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Figure 10: Stills of θn, u n, and u s from the second snapback test using the Set 4 parameters listed in
Table 3. Red (dark) curves in velocity field plots correspond to the contour θn(x, y, t) = 0.1 while, the
yellow (light) curve corresponds to the initial contour θn(x, y, 0) = 0.1.
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Figure 11: Time traces of the number of iterations required for the iterative solver to reach a tolerance
of 10−8 for the two snapback tests. The jump in iteration count from 3 to 6 in both tests corresponds
to time t = 2.5 when the background force is turned off.

5. Concluding remarks

Gels are important in many biological systems where they exhibit unique character-
istics such as osmotic and active stresses. In many cases, the mechanics of these gels
are appropriately described using a two-fluid model in which the gel is composed of a
polymer network immersed in a fluid solvent. The resulting equations describing these
models pose difficult challenges for simulation, and numerical methods have not previ-
ously been developed. We have presented the first computational technique for treating
the whole coupled system of equations in two dimensions. The algorithm uses second
order high-resolution methods for treating the scalar transport and tensor viscoelastic
stress equations, and a second order finite-difference method for handling the momentum
and incompressibility equations. For solving the large coupled linear system that results
from the latter set of equations, we use a modified version of our previously developed
preconditioned Krylov subspace method [9].

We have presented several numerical experiments using the four-roll mill to drive the
gel motion. For smooth problems, our results confirm the computational algorithm is
second order accurate in space and time. Additional numerical experiments presented
show the method is also able to effectively handle sharp gradients that may develop
in the solutions, but that the order of accuracy is decreased by the use of limiters to
avoid oscillations. All experiments indicate the method is stable provided the variable
time-step is restricted to satisfy an appropriate CFL-type condition. Finally, the five nu-
merical experiments presented and further testing we performed separately show that the
computational method is efficient, robust, and is able to handle gels with widely varying
rheologies, ranging from characteristics of a viscoelastic fluid to those of a viscoelastic
solid.

The polymer network in our model is treated as an Oldroyd-B fluid, which creates
issues with the four-roll mill problem as this model allows singular structures in the stress
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field to develop [38]. In a future study we plan to extend our algorithm to treat more
physical models for the network that limit the polymer extensibility, as in [12].

While our algorithm handles nonzero Reynolds number flows, in many biological
applications the viscous terms dominate so that inertial terms are negligible [36, 35, 42,
37, 43]. Our algorithm can be modified to also handle these zero Reynolds number flow
models. This would require removing the terms involving Ds and Dn from (26). In this
case, the matrix that results is identical (up to boundary conditions) to the matrix from
our previous study [9] where the multigrid preconditioned GMRES method was first
developed.

Biologically relevant problems rarely occur in a bi-periodic box, but in much more
geometrically complicated domains with boundaries. We have previously extended our
method for simulating a viscous two fluid gel model to handle complex domains using a
Cartesian grid embedded boundary method [11]. The extension of this technique to the
viscoelastic two fluid gel model considered in this paper will also be pursued in a future
study.
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Appendix A. Viscoelastic constitutive equation

The viscoelastic stress arises from the deformation of a transient network of polymer
chains. Links between the chains form at a rate that depends on the volume fraction
of network, break at a constant rate, are transported with the network velocity, and are
stretched by gradients of the network velocity. Let E(x,y, t)dy represent the concentra-
tion of links that connect the network at point x to the network at point x + y. This
distribution satisfies the equation

Et +∇x · (unE) +∇y · (y · ∇un) = f(|y|)g(θn)− βE, (A.1)

where f(|y|)g(θn) represents the formation rate of junctions, β is the breaking rate, and
it is assumed that the length scale of the chains is much smaller than the length scale
associated with the fluid motion. If we assume that the force per link is F = Ky, where
K is the stiffness coefficient, then the elastic stress within the network is

σ =

∫
KyyE dy. (A.2)

By multiplying equation (A.1) by Kyy and integrating over all y, we obtain an equation
for σ:

σ
t

+∇ ·
(
unσ

)
− σ∇un −∇uT

nσ = α(θn)δ − βσ, (A.3)

where α(θn) =
∫
Kf(|y|)g(θn)|y|2 dy.

The links form isotropically, and if there were no velocity gradient, then σ would
remain isotropic. We assume that this stress from the presence of the links alone (i.e.
not related to the deformation of the links) does not contribute to the viscoelastic stress.
This isotropic stress is zδ where z satisfies the equation

zt +∇ · (unz) = α(θn)− βz. (A.4)

We note that z is proportional to the total number of links
∫
Edy, and can be interpreted

as the elastic modulus of the network. The viscoelastic stress is

τ = σ − zδ. (A.5)

By combining equations (A.3) and (A.4), we see that τ satisfies equation (9).

Appendix B. Spatial discretization of the momentum equations

We use second order finite-differences on the staggered grid displayed in Figure 1 to
discretize the spatial derivatives in the momentum equations (20) and volume-averaged
incompressibility constraint (18). To make the presentation of the approximations more
clear, we deviate from the subscript and superscript notation used in the main part of
the paper. Here we use subscripts to indicate the location on the grid where the variables
reside. Superscripts are used to differentiate between the network and solvent variables
as well as the different components τ . We also use the overline notation discussed at the
end of Section 3.1 to denote averages of certain variables.
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The approximation of the first row of the semi-discrete equation (21) at (xi+1/2,j , yi+1/2,j)
is given by

d

dt
us
i+ 1

2 ,j
=
[
ρθs

i+ 1
2 ,j

]−1
{
αs

h2

[
θs
i+1,j

(
us
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2 ,j
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i+ 1
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2 ,j

)]
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2 ,j+1 − us
i+ 1

2 ,j

)
− θs

i+ 1
2 ,j− 1

2

(
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2 ,j−1

)]
+

µs

h2

[
θs

i+ 1
2 ,j+ 1

2

(
vs
i+1,j+ 1

2
− vs

i,j+ 1
2

)
− θs

i+ 1
2 ,j− 1

2

(
vs
i+1,j− 1

2
− vs

i,j− 1
2

)]
+

λs

h2

[
θs
i+1,j

(
vs
i+1,j+ 1

2
− vs

i+1,j− 1
2

)
− θs

i,j

(
vs
i,j+ 1

2
− vs

i,j− 1
2

)]
−

ξ
(
θsθn

)
i+ 1

2 ,j

(
us
i+ 1

2 ,j
− un

i+ 1
2 ,j

)
− 1

h

[
θs

i+ 1
2 ,j

(pi+1,j − pi,j)
]}
−{

1

2h

[
us
i+ 1

2 ,j

(
us
i+ 3

2 ,j
− us

i− 1
2 ,j

)
+ vs

i+ 1
2 ,j

(
us
i+ 1

2 ,j+1 − us
i+ 1

2 ,j−1

)]}
, (B.1)

while the approximation of the second row at (xi,j+ 1
2
, yi,j+ 1

2
) is given by

d
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The approximations for third and fourth rows of (21) corresponding to the network veloc-
ity are similar, but with the variables for the solvent replaced accordingly by the variables
for the network. The network velocity equations include additional terms Ehn (θn, τ ) cor-
responding to the divergence of the weighted viscoelastic stress tensor and the gradient of
the osmotic pressure. The approximation of Ehn (θn, τ ) that is included in the un equation
at (xi+1/2,j , yi+1/2,j) is given by

1

h

[(
θn
i+1,jτ

11
i+1,j − θn

i,jτ
11
i,j

)
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(
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2 ,j− 1

2
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− 1

h
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i,j)
]
,

(B.3)

while the approximation that is included in the vn equation at (xi,j+1/2, yi,j+1/2) is given
by

1

h
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2
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]
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(B.4)
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Finally, the volume average incompressibility constraint (22) is approximated at (xi,j , yi,j)
by

1
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