7 6

Question 2: Describe to a Friend the Meaning offgeals Symbol.

The student responses for the second questior icainceptual part of the
guestionnaire (Part 2) were also sorted and codsddoon the commonality of responses.
Once again, the categories were awarded pointgdligh 6, respectively) based on an
increasing level of demonstrated knowledge of egjence. Five students did not
respond, and one student responded with, “I damikk” These responses were awarded
no points in the scoring rubric. The six categoviese, 1) The answer equals or is, 2)

What goes between the answer and the equatiom@®)IB response, 4) Scale and
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balance, or it means the same or eqatity you do something to each side, 5) Both sides
are the same or equivalent, and 6) Complete dispus$ equivalent values.

Cateqgory 1: “The answer equals of is.

Students in this first category comprised the sddargest grouping from
Question 2 (18 out of 72, or 25%). Many of the mas®es were short and nondescript.
Most students made simple statements similar tadklsgmeans is,” or “the symbols just
means equals.” Students were not able to provideaningful description or definition.
They either believed that the question only requaeimple answer—because everyone
should know what that symbol represents, or thdyndt have a deep enough
understanding to be able to articulate what iteeents. It is possible that some students
had developed confusion as to when to use the @Hith® answer.” One of the phrases
that Mike commented on using in his instruction wése answer to.”

As an example, when we are first dealing with eguatthat can be solved with

one or two steps, | like to play a little game edl'What's my number?” On the

projector screen, | put something like "I'm thindiof one of my favorite
numbers. | multiplied the number by 9 and sub&dat and got 29. What is my
number?" After students work for a few minutedigaring out the problem,
then we work on representing the problem in an gguéormat. As we talk
about the "got" part, | use words like "the ansiggor "the result was." Then we

talk about strategies for finding the answer, whedds to discussion of solving
equations using inverse operations.

In the above mentioned activity, the example pnobieight be represented by the
equation 8 — 7 = 29. A discussion about the “answer he geth® 29, might very well
have contributed to students believing that thevanslways follows the equals symbol.
Although there is nothing mathematically incorretth the statement, students arriving

in his classroom with improper understanding of Bght equivalence might have easily
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been led off track or improperly reinforced. As thiscussion progressed into finding the
solution (solving foix), and the class began to use words like, “lettgesthis equation,”
or “how can we find the answer,” it might have mmt®d an opportunity for some
students to sense a contradiction in the vocablanyg used. A student would have
heard, originally, that the “answer” was 29. Howewce the “favorite number” was
discovered, the “answer” now became 4. This posgibhtradiction in student
understanding might have led to such a high nurobstudents using the word “answer”
to describe the equals symbol.

Another possible explanation for students usimgviiord “is” to describe the
equals symbol is that they had been exposed todd lerbal statements within their
curriculum that required students to learn techeggior translating sentences into
equations. Mike said, “I encourage students to loolkey words that indicate the
operations involved and key words for where to glde equals sign.” He also
mentioned that he discusses common phrasing akd fooverbs to help students break
down the sentences. “Chances are the words: castsyas, were, etc., will indicate
‘="." Teachers often train students that the wtisd in a word problem will always tell
you where to place the equals symbol. And, mosithad, that will work as a strategy for
translating words into equations. However, it datyadoes not foster an understanding
of equivalence as these data indicate.

Category 2: What goes between the answer andjtiaion

This category included seven students whose respamsre more descriptive and

detailed; however, they were not indicative of stutg with a thorough understanding of
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equivalence. These students seemed to understainih¢hequals symbol is just the
mathematical sign that is placed between the aatltmvork that is to be done, and the
answer to that work. One student stated, “...the lsgyambol represents the transition to
the answer.” Another simply said, “you put it beemehe question and the answer.” This
student plainly demonstrated, as Cobb (1987) mesitia need to “do something” when
viewing the equals symbol.

Category 3: Double response

The two students receiving three points for thiegary began to bridge the gap
between the students that could demonstrate kngeletla proper understanding of
symbolic equivalence and those that could not. &lsésdents wrote their answers in two
parts. Part one would have fit into Category 1 @redsecond part would have fit into
Category 4. These students, given a specific comaght define the equals symbol as
meaning, “the result,” and in another situationdenstand that it means, “the same.” The
student that wrote, “a result, or it could be déwsz as the same...” was also able to
articulate on Question 1 that, “the two equatioad to be equivalent to each other.” It
appears from her response to Question 2 that hel ireaction to the prompt was to say
it represents “a result.” However, she was ableitther articulate a deeper
understanding of symbolic relational equivalenarh@ps this student had been exposed
to only one use of the equals symbol in earliedgsabut was now in the process of

cognitively transitioning to a better, more comepland flexible understanding.
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Category 4: Scale and balance/Do something first

The ten students awarded 4 points were placedwud®eparate sub-categories.

The first five students all made some referendbecequals symbol being representative
of a “scale” or “balance.” While this would not ba approved mathematical definition,
it demonstrates that these students had movedieaghg the symbol as a procedural
directive for the answer to understanding thag representing some sort of relationship
between two quantities. These activities designehlike to cultivate an understanding
of the equals symbol might have played a key mol@eveloping this comprehension.
When asked, “What are some of the common mistai@sge in students with regards to
the equals symbol, and what action would you takeotrect it?” Mike responded,

One issue that | see students struggle with is mgaguire they are ‘fair’ to both

sides of an equation. | like to use the idea afadesas | said before. One fun way

to do this is using a website called the Natiortdry of Virtual Manipulatives

(http://Inlvm.usu.edu/en/nav/vLibrary.html). Theywbaa great interactive

balance with algebra tiles that you can move aramdiplay with on the screen.

The second sub-category included statements dlidd be summarized by a need

to do something first or to have an end result évaintually showed two things are the
same. For example, one student wrote, “it signj®@s need to reach a numeric equality
on either side of the sign.” This student undedsathat there is a relationship between
both sides, but believes there is work that mustdyee first to show this. In other words,
an equation like 2+3 = 5 would show equivalencesoyau add the 2 and 3. The others
had similar responses including using words likieturns out to be the same,” and

“...when reduced, [both sides] would be the samariight be inferred that these

students were implying that both sides were theesdmt in order to show that was the
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case, one would need to perform the arithmetigoerations shown to arrive at a single
value. Although this is certainly true, studentsirprehension needs to deepen into an
understanding that the equals symbol is a deateraiti equivalence, not a suggestion or
a test for equivalence.

Category 5: Both sides are the same or equivalent

This grouping of students comprised 27 out ofof238% of the responses to
Question 2. These responses were viewed as anpgbdeounderstanding of symbolic
relational equivalence. Some of the classroom dsons that Mike had with his
students throughout the year were apparently hieipideveloping this view of the
equals symbol. Many of his students had learneithiearight and left-hand side of a
mathematical sentence represented the same Vdiilke.said, “When we are solving
equations, | like to draw a vertical dotted linelameath the equals symbol, and
emphasize that whatever step is taken to altdiethside of the equation, must be done
to the other as well.” This distinction of both {salbeing separate-but-equals was simply
and definitively reinforced by his use of the “veal dotted-line.” Most teachers instruct
students to “do the same thing to both sides otthels sign,” but Mike’s discussions
and instruction seem to go a bit further than joaking that statement.

When we are using substitution to solve systenejahtions, students will

sometimes try to substitute the new expressiort ngkt to the original variable

instead of taking the variable out and replacingiih the new expression. | like

to use different colors of markers or sticky nataghe board to help students see

how this works. | also use the example of a sulistiieacher. They only come in

when | am gone. That is how it works with the eqlewt expressions that are
being substituted for one another.
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He was able to affect different learning stylesusing a variety of approaches, giving
students visual, written, and mental images to be§ffold a better understanding of
equivalence.

Category 6. Complete discussion of equivalenteslu

There were only two students in this category.seh#o students were able to
articulate that the equals symbol represents madtieah equivalence. Once student
wrote, “...the stuff on the left side of the = symlbals the same value as the stuff on the
right.” The other wrote, “...they have the same ealtor example if you owned a car,
and your friend owned a car of the same valuer fireaze would be the same, or equals
(=).” It was refreshing to notice that these studenade clear mention of equivalent
values. Improper uses of the equals symbol, writtararious contexts, are very
prevalent in our society. To depict the above noer@d student’s example, one might
have improperly written: “car 1 = car 2”; howevtrat would be incorrect. The cars
themselves are not equal. The student’s staterhanthteir “values” had to be equal is
correct. Mathematically, we would write: If the ualof car 1 is equal to the value of car
2, then the cars’ values are the sama.rbéfpresents the value of car 1, dnekpresents
the value of car 2, thea=Db. This is an example of the quality and level oflerstanding
(and communication) that all students need to aehie be successful in secondary

mathematics.
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Table 3

Question 2: How Would You Describe the Equals Symbol to a Friend?
Categories based on common student responses N  Scoring Value Applied
No understandable response given 5 0
Did not know 1 0
The “answer” 9 1
“Equals” 7 1
“Is” 2 1
What goes “between” the equation and the answer 7 2
Double response: “the answer” and “the same” 2 3
“Scale” or “balance” 5 4
It means the same or equafter you do something to each side 5 4

(add, subtract, or reduce)

Both sides the “same” or “equivalent” 27 5

Discussion of equivalent values and/or amounts 2 6
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Summary of Analysis

As shown in Table 4, TTESTs were also calculatedetermine if there were
significant differences between the mean ISAT a@€Ecores based on the
guestionnaire. Since 79% of the students got afirb2edural questions correct (Group
A), the first grouping was created to separatedlstgdents who missed at least one
guestion (Group B). The mean ISAT scores of GrAipsd B was 245 and 239,
respectively. Although this difference would plaéeup B students outside the
proficient status as defined by the State Boarchfcation, it was not found to be a
statistically significant differencep (= .052). Group A’s and Group B’s mean scores on
the EOC were 77% and 72%, respectively, and wereradt statistically significant
(p = .22). This implies that the procedural portidrihos questionnaire would not be a
good predictor of success in the course, as mehsyrthe EOC or on the ISAT. For the
students in this study, they were generally ableotoplete most, if not all, of these
guestions correctly. Either they had been exposedjtiivalent statements of this form
before, or they had been given enough experientteeguivalent statements and
equations to be able to complete them and perfbenatithmetic necessary to make true
statements. For this group of students, this ssingple fill-in-the-blank questions would
not serve as a good baseline for determining stugteaerstanding of symbolic
equivalence.

The mean comparisons on the conceptuabseat the survey did show
statistically significant differences in the follovg areas. Groups C and D were

compared based on whether or not, in this reseasabgnion, their responses were
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correct, albeit not necessarily complete. Groupftains those students who scored at
least a total score of seven and Group D all thlosescored six or less. The mean ISAT
scores of Groups C and D were statistically sigaiitly different at 247 and 241
(p=.03). The same was true of the EOC scores ofpgr@uand D at 80% and 72%,
respectively§ = .03). This implies that students who were place@ategory 4 or higher
in at least one of conceptual questions showedfgigntly better overall success in

algebra as measured by the EOC and the ISAT.

Table4

Summary of TTESTs
Categories Compared p
EOC of Groups A and B 0.218
ISAT of Group A and B 0.052
EOC of Groups C and D 0.027
ISAT of Groups C and D 0.028

These groupings in each question seem to foll@xséme pattern of reasoning
and understanding that students have demonstrapévious studies mentioned in the
literature. However, it was not true in this stuldgt students with an appropriate level of
understanding, demonstrated by their responsesiést@n 1, also had an appropriate

response to Question 2. The correlation coeffideand between the two questions was
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actually slightly negative & = -0.17. Therefore, a student’s ability to artatel why a
particular number is the solution needed to fornequivalent statement does not
necessarily mean that student understands, orrtianlate, the meaning of the equals
symbol. In fact, fully two-thirds of the studentsCategory 5, Question 2 (who stated the
equals sign means “the same”) fell into Categooy 2 on Question 1. In other words,
they were able to define or describe an appropneganing for the equals symbol, but
could not articulate a valid reason why a particalamber was the only solution to a
mathematical sentence that maintained equalityewige, 60% of the students who fell
into Category 5 on Question 1 (complete discussisameness) were unable to
articulate an appropriate definition or descriptionthe proper use of the equals symbol
and were placed in Categories 1 or 2 on Questidm ummary, this study has
demonstrated that students who can define or &ateean appropriate meaning for the
equals symbol may not necessarily be able to detrates working knowledge or
understanding of the symbol’s appropriate uses.

These students may have simply been imitatingvitrels from the teacher. It is
possible that they were using “the same as” withmaterstanding, in the same way that
they had previously been using “equals.” They mayaba very early stage of developing

a flexible understanding of the symbol.
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CHAPTER 5 RESULTS
Discussion

The first goal of this study was to discoiesuccess in an algebra course, as
measured by an End-of-Course test and the Statievarhent Test, could be predicted
by a student’s level of understanding of symbddiational equivalence. These data
suggests that there is not a correlation betweejtlestionnaire’s two sections based on
previous research on understanding the equals dymMbwaever, as a group, those that
scored well on the conceptual part of the questorern(scored at least in Category 4 or
higher on one of the questions) did score signifilgehigher on both the EOC and the
ISAT. Therefore, a conceptual questionnaire simdahe one given in Part 2 would
provide a valuable insight to a teacher as to tedipted success of her students. At the
very least, it would give teachers a starting paimd an invaluable awareness of the level
of understanding their students have. This knowdadgequired for teachers to be able
to design meaningful, individualized activitiesttn@eet the needs of each group of
students.

The second goal of this study was to deitezrii the newly developed questionnaire
would be a worthwhile tool for teachers to usedtplguide them as to their students’
level of understanding of this topic. Because efldtk of a strong correlation, further
investigation, perhaps with different groups oft&ts, would be needed to make this

determination. Student responses to Question Zhwdsked students to describe their
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own definition of the equals symbol, turned oub&the most informative, as it clearly
showed which students believe that the symbolesl tis request an answer. This
guestion would definitely be a good starting pdantteachers to use in their analysis and
evaluation of their students’ levels of understagdas they prepared for and delivered
curricula designed to assist students to develgbast understanding of the equals

symbol.

Contributing Factors and Limitations

This study involved a student populatioradéquate size; however, all students in
this study had the same mathematics teacher. Futilndies might benefit by testing a
larger population of students with a variety of emlional backgrounds and teachers. The
teacher in this study was a teacher who, by mastyestandard would be considered a
master teacher, had set a personal goal of teatdrigdeeper, more conceptual level of
understanding for his students throughout the culrm. This was evident in the
discussions this researcher had regarding hisuctginal methods and was apparent in
the higher percentages of students demonstratiagopriate conceptual
understanding of symbolic relational equivalen@ntheported in previous studies
described in the review of the literature. The im@ot role of a good teacher cannot be
overstated, as demonstrated by the high numbeudésts in this study that had a solid
understanding of this topic.

From the observations in this study, it is cldeat these students had been

exposed to an appropriate modeling of how the ageyahbol should be used and
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viewed. This teacher had a keen understandingeantiportance of symbolic
equivalence comprehension as a necessity for ssigtedgebra. This is further
demonstrated by the activities in which his studératd participated. Not only were his
students involved in enriching activities, speaifig designed to facilitate proper
understanding, but they were consistently exposedtérnate terms used to express
equality, “the same as” and “a balance.” Througlnsiinstructional practices, this
teacher seemed to be aware of some of the waysuaents struggled and was therefore
better able to meet each student’s individual ie@needs with regards to this area of

study.

Conclusion

When faced with the need to interpret tipgads symbol, students in many previous
studies have demonstrated a desire to write anean3is, “do something when you see
that symbol” understanding can lead to difficultiesinderstanding more abstract
concepts that begin in the formal study of algeBtadents who do not acquire a grasp of
the equivalence the symbol represents might neyabke to read, perform, manipulate,
or solve any number of relational equivalent exgpi@ss seen throughout mathematics
and science. An example of this type of studetitesone that partially motivated this
study, and | described her at the beginning ofttiesis. This study sought to develop a
measurement that might be helpful for teachersgblight deficiencies in student
comprehension that might lead to difficulties irdarstanding of algebraic concepts and

to identify students with these difficulties eaiytheir study of mathematics.
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From the students that were surveyed, & elear that many had an appropriate
conceptual understanding of the equals symbol amdihshould be properly used. It
was also shown that many students could perfornpatations involving equivalent
statements but could not necessarily explain orathestnate a true and complete
understanding of how “=" should be interpreted haligh the goal of creating the survey
instrument for this study was to develop a testéachers to use to assess their students
and predict success in algebra, it was not fourizetan effective tool exclusively, as no
correlations were found between the survey scardstudent testing data. However,
there are two positive outcomes to be summarized.

First, the student responses to the coneéptrt of the survey clearly demonstrated
which students did not have a clear understandirsgrabolic relational equivalence.
Any student who responded to Question 2 with, ‘®ams the answer,” would clearly
need to be exposed to more activities that continaenrich and develop their
understanding of symbolic equivalence. In thisihaswas evident that these types of
guestions can be used by algebra teachers to dbsesstudents’ levels of understanding
of “=" as they begin to teach more advanced mathiealaconcepts. Knowledge of this
key area of understanding, or mathematical obstadald be invaluable for the teacher
to know as he sought to design meaningful instonetl activities.

The second lesson learned from this stadlyat of the importance of a quality,
knowledgeable instructor. Evidently, Mike had antacawareness of the knowledge
students needed to be successful in understandatitematics, especially that of the

equals symbol. He worked at designing activitied fbcused on enriching each student’s
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proper understanding of equality. When he was naadee of a student that needed
further guidance, he dealt with them appropriat€hese quality instructional practices
contributed to his students performing at a seelyinigher level, with respect to
symbolic relational equivalence, than those shawprevious studies. If all students
were presented with such opportunities and shownipally how the equals symbol
should be interpreted and used, as opposed todhg improper uses seen in the world
around us (and even sometimes in our classrooms)ot a stretch to imagine that all

students would struggle less and find more sudoesigebra.
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Thank you for completing this survey. Please redporthe best of your ability.

Fill in the blank.
1. 8+4=___ +5 5. 10=9+
2. 6+3=2+_ 6. 6+8=__ +5
3. 7=4+ 7. 4+7=5+__
4. 3+ =7+6 8. 9+__ =8+3

True or False.
9. 3+5=8
10. 6=4+2
11.26 +34 =25+ 35

12.12 =12

Please answer the following questions.

Describe why you put the answer you diddoestion #1. How did you decide on
your response?

A friend of yours missed a lot of classdimnd was having trouble understanding
what “=" symbol meant. How would you describe ith@p him/her understand?



