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Combinatorics of open covers VI: Selectors for sequences of dense sets.?

by Marion Scheepers?

Abstract

We consider the following two selection principles for topological spaces:

Principle 1: For each sequence of dense subsets, there is a sequence of points from the space,
the n-th point coming from the n-th dense set, such that this set of points is
dense in the space;

Principle 2: For each sequence of dense subsets, there is a sequence of finite sets, the n-th a
subset of the n-th dense set, such that the union of these finite sets is dense in
the space.

We show that for separable metric space X one of these principles holds for the space
Cp(X) of realvalued continuous functions equipped with the pointwise convergence
topology if, and only if, a corresponding principle holds for a special family of open
covers of X. An example is given to show that these equivalences do not hold in
general for Tychonoff spaces. It is further shown that these two principles give char-
acterizations for two popular cardinal numbers, and that these two principles are
intimately related to an infinite game that was studied by Berner and Juhéasz.

The following two selection hypotheses occur in many contexts in mathematics, espe-
cially in diagonalization arguments:® Let N denote the set of positive integers and let A
and B be collections of subsets of an infinite set. The hypothesis S; (A, B) states that for
each sequence (O, : n € N) with terms in A there is a sequence (T}, : n € N) such that
for each n T}, € O, and {T,, : n € N} € B. The hypothesis Sy;,(A, B) states that for
every sequence (O, : n € N) of elements of A there is a sequence (7}, : n € N) such that
for each n T, is a finite subset of O,, and U227}, is an element of B. A pair (A, B) for
which either of these hypotheses holds usually has a rich theory.

Consider the following game which is inspired by S;(.A, B): Players ONE and TWO
play an inning per n € N. In the n-th inning ONE selects a set O,, € A, after which TWO
selects an element 7T}, € O,. A play (O1,T1,02,T5,...) is won by TWO if {7}, : n € N}
is in B; otherwise ONE wins. Let Gi(A, B) denote this game. The hypothesis Hi (A, B)
states that ONE has no winning strategy in G (A, B). We have the implication

Hl(.A, B) = Sl(.A, B)

For several important examples of A and B it happens that the converse implication
is also true. When this happens the game is a powerful tool to extract mathematical
information about A and B.
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For Syin(A, B) the corresponding game is Gy, (A, B) and is played as follows: ONE
and TWO play an inning per n € N. In the n-th inning ONE selects a set O,, € A, after
which TWO selects a finite subset T}, of O,. A play (O1,T1, 02, T5,...) is won by TWO
if Up2 T, is in B; otherwise ONE wins. The hypothesis Hy;, (A, B) states that ONE has
no winning strategy in Gy, (A, B).

These selection hypotheses and games were studied in previous papers for a variety
of topologically significant families A and B. We continue this investigation for the case
when A and B both are ©, the collection of dense subsets of a Tz—space. Happily there
is a serious connection between this example and earlier studies. The remainder of this
introduction is used to describe a part of this connection, and to give a brief overview of
the paper.

For a given space X let O denote the collection of all its open covers and let € denote
the collection of all its w—covers (U is an w—cover if it is an open cover, X is not a
member of it, and every finite subset of X is contained in an element of &/). The symbol
C,(X) denotes the set of continuous functions from X to the real line R, endowed with
the topology of pointwise convergence. We show in Theorem 13 that if X is an infinite
separable metric space, then the following are equivalent:

1. S1(€2, Q) holds for X;

2. Hy holds for X;

3. S1(®,®) holds for C,(X);
4. Hi(D,9) holds for C,(X).

In [4] Berner and Juhdsz introduced for a space Y the point-picking game G (Y") which is
played as follows: ONE and TWO play an inning per n € N. In the n—th inning ONE first
chooses a nonempty open subset O,, of Y; TWO responds by choosing a point T, € O,,.
ONE wins a play (O1,T1, 02, Ts, ...) if {T}, : n € N} C Y is dense; otherwise, TWO wins.
In Theorems 7 and 8 we show:

1. ONE has a winning strategy in GP(Y)) if, and only if, TWO has a winning strategy
in G1(D,D)on Y;

2. TWO has a winning strategy in G2 (Y) if, amd only if, ONE has a winning strategy
in G1 (@, @) .

For a separable metric space X these results allow us to treat the point-picking game on
Cp(X) as a selection hypothesis. On account of results regarding S;(£2, Q) and G; (€2, 2)
in [13] and [20] this connection plus the postulate that the real line is not the union of
fewer than 280 first category sets (known also as Martin’s Axiom for countable partially
ordered sets) leads to new examples of spaces where neither player has a winning strategy
in the point-picking game. Previous examples of Berner and Juhdsz in [4], and of Dow
and Gruenhage in [6] used much stronger postulates to give such examples.



Another spinoff of these two theorems is that we get new characterizations of the
countable strong fan tightness of C,(X) for X separable and metrizable. For a nonisolated
point y of a space Y define Q, = {ACY :y € A\ A}. According to Sakai Y is said to
have countable strong fan tightness at y if S1(€y, €2,) holds; Y is said to have countable
strong fan tightness if it has this property at each point. Since C,(X) is homogeneous,
countable strong fan tightness of C,(X) is equivalent to countable strong fan tightness at
some f € C,(X). In [18] Sakai proved for T, 1-spaces X that C,(X) has countable strong
fan tightness if, and only if, X has property S1(£2, Q2); in [20] I gave more characterizations
for this, among others each of Hi(£2,Q) for X and Hi(Qy, Q) for C,(X) at some f is
equivalent to the countable strong fan tightness of C,(X). Thus, we find from the results
here that for X separable and metrizable, the countable strong fan tightness of C,(X) is
equivalent to TWO not having a winning strategy in GL(C,(X)).

Our methods also give the equivalence of the following statements when X is an
infinite separable metric space (Theorem 35):

1. X satisfies Sfin (2, Q);
2. X satisfies Hpi, (2, Q);
3. Cp(X) satisfies Sfin(D,D);
4. Cp(X) satisifes Gfin (D, D).

According to Arkhangel’skii a space Y has countable fan tightness at y € Y if S Fin(y, y)
holds. In [1] it is shown for X a T, 1-space that C,(X) has countable fan tightness if, and
only if, each finite power of X satisfies S7, (O, O); in [13] it was shown that this condition
on the finite powers of X is equivalent to X satisfying Sy;,(€2,2). In [20] I showed that
this is equivalent to C,(X) satisfying Hyin(Qy, Qf) at some (each) f € C,(X). Theorem
35 now gives equivalent conditions for the countable fan tightness of C,(X) when X is
separable and metrizable in terms of Gz, (D, D) and Sy (D, D).

We give an example that shows that the hypothesis in Theorems 13 and 35 that X
be separable and metrizable cannot be weakened to T, 1-ness. Other examples illustrate
that in general spaces $1(®,®) and Hi(D,D), as well as Sy, (D, D) and Hy, (D, D) are
not equivalent, and that Hy(®,D) is not preserved by finite powers.

Finally, our results are used to give new characterizations of two well-studied cardinal
numbers, cov(M) and 9 (both defined later), associated with structures on the real line.

1 Sl(g,g) and Gl(g,g)
Reduction to countable spaces.

The purpose of this section is mainly to show that the selection hypothesis and asso-
ciated game studied here are closely tied up with countable spaces. Besides some lemmas



that will be of further use, we are not going to use this result about countability in this
paper.

A subset P of X is a m—base if it consists of nonempty open sets such that every
nonempty open subset of X contains a set from P. The m—weight of X is the minimal
cardinality of a m—base; (X ) denotes this cardinal number.

If X has an uncountable dense subset no countable subset of which is dense, then
ONE has a winning strategy in G1(®,D): Confront TWO with that dense set in each
inning. Thus assume that every dense subset of X has a countable dense subset. If we
let §(X) denote the least x such that every dense subset of X has a subset of cardinality
at most x which is dense in X, this assumption can be abbreviated by:

Assumption 1 6(X) = No.

If 6(X) = Ng then for every infinite open subset U of X, §(U) = Ny.

Since all isolated points of X belong to every dense set, ONE must present TWO with
these each inning. Since §(X) = Vg, the set I of isolated points is countable; if it is a
dense subset of X, then TWO has an easy winning strategy. Thus, assume that I is not
dense in X. Then the open set X \ I is nonempty. Using standard ideas one can prove:

Lemma 1 A player has a winning strategy in G1 (D, @_) on X if, and only if, that player
has a winning strategy in the game G1(D,D) on (X \ I).

Thus, when studying the game G; (D, ®) we may assume:

Assumption 2 X has no isolated points.

If X has a countable 7-base, then TWO has a winning strategy in G1(©,9): TWO
enumerates such a countable m—base using the positive integers, and then in the n—th
inning chooses a point from ONE’s dense set O,, which is also a member of the n—th
element of the m—base.

Lemma 2 Let o be a strategy for TWO in G1(D,D) on X, and let (Dy,...,Dy,) be
a sequence of dense subsets of X (this may be the empty sequence). Then there is a
nonempty open subset U of X such that for each x € U there is a dense set D of X such
that © = o(D1, ..., Dy, D).

Proof : Let F be the set of points not of the form o(Dq,..., Dy, D) for dense subsets
D of X. Then F itself is not a dense subset of X: Otherwise we have the contradiction
that the point o(D1,..., Dy, E) is in E by the rules of the game, and not in E by the
definition of members of E. Let U be X \ E. O

Theorem 3 The following are equivalent:

1. TWO has a winning strategy in G1(D,D) on X.



Proof : Assume the negation of 2 and let ¢ be a strategy for player TWO. By Lemma
2 choose a nonempty open set Uy such that there is for each x € U a dense subset D of
X with x = o(D). Let (z(,) : n < w) enumerate a dense subset of Up; for each n < w
choose a dense subset D,y of X such that z(,) = a(Dy)).

Applying Lemma 2 again, choose for each n a nonempty open subset Uj,,) of X such for
that each z € Uy, there is a dense set D with x = o(D(y), D). Then let (z(,, ) : m < w)
enumerate a dense subset of Uy,), and for each m let D, ) be a dense subset of X
such that z(,, ) = 0(D(n), D(n,m))- Continuing in this manner recursively choose families
(U, : v e Yw); (D, : v e Lw\{0}); (x, : v € “w\ {0}) such that each U, is a
nonempty open subset of X, each D, is a dense subset of X and each z, is an element
of X, satisfying:

1. Each element of Uny,...n
subset D of X;

o) is of the form o (D, ), ..., Dy, ny), D) for some dense

2. (T(ny,...ng,m) : M < w) enumerates a dense subset of U, . ), and

3. Z(ny,m) = T (Dnyys s Dina,og))-

Since 7(X) > Ny fix a nonempty open subset V' of X such that no U, is a subset of
V. Since X is T3, choose a nonempty open set W such that W C V. Then we have for
cach (n1,...,ng) that Ug, a0 \ W # 0.

Recursively choose elements of X as follows: Choose ny with z(,,) € Uy \ W, then
choose ng with z(,, n,y € Upn,) \ W, then choose n3 with T (1 nams) € Utngna,ng) \ W, and
so on. The sequence Dy}, Z(n,), D(n1,ns)» T(ni,nz)s - - - 18 @ play during which TWO used
the strategy o and lost because the points chosen by o were all outside the nonempty
open subset W of X. O

Assumption 3 Ny < 7(X).
Lemma 4 FEvery dense subspace of X has the same m-weight as X .

Proof : Let s be the m-weight of X and let B be a m-base of cardinality x. Let Y be
a dense subset of X. Then {BNY : B € B} is a m-base for Y. This shows that the
m-weight of Y is at most x. To see that it is also at least x, let C be a m—base for Y. Then
define A to be the collection consisting of sets of the form Int(U) where U is in C, and
the interior- and closure operations are those of X. To see that A is a mbase for X, let
V' be a nonempty open subset of X. Since X is T3, we find a nonempty open set W of
X such that W C V. Since Y is a dense subset of X, W NY is a nonempty open subset

of Y. Choose C € C such that C C W NY. Then C C W, and so Int(C) C V. O



Theorem 5 The following are equivalent for X :
1. TWO has no winning strategy in G1(D,D) on X.
2. For each dense Y C X, TWO has no winning strategy in G1(D,D) on Y.

3. For some dense subset Y of X, TWO has no winning strategy in G1(D,D) on Y.

Proof : 1 = 2 : By Theorem 3 X has uncountable m-weight. Lemma 4 implies that every
dense subset of X has uncountable m—weight. Since §(X) = Xy, Theorem 3 implies that
for each dense Y C X, TWO has no winning strategy in G1(0,®) on Y.

2 = 3 : This needs no explanation.

3 = 1:Let Y be a dense subset of X such that TWO has no winning strategy in G1 (D, D)
on Y. Then ONE confines plays of G1(®,D) on X to dense subsets of Y — since these
are also dense in X they are legitimate moves of ONE. Now apply 3. O

Theorem 6 The following are equivalent for a space X :
1. ONE has no winning strategy in G1(D,D) on X.
2. For every dense subset Z of X, ONE has no winning strategy in G1(D,D) on Z.

3. For every countable dense subset Z of X ONE has no winning strategy in G1(D,D)
on Z.

Proof : 1 = 2: A strategy of ONE which confines ONE’s moves to subsets of a dense
subset Z of X is a strategy for ONE in G;(®D,®) for both spaces.
2 = 3: This requires no proof.
3 = 1: Let o be a strategy for ONE. Since 6(X) = Ry, we may assume that o in each
inning calls on ONE to play a countable dense subset of X.
Define an array (z, : 7 € <“w) of elements of X as follows:
(7(n) : m < w) is a bijective enumeration of o(()), ONE’s first move; (z(nm) : m < w) is a
bijective enumeration of o (), ONE’s response to TWO’s move z(,,, and so on. In gen-
eral, (T(n,, . npm) - M < w) is a bijective enumeration of o/(T(n,), T(n1ma)s - - > T(ny,...np))-
The set D := {x, : 7 € ““w} is a countable dense subset of X and the strategy o of
ONE is a strategy of ONE in G1(®,®) on D. Thus o is not a winning strategy for ONE
on D. A o-play of G1(D,®) on D which is lost by ONE is also a o—play on X which is
lost by ONE. Thus ¢ is not a winning strategy for ONE on X. O

The point-picking game.
Theorem 7 For a space X the following are equivalent:

1. ONE has a winning strategy in G1(D,D) on X.



2. TWO has a winning strategy in GL (X).

Proof : 1 = 2: Let o be a winning strategy for ONE in G;(®,D). Define a strategy
7 for TWO in GP(X) as follows: Let ¢(X) denote the first move of ONE of G (D, D).
For nonempty open set U define 7(U) so that 7(U) € U No(X). Let a finite sequence
(U1,...,Upy1) of nonempty open sets be given, and assume that 7 has already been
defined for sequences of length less than n + 1 of open sets. Define 7(Uq,...,Upi1)
to be an element of U,y1 No(7(Uy),...,7(Uy,...,Uy,)). To see that 7 is a winning
strategy for TWO in GP(X), consider a 7-play O1, 7(01), O, 7(01,02), . ... A recursive
computation shows that 7(O1) € O1 No(X), and for each n, 7(O1,...,0n41) € Opy1 N
o(1(01),...,7(01,...,0y)). This implies that

0(X),7(01),0(7(01)),7(01,02),0(7(01), 7(01,02)), . ..

is a o—play of G1(D,D), and thus won by ONE. But then the set {7(O1,...,0,) : n =
1,2,3,...} is not a dense subset of X, showing that TWO won the play of GE (X).
2 = 1: Let 7 be a winning strategy for TWO in GY(X). Define a strategy o for ONE of
G1(D,9) as follows:
o(X)={7(U) : U nonempty and open}. For any 7(U;) € o(X), o(7(U1)) = {7(U1,U) :
U nonempty and open}. For any 7(Uy,Us) € o(7(Uy)) define: o(7(Ur),7(Uy,Us)) =
{7(U1,Us,U) : U nonempty and open}, and so on.

To see that o is a winning strategy for ONE of G1 (D, ®), consider a play o(X), Ty, 0(T4), T2, 0 (11, T3), . . .
A recursive computation shows that there is a sequence Uy, ..., U,, ... of nonempty open
subsets of X such that for each n, T,, = 7(Ux, ..., U,). Since Uy, 7(Uy), Uz, 7(U1, Us), . ..
is a play of G (X) won by TWO of that game, {T1,...,Ty,...} is not dense in X, and
so ONE won the o—play of G1(D,D). O

Theorem 8 For a space X the following are equivalent:
1. TWO has a winning strategy in G1(D,D).

2. ONE has a winning strategy in G2 (X).

Proof : 1 = 2 : Let o be a winning strategy for TWO in G;(D,®). We are now going
to use Lemma 2 to define a strategy 7 for ONE of GP(X).

To begin, choose by Lemma 2 a nonempty open subset O; of X such that each element
of O; is of the form (D) for D some dense subset of X. Then define 7(X) = O;. For
x1 any point from Oq, choose a dense subset Dy of X such that 1 = o(D;). Then by
Lemma 2 let O3 = 7(21) be a nonempty open set such that each element of Oy is of the
form o(D1, D) where D is a dense subset of X. For z3 an element of o(x1), choose a
dense subset Dy of X such that x9 = o(D1, D2) Then, let O3 = 7(z1, z2) be a nonempty
open subset of X such that each element of Og is of the form o (D1, Dy, D) where D is
some dense subset of X, and so on.



This procedure defines a strategy 7 for ONE of GP(X). To see that 7 is a winning

strategy, consider a 7—play O1,T1, O, 15, . ... A recursive computation shows that there
are dense subsets D1, Do, ... of X such that for each n, T, = o(D, ..., D,) € O,. Slnce
Dy, Ty,...,Dy, T, ...is a o—play of G1(®,D) won by TWO of that game, {7}, T5,...} is
a dense subset of X, and so the 7-play of GJ(X) is won by ONE.
2 = 1: Let 7 be a winning strategy for ONE of G (X). Define a strategy o for TWO of
G1(®,9) as follows: For dense set Dy define (D7) to be a point of the set D; N 7(X).
For dense sets D1 and Dy define o(D1, D3) to be an element of the set Dy N 7(0(D1)),
and so on. Then o is a winning strategy for TWO in G1(9,9). O

The function space C,(X).

RX denotes the Cartesian product of X copies of the real line R, endowed with
the Tychonoff product topology. The subset of continuous functions from X to R with
the topology it inherits from R¥ is denoted Cp(X); this is the topology of pointwise
convergence. The real-valued function on X with only value 0 is denoted o.

Theorem 9 Let X be a Tychonoff space such that Cy(X) satisfies S1(Qo,$2). Then
there is for each sequence (Ay : n < 00) of elements of Qo a pairwise disjoint sequence
(B, : n < 00) of elements of o such that for each n, B, C A,,.

Proof : Let (A4, : n < 00) be a sequence of elements of Qg for C,(X). Since C,(X) has
property S1 (£, {2o) We may assume that each A,, is countable. Enumerate A,, bijectively
as (fh :m < 00).

Define a strategy o for ONE in G; (€, {2o) as follows: ONE’s first move is 0(C,(X)) =
(|fm] + m < o0). If TWO chooses |f}, |, then ONE’s response is o(|fy,,|), defined as
{1 fml 12 ks Fas [} = 3} If TWO now chooses |f§ﬁ|—|—|f§13 |, then ONE responds

with o (| £, | £ H17250), which is the set {| £+ £21H1£5] = [{Fhy £las £2a0 F £2 £33 =

6}, and so on.
Since ONE has no winning strategy in Gi (€, o), ¢ is not winning for ONE. Con-
sider a sequence of moves of TWO which defeats o. It is of the form |f;, |, | f;@2| +
1

| f312|, | f;@3| + | f213| + | fi 5|, ... Since this sequence constitutes a set in 4, and since for
2 1 2 3 =
each ¢ and 5 < i | ffn ;| is pointwise no larger than the j-th move of TWO, for each j
. J
the set C; = {ffnz 14 > j}is in Qg, and for i # j, C; N Cj is finite. For each j define
J
B; = Cj \ (Ui<;C;). The B;’s are as required. U

By Urysohn’s metrization theorem second countable Ts—spaces are metrizable. Thus
we lose no generality in stating some results (like the next one) for separable metric spaces
instead of second countable Tg—spaces. The following standard result as well as many
others we use can for example be deduced from general results in the text [2].



Lemma 10 If X is a separable metric space then 6(Cp(X)) = No.

Let Y be an infinite separable metric space with a countable dense subset D, enumer-
ated bijectively as {d, : n < co}. Let B be the family of sets of the form: each element
of B is different from Y and a union of finitely many open spheres with centers in D and
rational radius, whose closures are pairwise disjoint and all sets of this form which are
not equal to Y are elements of B. Then B is a countable w—cover of Y and it has the
property that: For every finite set F' C Y and for every open set V containing F', there
isan O € Bsuchthat F COCYV.

Next, associate with B the following subset S(B) of C,(Y"): For the element B1U. . .UBy,
of B where Bj,..., By are open spheres with disjoint closures and rational radii and
for (q1,...,qx) a k—tuple of nonzero rational numbers let F(By,..., Bk, q1,...,qx) be a
continuous function f on Y which has the following properties:

L. fly\(B,u..uBy) is identically zero;
2. f on any B; has only nonzero values between 0 and g;;
3. On the open sphere concentric with B; but of one third the radius, f is equal to g;.

S(B) is the set of functions of the form F(By,..., By, q1,---,qk), k € N.
Lemma 11 S(B) is a dense subset of C,(Y').

Proof : Consider a typical basic open subset of C,(Y'): It is of the form

[F 9,6l ={f € G(Y) : (V& € F)(|f(z) — g(x)| <€)}

where F is a finite subset of Y, g is an element of C,(Y) and € is a positive real num-
ber. Enumerate F' bijectively as {z1,...,2p,}. For 1 < j < m choose open spheres B;
centered at elements of D and with rational radii such that z; is a member of the open
the sphere concentric with B; but with a third of the radius, and such that the closures
of the Bj’s are pairwise disjoint. For each j choose a rational number g; in the interval
(9(xj) —€,g(xj) +€). Then the member F'(By,...,Bn,q1,...,qm) of S(B) isin [F, g,€]. O

For E a subset of S(B) let Q(E) be the set of those proper subsets A of Y for which
there is an element g of F such that A = {z € Y : g(x) # 0}. Thus, Q(FE) consists of
unions of finite sets of open spheres centered at elements of D and with rational radii,
whose closures are pairwise disjoint.

Lemma 12 If E is a dense subset of S(B) then Q(F) is an w—cover of Y.

Proof : Consider a finite (nonempty) subset F' of Y. By our definition Y is not a member
of Q(E). Pick a point y € Y \ F' (which is possible since Y is infinite). Then let g be a
continuous function such that for each z € F g(x) = 1, and g(y) = 0. Also let € be %.



Since E is dense, it has an element in [F, g, €], say f. Since € = % we see that for each

x € F, f(x) > 0. But this implies that FF C {z € Y : f(z) # 0}, and this is an element
of Q(E). O

Theorem 13 For X a separable metric space, the following are equivalent:
1. X has property S1(, ).

ONE has no winning strategy in G1(€, Q) on X.

Cp(X) has property S1(Qo, Qo).

ONE has no winning strategy in G1(Qo, Qo) on Cy(X).

ONE has no winning strategy in G1(D,D) on Cp(X).

S & e e

Cp(X) has property $1(D,D).

Proof : The equivalence of 1, 2, 3 and 4 has been established in [20]. We show that
4=5and 6= 1.

4 = 5: Let o be a strategy for ONE in G;(D,9) on C,(X). By Lemma 10 we may assume
that in each inning o calls on ONE to choose a countable dense set. Define the following
array of elements of Cy(X): o(Cp(X)) = (fn : n < ), 0(fny) = (faun : 1 < 00),
(frys frang) = (fnymen : m < 00), and so on. For each ny,...,nk, o(fay, .-, fay,..ng) 18
a countable dense subset of C,(X).

Also let (g, : m < 00) be a countable dense subset of C,(X), and define the following
strategy, 7, for ONE in the game G; (£, Qo) of C,(X):

L 7(Co(X)) = (|fn — g1] : m < 00);
2. 7(|fuy —91l) = ([ frrsi — 91l + | g — 92| 14,5 < 00);

3. 7_(|fn1 - 91|a |fn1,i1 - 91| + |fn1,i2 - 92|) is the set (|fn1,i17j1 - 91| + |fn17i17j2 - 92| +
| frivgs — 931 oy iner =911 | fr io ko — 92| fry in ks — 93] = 51, 52, 33, K1, k2, k3 < 00),
and so on.

Since this strategy is not winning for ONE in G; (£, o), we find a play which is won
by TWO, say the list of consecutive moves by TWO are: |f,, — g1/, |fn17n% — g1+ |fn17n% —

g2|7 |fn1,n%,n‘} - gl| + |fn1,n%,ng - g2| + |fn1,n%,ng - 93| + |fn1,n%,n2 - 91| + |fn1,n%,ng - g2| +
| R g3/, and so on. Since this sequence of moves is an element of Qs and C,(X) has
property Si(€o, {2o), apply Theorem 9 to partition this set into countably many disjoint
sets Sk, k < 0o, such that each S is in Qy. For each k let Ij, be the set of n for which
an element of Sy was selected by TWO in the n—th inning. By making appropriate finite

modifications to the Si’s we may assume that for each k, min(l) > k.
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We shall now select mq, mo, ..., mg,... such that the sequence of moves of TWO
against o given by fi,, fimimas - - - frmg,...mps - - - is a dense subset of C,(X). Since 1 € I,
the only choice we have for mq is n1. Consider 2; We have 2 € I1 or 2 € I,. Choose mo
such that |fm, m, — g;| is a term of TWO’s second move in G; (£, {26) Where 2 € I;. In
general, when choosing m;1, identify the j <7+ 1 with ¢4+ 1 € I; and then choose m; 1
so that |fim, .. mimsn — 9] is a term of TWO’s move in inning i + 1 of Gy (£, Qo).

Since for each k we have Sy € Qo, and thus {| fin,,...m; — gkl 1 j € I} in Q, it follows

from the density of the set of g,’s that {fm, . .m; : j < oo} is dense in C,(X).
6 = 1: Let X be a separable metric space satisfying the hypotheses. Let D be a countable
dense subset of X. Every w—cover of X has a refinement which is a subset of U, the w—
cover whose elements are unions of finitely many open spheres with rational radii, centered
at elements of D, and with pairwise disjoint closures.

Thus, when checking whether X has property S1(€2, 2), we may confine our attention
to sequences (U, : n € N) where for each n U,, CU is an w—cover of X. Let (U, : n € N)
be such a sequence.

For each n define D,, C C,(X) to be the set consisting of all functions of the form

F(Blv"'vBqulv"'v(Jm) GDn-

where Bi,..., By, are open spheres centered at elements of D, have rational radii and
pairwise disjoint closures, By U...U By, € Uy, and (q1, - - -, gm) is an m—tuple of non—zero
rational numbers. As in the proof of Lemma 11 one can show that each D,, is a dense
subset of C,(X).

Now apply 6 to the sequence (D,, : n € N) of dense subsets of C,(X) and choose for
each n a d,, € D,, such that {d, : n € N} is dense. Then Q({d,, : n € N}) is an w—cover
of X, and for each n the set {x € X : d,(x) # 0}, amember of Q({d,, : n € N}),isinlf,,. O

Examples

Example 1 (MA (countable)) A Tychonoff space X where neither player has a win-
ning strategy in G1(D,D).

In Theorem 4.1 of [4] Berner and Juhdsz show that the postulate ¢ implies the
existence of a space for which neither player has a winning strategy in the game G (D, D).
In their Question 4.2 they ask if such examples can be found in classical mathematics.
In [6] Dow and Gruenhage give another example of this phenomenon, this time using
the much weaker postulate MA(o — centered) (Martin’s Axiom for o—centered partially
ordered sets).

Theorem 13 gives another example under an even weaker postulate, MA(countable)
(Martin’s Axiom for countable partially ordered sets). If X is an uncountable set of real
numbers then C,(X) has uncountable m—weight, and so TWO has no winning strategy in
G1(®,9D) on Cp(X). If moreover ONE has no winning strategy in G;(€2,2) on X, then
neither player has a winning strategy in G;(®,®) on C,(X).

11



Now Martin’s Axiom for countable partially ordered sets can be used to construct an
uncountable set X of real numbers such that X has property S;(£2,Q) - a proof of this
can be decoded from the proof of Theorem 2.11 of [13].

The additional postulate is to some extent needed to obtain an example of the form
C,(X) where X is metrizable. On account of a result of Laver in [14], it is consistent that
the only sets of real numbers which have property S;(€2,{2) are the countable ones. For
X countable 7(C, (X)) = Rg, and TWO has a winning strategy in G;(®,®). In Laver’s
model, if X is an uncountable set of real numbers, then ONE has a winning strategy in
G1(®,9). One might think that the real line is just the wrong metric space for the task.
But by Carlson’s theorem in [5], the only metric spaces in Laver’s model with property
S1(92, Q) are the countable ones.

Example 2 A Tychonoff space X which satisfies S1(Q2, ), but for which C,(X) does not
satisfy S1(D,D).

In [20] we showed that 1 through 4 of Theorem 13 are equivalent for Tychonoff spaces.
Additional properties are needed to obtain their equivalence to 5 and 6. A space X which
illustrates this was defined in [16] and described in convenient form in [22]. Here it is:
Let A denote the set of limit ordinals in wy. For each o € A choose a strictly increasing
function s, : N — a which converges to a. Define X to be

{f €“'2: support(f) is finite, or {s,(n) : n € N} for some o € A}.

For f € X and o < wy define B(f,a) = {g € X : gla= f|a}. The topology 7 of X is
such that for each f € X the set {B(f, ) : @ < wy} is a neighborhood basis for f.

Then (X, 7) is a zero-dimensional Tychonoff space. Put X3 = {f € X : support(f) C
B}. Each Xg is countable. For F' C X finite and for v < wy the symbol B(F, ) denotes
the set UrcpB(f, ). The set U = {B(F,a) : F C X finite, @ < wy and X # B(F,a)}
is an w—cover of X. Each w—cover of X has a refinement which is a subset of /. Thus,
when we study S;(€2, Q) for X we may assume that each w—cover in question is a subset
of U.

For o € A let z, denote the unique element of X which has support s,[N]. Before
we prove that X has property Sq(Q2, ), we first show that it has the following weakened
form of this property:

Proposition 14 For each sequence (U, : n € N) of w—covers of X and for each ordinal
a < wy, there is a sequence (Uy, :n € N) and a countable limit ordinal 3 > « such that

1. For each n, U, € Uy;
2. {Up : n € N} is an w—cover of X \ {zg}.

Proof : Let a < wy as well as a sequence (U, : n € N) of w—covers of X be given. We
may assume that for each n U, is a subset of U.

12



Put By = a+w. For each k choose Uyr € Uyr such that each element of X g, is in all but
finitely many of the Uyr. Each Uy is of the form B(Fyr, aigr) where For C X is finite and
agr < wi. Put B = sup{agk : k € N}+Fp+w. For each k choose Usx € Usr such that each
element of Xg, is in all but finitely many of the Usx. Each Usk is of the form B(Fjyk, agr)
where each Fyr C X is finite and agr < wy. Put B3 = sup{age : k € N} + (1 + w, and
repeat the process for Xg,.

In this manner we obtain an increasing sequence 31 < B2 < ... < G, < ... of count-
able limit ordinals and for p,, the n—th prime number a sequence (Uyx : k € N) such that
for each k Upr € Uk, and each element of Xg, is in all but finitely many of the Up.
Let (8 be the limit of the 3,’s. Then the sequence (U, : p prime and k € N) forms an
w—cover of X \ {zg}. O

Proposition 15 X has property S1(£2, Q).

Proof : Let (U, : n € N) be a sequence of w—covers of X. Write N = U, Y,,, where the
Y,,’s are pairwise disjoint and infinite.

From the sequence (U, : m € Y1) of w—covers of X find (U, : m € Y1) and an infinite
ordinal #; < wy such that for each m U, € U,,, and {U,, : m € Y,,} is an w—cover of
X \{zp,}. Then from (U, : m € Y3) find a sequence (U,, : m € Y3) and a limit ordinal
B2 > (1 such that for each m U, € Uy,, and {Up, : m € Y3} is an w—cover of X \ {zg,}.

Continuing like this we find for each k a sequence (U, : m € Y}) and a limit ordinal
B such that for each m € Yy, Uy, € Upn, Br > (B; whenever i < k, and {U,, : m € Y} is
an w-cover of X \ {zg, }. But then {U,, : n € N} is an w—cover of X. O

Proposition 16 Each element of C,(X) has countable range.

Proof : Let f € C,(X) be given. For each z € X and for each n € N, choose an
o () < wi such that f[B(z,an(2))] C (f(z) — 2, f(x) +2). Let a(z) be the supremum
of the ay,(x)’s. Then for each z f is constant on B(z, a(x)). Since X is a Lindeldf space,
countably many of the B(x, a(x))’s cover X. But then the values of f at that countable

set of x’s constitute the range of f. O

Proposition 17 There is a zero-dimensional Tychonoff space X with property S1(£2, Q)
and d(Cp(X)) > Ry.

Proof : Let {f, : n € N} be a countable subspace of C,(X). By Proposition 16 each f,
has countable range. Fix an ordinal o < w; such that for each n, range(f,) = fu[Xa],
and f,, is constant on B(x, «) for each z € X,.

Let aa > a1 > « be limit ordinals with x4, [a= Za,[a. Then choose z € X, such
that both z,, and z,, are in the neighborhood B(z,«). Let f : X — R be a contin-
uous function such that for i = 1,2, f(z,,) = ¢. Then no f, is in the neighborhood

13
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Example 3 (CH) A Ts-space X which satisfies S1(D,D), but for which ONE has a
winning strategy in G1(D,D).

Another important aspect of Theorem 13 is that though for the space C,(X) the
selection hypothesis S;(®, D) and the nonexistence of a winning strategy for ONE in the
game G (D, D) are equivalent when X is a separable metric, this is not the case for spaces
in general. In [4] Berner and Juhdsz construct with the aid of the Continuum Hypothesis
a subspace of the Tychonoff power of X copies of the discrete space 2 = {0, 1} which has
the following properties:

1. X is an HFD and
2. TWO has a winning strategy in the game GZ(X).

By Theorem 7 2 means that ONE has a winning strategy in the game G;(®,9) on X.

We show that 1 implies that X has property S;(®,9). For a set A let Fin(A,2) be
the set of finite binary sequences with domains finite subsets of A. A subset X of “12 is
an HFD if it is infinite and there is for each infinite subset S of X an ordinal o < wy such
that if o is any element of Fin(wy \ a, 2), then the basic open set [o] ={f € X : 0 C f}
has nonempty intersection with S. One may assume that an HFD has no isolated points.

Let X be an HFD. For S an infinite subset of X define Dg to be the set of @ < wy
such that for any o € Fin(a,2), if [¢] N S is infinite, then for each 7 € Fin(w; \ «,2),
[c] N [7] NS is nonempty. One can show:

Proposition 18 For every infinite subset S of X the set Dg is closed and unbounded.
Proposition 19 Every HFD satisfies S1(D,D).

Proof : Let (D, : n € N) be a sequence of dense subsets of X.
Choose 31 € Dx with 31 > w. Let (o) : n € N) enumerate Fin(31,2) in such

n
a way that each element is listed infinitely many times. For each £k € N choose an

for € Do N [od] \ {fos : j < k}, and put Ay = {for : k € N}.

Choose oy € Dy, with oy > 4 and let (02 : n € N) enumerate Fin(aq,2) such that
each element is listed infinitely often. For each k € N choose fgr € DgxN[o2]\{f3s : j < k},
and put As = A; U {fqr : k € N}.

Choose ap € D g, N D4, with a1 < ag and let (o3 : n € N) enumerate Fin(ag, 2) such
that each element is listed infinitely often. For each k € N choose fsx € Dsx N [o3) \ {f5; :
Jj < k}. Put A3 = Ay U {fsx : k € N}, then choose oz € Da, N Dy, N Dy, with ag > ag,
and so on.

Finally, put A = UgenAg. Then A is dense in X and its construction requires choosing
at most one point per Dj. O
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Example 4 (MA (o-centered)) A countable Tychonoff space X such that ONE has no
winning strategy in G1(D, D) on X, but ONE has a winning strategy in G1(D, D) on X2.

The example we discuss here was given in [6]. According to E. Hewitt - [9] - a
topological space is irresolvable if no two dense subsets of it are disjoint. At the other
end of the spectrum from irresolvability is splittability. Let A and B be collections of
subsets of a set X. We say that X satisfies Split(.A4, B) if there is for each element A of
A, pairwise disjoint elements B; and By of B such that By U By C A.

Theorem 20 If TWO has a winning strategy in G1(D,®) on X then X satisfies Split(D, D).

Proof : Let Dy and Dy be dense sets, and let F' be a winning strategy for TWO in
G1(®,9). Consider the following two runs of the game. We have two boards, I and II,
each with its player ONE competing against the strategy F' of TWO. The symbol O
denotes the move in inning n for player ONE of board I, while OZ! denotes that of player
ONE of board II.

Define O := Dy and O} := Dy \ {F(O!)}. Recursively define for each n:

Oflz—i-l = OTIL \ {F(O{7 ce ‘707[L)7 F(O{17 B 707[LI)}

and
O{L{i-l = Oflzl \ {F(O{7 .. -707[” 07[L+1)7 F(O{17 L) Oflzl)}

Since TWO wins the games on each of the boards, the sets E; := {F(O1, ..., 0L) : n € N}
and Ey; := {F(O{f,...,0l) : n € N} are both dense, and they are disjoint. Moreover,
E; C Dy and Eff C Dy, O

Corollary 21 For X irresolvable TWO has no winning strategy in G1(D,9) on X.

Proposition 22 If ONE has no winning strategy in G1(D,®) on X2, then for every pair
D1 and Dy of dense subsets of X, there are dense subsets E1 C Dy and Ey C Do such
that E1 N Ey = 0. (In particular, X satisfies Split(D,D).)

Proof : Let D; and Dy be dense subsets of X. Then Dy x D is a dense subset of X?2.
Consider the strategy o of ONE which is defined as follows:
o(0) is the set {(z,y) € D1 x Dy : x # y}. For (z1,y1) an element of this set,

o((z1,91)) = {(x,y) € D1 x Dy : {z,y} N {x1,y1} = 0 and = # y}.

For (z9,y2) from this set,

o((z1,31), (2, 12)) = {(x,y) € (D1 \ {z1, 22, y1,y2}) x (D2 \ {z1, 22,91, 92}) : ¢ # y}

and so on.
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Since ¢ is not a winning strategy for ONE, consider a o—play lost by ONE, say
0(0)7 (:Ela yl)v 0-((:1717 yl))v (:E?a y2)7 0-((:1717 yl)v (51527 y2))7 s

Then {(zn,yn) : n = 1,2,3,4,...} is dense in X2, whence each of {z, : n =
1,2,3,...} € Dy and {y, : n = 1,2,3,...} C D5 is dense in X. But these two dense
sets are disjoint. O

Theorem 23 If X is irresolvable then ONE has a winning strategy in G1(D,D) on X2.

Proof : Let D be a countable dense subset of X. Since X is T3 and has no isolated
points, for every finite subset F' of X the set D \ F is dense in X. We now define a
strategy o for ONE in the game G1(D,®) on X2. To begin:

o) ={(z,y): 2,y € D and = # y}.
For a selection (x1,41) € o(0) by TWO, define

0(($17y1)) = {(:Evy) : {:Evy} cD \ {:L'lvyl} and 7é y}
For a selection (z2,y2) € o((x1,y1)) by TWO, define

0-((:1717 y1)7 ($27 y2)) = {(:Ev y) : {:Ev y} cD \ {:L'lv Y1, T2, y2} and 7é y}v
and so on. Then o is a winning strategy for ONE. To see this we must check:

1. Each move prescribed by o is a legitimate move for ONE;

2. Each play according to ¢ is lost by TWO.

Regarding 1: Let A be a nonempty open subset of X2. Choose nonempty open sub-
sets U and V of X such that U x V C A. Let F be any finite subset of D and
choose x € (UND)\F and y € (VND)\ (FU({x}). Then (z,y) € U x V and
(z,y) € (D\ F) x (D\ F), and x # y.

Regarding 2: Consider a o-play o(0), (z1,91),0((z1,v1)), (x2,y2), ... of G1(D,D) on
X2, By the definition of ¢ the two subsets {x1,z2,...,%n,...} and {y1,y2,. .., Yn,...}
of D are disjoint. By irresolvability they cannot both be dense in (X,7). But if
{(xp,yn) :n=1,2,3,...} were a dense subset of X2, then as the projections onto each co-
ordinate are open mappings, each of the sets {z1,z2,...,Zp,...} and {y1,y2, ..., Yn,- -}
would be dense — known not to be the case. O

To finish the example let X be the space obtained by Dow and Gruenhage in [6]:
The underlying point set for this space is w, and the topology 7 is such that (w,7) is
an irresolvable Ts—space for which ONE has no winning strategy in G1(9,9). MA(o—
centered) is used to obtain this example. Some such hypothesis is needed, because the
existence of such a space implies the existence on N of a semiselective filter which is the
intersection of countably many ultrafilters; Dow and Gruenhage prove in [6] that it is
consistent that no such filters exist.

I have not been able to answer the following two questions:
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Problem 1 If X is irresolvable, does S1(D,D) imply H1(D,D)?
Problem 2 If X is irresolvable does S1(D,D) for X imply the same for X2?
G1(®,9) and the Baire category theorem.

In a 1938 paper [17] Rothberger introduced property S; (O, O); Galvin introduced the
game G1(O, ) in [8] and Pawlikowski proved in [15]:

Theorem 24 (Pawlikowski) For any space X, ONE does not have a winning strategy
in the game G1(O, O) if, and only if, X has property S1(O, O).

Let M denote the ideal of first category subsets of the real line. According to the
Baire category theorem the real line is not a union of countably many first category sets.
Let cov(M) denote the least cardinal number for which the Baire category theorem fails
— 1.e., the least k such that the real line is a union of x first category sets.

In Theorem 29 we connect show that cov(M) is intimately connected with G; (D, D).
In this proof we need to refer the reader to some facts from the literature — in particular
[7], [13], [17], [18], [19] and [20]. The following theorems summarize some of the results
we use.

Theorem 25 (Fremlin-Miller) cov(M) is the minimal possible cardinality for a sepa-
rable metric space which does not have property S1(O, O).

Theorem 26 For a set X of real numbers the following are equivalent:
1. X has property S1(, ).
2. ONE does not have a winning strategy in the game G1(€, Q) played on X.

3. Ewvery finite power of X has property S1(O, O).

Theorem 27 ([13], Theorem 4.8) The minimal cardinality of a set of real numbers
which does not have property S1(€2, Q) is cov(M).

For a collection B of subsets of w let Xz, the set of characteristic functions of elements
of B, represents B as a subspace of 2“.

Theorem 28 If (w,T) is a Tz—space with no isolated points and B is a m-base such that
Xp is a S1(0, O) space, then ONE has no winning strategy in G1(D,D).

Proof : Let o be a strategy for ONE in G1(®,D) on (w, 7). Define a strategy p for ONE
in G1(O0,0) on Xz as follows: p(Xg) = {[{(z,1)}] : € o(D)}. Since o(() is dense it
meets each element of B, and thus p(Xp) is an open cover of Xg. TWO responds by
selecting T € p(Xg).
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The set T; is of the form [{(¢1,1)}] where ¢; € o(0). In order to respond to T, ONE
first computes o(t1) and then defines p(7Th1) = {[{(z,1)}] : = € o(t1)}, to which TWO
responds with Ty € p(T71).

Now T3 is of the form [{(t2,1)}] where t3 € o(t1). ONE computes o(t1,t2), and then
defines p(T1,T2) = {[{(z,1)}] : * € o(t1,t2)} and so on. By Theorem 24 p is not a winning
strategy for ONE. Find a play against it won by TWO, say p(Xp), T1, p(T1), T2, p(T1, T3), . . ..
From the definition of p compute a corresponding sequence t1, to, . . . of elements of w such
that o(0), t1,0(t1), t2, o(t1,t2),t3,... is a play of G1(D,D) where ONE used o, and for
each n we have T;, = [{(tn, 1)}]. Since {7, : n =1,2,3,...} is a cover of Xp, each element
of B has nonempty intersection with {¢, : » = 1,2,3,...}, and so TWO won the o—play
of Gl(g, @) O

The following theorem was given in [12] with a different proof:
Theorem 29 For an infinite cardinal number k, the following are equivalent:

1. For each Tg—space X with 6(X) =Ry and 7(X) < k, ONE has no winning strategy
in G1(D,9) on X.

2. Kk < cov(M).

Proof : 1 = 2: Let X be a set of real numbers of cardinality x. Then §(C,(X)) = Ny,
and 7(Cy(X)) = | X| = k. By hypothesis ONE has no winning strategy in G;(®,9) on
Cp(X). Theorems 13 and 26 imply that X has property S;(€2,2). Thus, every set of real
numbers of cardinality x has property Sq(£2, ). Theorem 27 implies that x < cov(M).

2 = 1 : Let o be a strategy for ONE in G1(D,®) on X. Since §(X) = Ry, we use
the method of Theorem 6 to find a countable dense subset D of X such that o is a
strategy for ONE in G1(D,®) on D. Then n(D) = 7n(X) < cov(M). Letting B be a
m-base of D of minimal cardinality, and considering D as w, we see that Xp has cardi-
nality less than cov(M) — consequently Xz has property S1(O, Q). By Theorem 28, o is
not a winning strategy for ONE in G1 (D, ®) on D, and thus also not in G1 (9, D) on X. O

Corollary 30 If X is an irresolvable Ts—space with no isolated points such that §(X) =
Ng, then m(X) > cov(M).
Proof : Since 7(X?) = m(X), Theorems 23 and 29 imply the result. O

We can also use these results to gain more information regarding the phenomenon
discussed in Example 4.

Lemma 31 Let 7 be a Ty—topology with no isolated points on w and let B be a w-base for

7. If the subspace Xg of 2% has property S1(2, ), then for each n ONE has no winning
strategy in the game G1(D,D) on (w,7)".
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Proof : Fix a natural number n and consider G;(®, D) on (w, 7)". Since Xp has property
S1(€2, Q) Theorem 26 implies that each finite power of Xz has property S;1(O, O).

With o be a strategy for ONE in G1(®,D) on (w, 7)™, define a strategy p for ONE in
$1(0,0) on Xj along the lines of the proof of Theorem 28 and then argue as there. O

Corollary 32 Let (w,T) be a T3-space with no isolated points such that w(w, T) < cov(M).
For each n ONE has no winning strategy in G1(D,D) on (w,7)".

Corollary 33 If (w, ) is an irresolvable Ts—space then for each w—base B, Xg is not an
S1(Q2, Q)—subspace of 2%.

But we may say more about the m—weight of irresolvable T3—spaces: A subset S of N
is said to split the infinite subset 7" of N if both 7"\ S and 7'N S are infinite. If a family of
infinite subsets of N is small enough (cardinality-wise), then a single subset of N can be
found which splits each element of that family. No subset of N splits all infinite subsets
of N. Thus, the cardinal number denoted t, and defined to be the least x such that there
is a family of x infinite subsets of N for which no single subset of N splits all £ members
of the family, exists. It is known that cov(M) <t < 2%¢, and no equality is provable.

Proposition 34 If X is an irresolvable Ts—space with no isolated points such that 6(X) =
N, then w(X) > t.

Proof : Let Y be a countable dense subset of X and let x < t be a cardinal number. For
each a < k let U, be a nonempty open set, and define D, =Y NU,. Then {D, : a < k}
is a family of x infinite subsets of the countable set Y. Choose a set Z C Y which splits
each D,. Then both Z and Y \ Z meets each U,. Since X is irresolvable, so is Y. This
means that {U, : @ < k} is not a 7—base of X. O

This section is mainly a summary of results which can be proved using minor variations
of the methods used so far.

If TWO has a winning strategy in Gz, (D,®) on X, then X satisfies Split(D,D).
Thus, for X irresolvable, TWO has no winning strategy in Gy;,(9,9) on X. Since the
existence of a winning strategy for ONE in Gy;, (D, ®) implies the existence of a winning
strategy for ONE in G1(®,9), Example 4 gives (under MA(o-centered)) a countable
Ts-—space X such that neither player has a winning strategy in Gz, (9,D) on X.

For function space C,(X) one can prove:

Theorem 35 For X a separable metric space the following are equivalent:

1. X has property Syin (€, ).
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ONE has no winning strategy in Gpi, (£2,€2) on X.
Cp(X) has property S pin (o, Qo).
ONE has no winning strategy in G fin (o, 2o) on Cy(X).

ONE does not have a winning strategy in Gyin(D,D) on Cp(X).

S & e

Cp(X) has property Sin(D,D).

The Tychonoff space X of Example 2 is a space which satisfies S1(€2, Q) and thus
Stin(£2,9), but C,(X) has no countable dense subset. This shows that in Theorem 35 we
need to assume more than simply that X is a Tychonoff space.

Let “w denote the set of functions from w to w. For f and ¢ in “w we say that g
eventually dominates f, and we write f < g, if {n: g(n) < f(n)} is finite. Let 0 be the
least cardinal number such that there is a subset F of “w of that cardinality with each
element of “w eventually dominated by some element of F. The cardinal number 0 is
also well-studied; it is for example well-known that cov(M) < 9, and that equality is not
provable.

Hurewicz proved in [10] that a property introduced by Menger in 1925 is equivalent
to the covering property Syi, (O, O). In Theorem 10 of [10] Hurewicz proved:

Theorem 36 (Hurewicz) A space X has property Syin(O, O) if, and only if, ONE has
no winning strategy in the game Gz (O, O).

By another theorem of Hurewicz proved in [11]:

Theorem 37 (Hurewicz) The minimal cardinality of a separable metric space which
does not have property Syin (O, O) is 0.

Theorem 38 ([13], Theorem 4.6) 0 is the least cardinality of a set of real numbers
which does not have property S yin(§2, ).

Let o be a strategy for player ONE in Gy, (D,D) on X. Since 6(X) = Ry we may
assume that o calls on ONE to play countable sets. Define an array of points of X as
follows:

Enumerate o () bijectively as (d(,) : n < w). For each finite subset F of w, enumerate
o({d¢y : j € F'}) bijectively as (d(p,,) : m < w). For each pair Fi, F; of finite subsets
of w, enumerate o({d;y : j € F1},{d(r, 4 : i € F2}) bijectively as (d(p pm) : M < w),
and so on. In general, with (Fi,..., F;) a specified sequence of finite subsets of w,
enumerate o({d¢) : j € F1},{dp ;) :J € Fa}, .., {d(m,. . F ) : J € Fi}) bijectively as
(d(ry,...Fom) = M < w).

Let B be a m-base of X of cardinality 7(X). For B € B define

\IJ(B) = {(Flv . 7F/€) : 0({dj S Fl}v .. '7{d(F1,...,Fk,1,j) 1J € Fk}) nB 7£ @}
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Then ¥(B) is a countably infinite subset of <*([w]<N0), a countable set. If we endow the
set 2 := {0, 1} with the discrete topology, then “([w]<0) 9 i homeomorphic to the Cantor
space. Let Xp be the set of characteristic functions of the family {¥(B) : B € B}. Then
Xp is a subspace of our version of the Cantor space.

Theorem 39 If Xp has property Sin (O, O), then ONE does not have a winning strategy
in the game Gyin(D,D) on X.

Proof : The proof is similar to that of Theorem 28, except that in place of Pawlikowski’s
theorem we use Hurewicz’s theorem. O

Theorem 40 For an infinite cardinal number k the following are equivalent:
1. kK <0.

2. For each Tg—space X such that 6(X) = Ny and w(X) = K, ONE has no winning
strategy in the game Gyin(D,D) on X.

Proof : 1 = 2: Let X be a Ts—space such that §(X) = Ny and 7(X) = k. Let B be a
m—base of X of cardinality k. Then Xg from our previous construction has cardinality at
most k. Since £ < 0 Theorem 37 implies that X satisfies Sy;,, (O, O). Then Theorem 39
implies that ONE has no winning strategy in the game G, (9,9) on X.

2 = 1 : Put Theorems 38 and 35 together as in the proof of Theorem 29. O
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