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ERROR AND STABILITY ESTIMATES FOR
SURFACE-DIVERGENCE FREE RBF INTERPOLANTS
ON THE SPHERE

EDWARD J. FUSELIER, FRANCIS J. NARCOWICH, JOSEPH D. WARD,
AND GRADY B. WRIGHT

ABSTRACT. Recently, a new class of surface-divergence free radial basis func-
tion interpolants has been developed for surfaces in R3. In this paper, several
approximation results for this class of interpolants will be derived in the case
of the sphere, S2. In particular, Sobolev-type error estimates are obtained, as
well as optimal stability estimates for the associated interpolation matrices.
In addition, a Bernstein estimate and an inverse theorem are also derived.
Numerical validation of the theoretical results is also given.

1. INTRODUCTION

In [35], a new tool was developed, based on radial basis functions (RBFs), for
fitting a divergence-free vector field tangent to a two-dimensional orientable surface
P C R? to samples of such a field taken at scattered sites on P. The central idea
in [35] was to construct positive definite kernels, “surface-divergence free RBFs”,
to obtain a surface-divergence free vector field to fit a given finite set of tangent
vectors on the surface P.

An important application for these new surface-divergence free kernel methods
is modeling the velocity field of an incompressible fluid whose flow is constrained
to the surface P. In this case, the incompressibility assumption gives rise to the
constraint that the velocity field has vanishing surface-divergence. This type of
problem arises in atmospheric sciences and oceanography in which case P is the
entire surface of the sphere (S?) or some portion of it. For example, the shallow
water wave equations describe the nonlinear flow of an incompressible fluid in a
single hydrostatic layer and are used not only as a simplified model for the horizontal
dynamics of the atmosphere [43], but also as a model for tidal motion [22]. The
incompressibility constraint also arises in the barotropic vorticity equations, which
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are used to model the 500-mb short-term weather forecasts in mid-latitudes [14], pp.
108-110]. These new surface-divergence free kernel methods could be used either
to interpolate velocity fields generated from simulations of these models, or directly
used in the simulation as the representation of the velocity fields.

Divergence-free RBF's and curl-free RBFs were introduced several years ago for
modeling velocity fields and the magnetic fields in R? [29]. However, when restricted
to a sphere or to a surface P, these RBFs, which are constructed to be divergence
free or curl free in R?, lose those properties on P.

The specifics of the new method are as follows. Suppose that P has a fixed
orientation and z and y belong to P. Let n, and n, denote the normals to = and
y, respectively, and for any vector a = [ay,as, a3]? € R? define

0 —as a9
(11) Xa == as 0 —an
—as aq 0

Note that for b € R?, X, b = a x b. The surface-divergence free RBF is given by
(1.2) U(z,y) = Xn, (=VV (@ —9)) X} = Xn, Veuri(z —y) X}, ,
| — ¢
\churl

where 1) is a positive definite or an order 1 positive definite RBF. The kernel
Ueurt = —VV7T is the negative of the 3D Hessian of v and is a 3 x 3 matrix-
valued RBF whose columns are curl free [29, 8]. The kernel ¥(z,y) takes vectors
tangent to P at y and outputs vectors tangent at x. The output vector field is
surface-divergence free [35, Theorem 1].

Let X = {z1,...,2n} C P and suppose {ti,...,ty} are the corresponding sam-
ples of some vector field tangent to P at these points. Then the surface-divergence
free RBF interpolant to this data is given by

N
(1.3) t(z) = Y W(x,zx)sk,
k=1

where t(z;) = t; and s; is tangent to P at x;, j = 1,..., N. These requirements
are met by solving the following linear system of equations for the sj’s:

N
(1.4) tj=> W(zj,ap)sk, j=1,...,N.

k=1

In Theorem 2 of [35], it is shown that this linear system is positive definite, which
guarantees a unique solution. In the actual implementation of the method, one
can reduce the 3N x 3N linear system (4] to a 2N x 2N system by introducing
coordinates and bases for the various tangent planes of P involved. In the specific
case of P = S2, these details are reviewed in section B.2} for a general orientable
surface P see [35] §3.1].

There is a bonus. In addition to producing a fit of the t;’s, these new interpolants
can also be used to obtain a stream function with level curves having the t;’s as
tangents at the x;’s at virtually no extra cost. This is important since in many
applications from oceanography and atmospheric sciences, it is sometimes more
desirable to model stream functions instead of velocity fields since they are a better
tool for analyzing flows and fluxes on the surface of the sphere (cf. [2] [T1]).
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The details are as follows. Suppose the field has been fit, i.e., the coefficients
sy, in (L3) have been determined. Let Y(z,y) := VI (x —y) Xzy and define the
scalar valued function

N
(1.5) F(z) =Y Y(x,2t)s%.

k=1

It follows immediately that the level curves of F'(x) are tangent to the vector field
t(xz) at x =, j=1,..., N, and consequently F'(z) is a stream function for t(x).

In this paper the basic approximation properties of these kernels will be devel-
oped in the case that the surface P is S?. In particular, Sobolev-type error bounds
are obtained when approximating a divergence-free function f by divergence-free
interpolants. In addition, optimal estimates on the smallest eigenvalue of the inter-
polation matrix are obtained, a Bernstein inequality together with inverse theorem
are derived and finally numerical results confirming the theoretical expectations
for both approximation rates and stability are presented. Prior work, related to
this paper, appeared in [7]. However, neither optimal error estimates nor stability
results were obtained in [7]. Moreover, the results could not be adapted to surfaces
other than the sphere.

This paper consists of five sections. Section [2] reviews spherical harmonics and
vector spherical harmonics, Sobolev spaces of vector fields, and develops the native
spaces needed to analyze both the stability of interpolation matrices as well as ap-
proximation error rates. In section [3] we obtain pointwise error bounds and discuss
stability for the interpolation matrices involved. For certain kernels, we show that
the stability is optimal. In section ] we begin by obtaining Sobolev error estimates
for interpolation with surface-divergence free vector spherical polynomials. These
results are then applied to finding error estimates for functions too rough to be
in the native space, for those in the native space, and then for those smoother
than required for being in that space; i.e., the “doubling trick” introduced in [3§].
Once we have done this, we will turn to Bernstein inequalities and corresponding
inverse theorems. Finally, section [ contains numerical validation of the predicted
theoretical estimates for errors and for stability.

2. FUNCTION SPACES ON THE SPHERE

Our notation for Sobolev spaces on R" will follow [I]. If M is a smooth manifold
and x € M, we denote the space of tangent vectors to M at x by T,, M, and let T M
denote the tangent bundle of M. We will focus on the manifold S2. The geodesic
distance will be denoted by d(x,y). The Lo inner product on the sphere will be
denoted by (+,-). Vector fields will be written in boldface to distinguish them from
scalar functions. We will often view tangent vector fields to S? as being embedded
in R3. This should cause no confusion. When the context is clear we will use
“divergence” to mean “surface-divergence.” We denote the surface gradient by V*
and the Laplace-Beltrami operator by A.

The operator n x V*, where n is the unit normal to S?, is the generator of an
infinitesimal rotation about n. We will denote it by L. (In quantum mechanics,
L denotes —in x V*, which is the angular momentum operator.) There is another
important, well-known fact that we will need.
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Proposition 2.1. Iff is a C! tangential vector field on S? such that divs: (f) = 0,
then there is a function f € C?*(S?), unique up to an additive constant, such that
f=LFJ.

Proof. By the Poincaré Lemma and the fact that S? is simply connected, every
smooth, closed 1-form on S? is exact. Moreover, divgz(f) = 0 is equivalent to
fxn-dx=0,1ie.,fxn-dxis closed, and therefore exact. Thus there is a function
f € C?(S?) such that f x n = V*f, from which we see that f = L f. O

2.1. Scalar and vector spherical harmonics. Spherical harmonics are eigen-
functions of the Laplace-Beltrami operator on the sphere, and they form an or-
thonormal basis for Lo(S™) [0, 26]. We let {Y],,|1 < m < d;} denote the orthonor-
mal basis of spherical harmonics of degree [, which is the eigenspace corresponding
to the eigenvalue \; = I[(I + n — 1). Thus every function in L2(S™) has a Fourier
representation of the form

oo d;
F@)=3_> flmYin(z)  with  f{lm) = (f,Yim).
=0 m=1
From this representation we also have various Sobolev spaces, whose norms are
given via
co d;

I ey = D D (L X)L m) .

=0 m=1
In the case of S?, we have d; = 21 + 1 and \; = [(l + 1).

Sobolev spaces on the sphere can also be defined in terms of charts. Let A =
{Uj,wj}ﬁ-v:l be an atlas of charts for M. With such an atlas, one always has
an associated partition of unity. That is, a collection {x; : S* — ]R};-V:l of '
functions that satisfy

Xj > 0, supp(x;) € Uj, Sy =1lons™
Also, for f: M — R we define the projections 7;(f) : R — R by
Yz xr e B(0,1),
o) = { WA HE) e BOD

0 otherwise.
The Sobolev space W (S") can be defined by
W] (S™):={f € L*S") : mj(x;f) € WJ(R") for j=1,...,N}.

The norm for this space is defined by
1/2

N
[ llwz@ny = Z"Wj(Xjf)||%/I/g(R7L)
j=1

We should mention that the spaces are independent of the choice of charts, and
when different charts are used the norms are equivalent [2I]. Further, we have
W3 (S™) = H™(S™) with equivalent norms [I0, Chapter II].

There is a vectorial analogue of Fourier expansions on the sphere, where spher-
ical harmonics are replaced by vector spherical harmonics [6]. These are used in
electrodynamics [I7, Section 16.2], although they are certainly less familiar than
the spherical harmonics.
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The vector spherical harmonics are arranged in three families, only one of which,
the surface-divergence free family, is employed here. We define them via the for-
mulas

Vim =LY/l +1), 1=1,2,..., m=1,...,20+1.

In addition, we define the spaces

L
(2.1) Y, =span{y;, |1 <m <2l+1} and EL:@E[.
=1

The y;,,’s are orthonormal in the sense that [, ij)k(x)ylym(:c)du(x) =010k m-
If f is in the Ly closure of the span of these vector spherical harmonics, then its
orthogonal series in the y; ,,’s has (scalar) expansion coefficients given by

f(l,m) = /52 fT(:E)yLm(x)d,u(x).

Recall that by Proposition 1] every C! divergence-free tangent field f has the
form f = L f. To obtain the f(I,m)’s coefficients in terms of the corresponding

o~

f(l,;m)’s, note that

B(im) — /S (L)1

Jl(len JRCEA RS S LT

1 —AY)m

ViU+ 1) Jes Vi)

where the final step follows via integration by parts. Using —AY] ,, = (I + 1)},
in the last equation above then results in this:

(2.2) £, m) = Il +1)f(I,m), I > 1.

One can also define Sobolev spaces for tangent vector fields in a way similar to
that for the scalar case. The only complication is that locally we have to deal with
vector-valued functions instead of scalar-valued functions [I0]. Sobolev spaces of
vector fields will be denoted the same way as Sobolev spaces of scalar functions,
H7(S™); the meaning will be clear from the context. By using the Fourier coeffi-
cients in ([2.2]), we see that the closure of the space of divergence-free vector fields,
denoted by HJ;,(S™), comprises all divergence-free vector fields in H™ (S™) for which

oo 2l+1

(2.3) €12, =30 S0 (14 ARl m)? < oo

=1 m=1
It is easy to show that when 7 > 1 the functions in HJ, (S™) are continuous.
2.2. Positive definite kernels and native spaces. A native space is a repro-

ducing kernel Hilbert space [13] associated with a kernel generated by a radial
basis function or a spherical basis function (SBF) [42]. SBFs are positive definite
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functions on the sphere with expansions of the form

0o A 2l+1 R
=0

(I+1) Py (2-y)/(4m)

where P, is the Legendre polynomial of degree [. The identity 2fl—frlPl(:E cy) =
mel Y)m (2)Y] 0, () is the familiar addition formula for spherical harmonics. This

m=1
shows that such 1 are zonal, so we use the standard abuse of notation ¥ (x,y) =
Y(x - y). Our aim here is to discuss SBFs and their associated reproducing kernel
Hilbert spaces of divergence-free vector fields, and in addition discuss their rela-

tionship with native spaces of curl-free functions on R3.

2.2.1. Surface-divergence free vector fields on S?. The kernel \Il(x y) defined in
([T2) is related to an SBF, as long as v is an RBF; i.e., ¥(z,y) = ¥(Jz — y|). W
define the function ¢(z, y) Y(|z — y|)|zyes2- A quick calculatlon gives ¥(x, y)
(/2 — 2(x - y)), which shows that v is zonal, i.e., ¥(x,y) = ¥(z-y). Also, by [30,
Corollary 4.3], ¢ is an SBF. Doing a straightforward computation yields ¥(z,y) =
L, Lg ¥(z,y), where L, and L, operate on the x and y variables, respectively.

This is a special case of the following. Let ¢ (z,y) be an SBF and define ¥(z,y) :=
L, ng(x,y). This kernel can be expanded in a series of divergence-free vector
spherical harmonics,

(%) 20+1
U(z,y) = > 00D Lo Yim(@) L] Yim(y)
=1 m=1

20+1

Zyzm 2)Yln()-

Requiring that {D\(l) = O(I7%79) is enough to ensure that the kernel is continuous
in both arguments.

This kernel is strictly positive definite. Given an arbitrary set of tangent vectors
{s;j} corresponding to the discrete set of points X, we have

I
Mg

N oo 2141 N
ST s = S0+ Y S Ty (@)y T (zn)sk
k=1 =1 m=1j,k=1
2
oo 20141 | N
(2.4) = S u+090) > 1D sTyim(z;)| > 0.
=1 m=1|j=1

Proving that W is strictly positive definite requires showing that equality holding
in the last line above implies that s = 0 for k = 1,..., N. If equality does hold,
then, because each term in the sum is nonnegative each must vanish. Moreover,
since (1) > 0, we may divide by it to obtain Z] 18] Tyi.m(x;) = 0, which holds
forall [ >1and m=1,...,2l + 1. Next, it is easy to show that one may choose a
smooth, divergence-free vector field g on S? that is supported in a small neighbor-
hood about a fixed xx. The neighborhood should not contain any other points of
X, and the vector field should satisfy g(zj) = si. One may then use g’s expansion
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in the y; ,’s to see that

Isel|* = Zs 8(x) Zglst Yim(@;) =0,

Sk5ku

0

The native space associated with ¥(z,y) = L, ng/}(amy) is defined to be My,
where

(2.5)

oo 2041 |flm oo 20417
Ny:={feH), : < o0, .
e 23 AU <) oy G

It is straightforward to show that the following holds.

Theorem 2.2. Let ¢ be an SBF' satisfying @(l) = O(I7*7¢). Then Ny, given
above together with its inner product, is the native space (RKHS) associated with
U. Moreover, ¥ is a reproducing kernel for Ny in the sense that, for all t, € T,S?
and f € Ny, this holds:

(26) (f’ \II('v x)tx)f\/\p = tzf(x)

This result has several consequences. Recall that by Proposition 2] every Lo
surface-divergence free function satisfies f = L f for a scalar function f. It is not
hard to show that f € Ny if and only if f € Ny, where ¢ is the SBF that generates
V. Further, by comparing the Fourier coefficients involved, if f(O) = 0, then one
has ||f|};, = [Ifl|3;,- This is not surprising given similar results in the scalar case
[42, Theorem 16.9].

Another consequence of Theorem is that, when it is combined with (23],
we can easily relate the native spaces to Sobolev spaces. In fact, we have a more
general result relating native spaces for two SBFs. The proof of the corollary below,
which is a straightforward consequence of the equality in (2.4]), will be omitted.

Corollar;y 2.3. Let ¢ and iy be SBF's for which there is a constant a > 0 such that
P(l) < ap(l) for alll > 0. Then,

N N
1Y 0 a)s5ll5 < all Y @)l
j=1 j=1

Moreover, if J(Z) ~ ¢7(l), then Ny = Ng, with equivalent norms. Finally, for
Sobolev spaces we have that if

(2.7) D) ~ (L +1(1+1)) 7+,
where T > 1, then Ny = HJ, (S?), with equivalent norms.

2.2.2. Curl-free vector fields on R® and lifting from S® to R3. So far, we have not
connected the case in which ¥ comes from an SBF 1 to the case in which an RBF
1 generates ¥, and hence Wy, via ([L2). We want to do that now.

The native space for W.,,.; = —VV7T 1 is discussed in [0} §3.2]; it will play an
important role here. Let the RBF 1) be in C? N L; and, in addition, suppose that
Ags1p € Lq. Define the space

Ny, ={f : Vxf=0and / Iifz(p(”; & < oo}
R3
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and equip it with the inner product
EEHOTBE o
R [€|*P(S)

is then a reproducing kernel Hilbert space, with W, (x, y) being
then cTf(z) =

(f7 g)‘ljcurl = (27T)73/2

The space Ny, ,,
the reproducing kernel in the sense that if ¢ € R? and f € Ny
(fa \Ilcm“l('a x)c)‘l’cum :

There is a relationship between the native spaces for ¥ and V¥, that allows us
to connect or “lift” native space results from S? to R3. This will be very important
later on. Let 2 € S2, n, be the outward normal to S?, and let s, be in T,,S?. Then,
define

curl)

Sy =Ny, X S;.
When z,y € S? and s, and s, are tangent vectors at z and y, then from ([Z),
one has that the kernels ¥ and V., satisfy sT U (z,y)s, = 8L U,y (z,y)8,. Conse-
quently, for an arbitrary set of tangent vectors {s; };VZI corresponding to the discrete
set of points X, it follows that

N N
(2.8) Z sf\ll(xj,xk)sk = Z wacurl(xj,xk)ék.
J,k=1 J,k=1
Because ¥ and ¥.,,; are reproducing kernels, the previous equation also has the
form

N N
(2.9) I w2805 = 1D Yeurt (285015,
j=1 j=1

3. POINTWISE ERROR ESTIMATES AND OPTIMAL STABILITY

Error estimates of the interpolation process typically take place at the native
space level first. In this case, the natural tool to use is the so-called power function,
which we introduce shortly in the case of vector fields on the sphere. The “power
function” technique is based on general approximation techniques in a Hilbert space
set forth in a paper by Golumb and Weinberger [I3]. There are numerous publi-
cations that use the power function to obtain error estimates for RBFs and SBFs,
and we mention only a few [I8] 23] [45]. Our approach will be based on the concept
of norming sets [18] [32].

Even though we will be working on S?, for convenience extrinsic coordinates will
be used and tangent vectors will be viewed as being embedded in R3. Define the
space

N
VX7\1; = Z\II(-,IJ‘)S]' 1S5 € ijSQ
j=1
For any continuous vector field f, we let Ixf € Vx v denote the interpolant of f on
X. Let ¢ € R? be tangent to the sphere at the point 2 € S2. Given f € Ny and
g € Vx v, one can use the reproducing kernel property of ¥ together with f — Ixf
being perpendicular to Vx v to get the following:

T (£(z) — Ixf(x))| (F — Ixf,U(-,2)c) v, | = [(f — Ixf, U (-, 2)c — g),, |
1 = IxEllr, [WC2)e = gl -
V(e — gl -

<
<

1€ nr,
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This leads to the estimate
[T (£(z) — Ixf(z))| < Pux.c(2) [z, -
where

P = inf ||¥(,z)c—
vxe(r) = dnf [[¥(,z)c—gly,

is called the power function. A careful analysis of the power function is central for
the derivation of the pointwise error estimates.

The error estimates obtained in this section will be quite limited in scope when
compared to those in the later sections. However, this exercise will not be in
vain; one can also use the bounds on the power function to show that the stability
estimates from the previous section are, in some sense, the best possible.

A simple Markov inequality will be useful throughout the rest of this section.
Recall that at a point = the surface curl-gradient is given by L = n x V*. Also,
every spherical harmonic of degree [ is given by the restriction of a homogeneous
harmonic polynomial of degree [ on R? to the sphere. Using these facts one can
show that each Cartesian coordinate of LY} ,, is in ;. One may therefore use
the scalar Markov inequality derived in [I8, Equation 7] to obtain the following
vectorial Markov inequality for y € ¥ :

(3.1) ly(@) =yl <ldz,y) |yl

3.1. Norming sets. Norming sets were first introduced in the context of RBFs
and SBF's in [I8]. They are useful for dealing with error estimates. A more general
version of them, which applies to other types of reproducing kernels, is given in [32]
and will be the one employed here.

Definition 3.1. Let V be finite dimensional normed linear space and let Z C V*
be a finite set of N functionals. We say that Z is a norming set for V' if the mapping
T:V —T(V)C RN defined by T'(v) = (2(v)),c, is injective.

The mapping T is known as the sampling operator for Z. If Z is a norming
set for V, then T~! exists on the range of T. The norm of T~! is known as the
norming constant. The main result on norming sets is as follows.

Proposition 3.2. Suppose V' is a finite-dimensional normed linear space and Z =
{z1,22,..., 2N} s a norming set for V, and let T be the corresponding sampling
operator. For every A € V* there exists a vector u € RN depending only on \ such
that, for every v eV,

N
Aw) = ujz and el < AT
i=1
Proof. See Proposition 3.4 in [32]. O

For each z; € X, let ¢; € Ty, (S?). For our purposes, V and Z will be given by

(3.2) V=3, Z = {Cji(sfvj }zjex, 1<i<3 "

Next consider Z as functionals on C(S?), which motivates us to use the /o, norm
on RY. Therefore, the dual norm of RY is given by the [; norm.

Proposition 3.3. Suppose X C S? is finite with mesh norm satisfying hx < 1/2L.
Let Z be as in B2). Then Z is a norming set of X1, with norming constant bounded
by 2.
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Proof. This proof follows the proof of [I8, Proposition 1], with the only difference
being that here we use the vectorial Markov inequality from (BJ]). O

Now we apply Proposition to get the following corollary.

Corollary 3.4. For hx satisfying hx < 1/(2L) and any continuous linear func-
tional X on B, with | A|| = 1, there exists {c; € Ty, (S?) é—vzl with Zjvzl llcillh <2

such that
N
AMy) = <Z C?(smj ) Y> )
j=1

forally e ¥p.

In order to prove a bound on the power function, we will need a few elementary
results concerning the matrix-valued function Ly Lz; Pz, y).

Lemma 3.5. Let c€ R? and | € N. Then

20+1
T m T
(3.3) Lwﬂmm:ﬁj;meLnM)
and
(3-4) 1 Ls Ly Po(a, y)ella < 11+ D)le]fe.

Proof. Using the Addition Theorem, one may represent L, Lg Py(z,y) as

2041
gr 241
= o1 2 WY@ LY ().
k=1
For the bound in (84), see [0, Equation 12.6.5]. O

Theorem 3.6. Let A\ = c7'§, be a continuous linear functional on C(S?), where
lclly = 1. For hx satisfying hx < 1/(2L), there exists vectors ¢; € T,,S*, 1 < j <
N, so that for ally € X,

N N
(3.5) <>\ — Zc?&zj,y> =0 and Z lesll < 2.
j=1 j=1

Further, the power function Py x c(z) can be bounded by
9 ~
2
|Py x.c(z)]” < - l§>Lw(l)l(l +1)(20+1).

Proof. The results in (1)) are a direct result of Corollary B4l Let g be the Riesz
representer of the continuous linear functional —c”d, + Z§V=1 cJT(;xj in My. If we
define ¢y = —c and xg = z, g is given by

N
g = Z U(-,x;5)c;.

j=0
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Before proceeding, note that ([B.3) gives us (g,y),, = 0 for all y € 3. In partic-
ular, g(I,m) =0 for all [ < L. One can bound the power function with

oo 21+1 ~

|P\IJ7X,C(I)|2 S ”gH/\/’\p Z Z

I=Li1me1 ¥ l+1

S g(z,m>2

nY.

= DI+ 1))

Il
n Mg

A straightforward computation of g(l ,m) yields
N

gl,m) =pDI1+1) > elyim(z)).
§=0
Now use this and B3)) to get
20+1 g(l m)2 2041 | N 2 2[+1
—_— ! = CTyl m(x ) = CT [ylm(x )y?m('r”)] Cv
mzzl (P01 +1))? Z: g e Zzz L
20+1

- ZL}/l,m(mu)LT}/l,m(mu) Cy
m=1

21+1

= —— = N, L P o
nl(l+ Z 12y, v)e

Next, use the fact that /; norms are larger than Iy norms and the bound in (B4 to
get

20+1 ~ 2
I,m 20+1
3 _Blm)?® > lef Lo Ly Pi(wy,z)c|
v

DIl F 1)) A+
20+ 1 -
= m;“c“”Q”LwLyPz(acm)cyug
< T 2 lealallenl = =53 el
v

N 2
20+ 1
- 22 (3 e
v=0

To finish the bound, use BI) to get 327 o [ejlli = 1+ Y7, le; 1 < 3. Putting
all these inequalities together gives the result. O

The direct consequences of this theorem are twofold. First, one can express
the pointwise error of a function in the native space and its divergence-free SBF
interpolant in terms of the mesh norm. Second, if the function 1 satisfies zZ(l) ~
(1+1(141))~*+Y and L is chosen so that 1/(2+4 2L) < hx < 1/2L, then we have
the estimate

If — Ixfl3, < ChY 2(Ifl1Rs,
Note that in this case the native space is equal to H7, (S?). These are the optimal
orders of hy in pointwise error for a function of this smoothness.
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3.2. Optimal stability. In this section we explore the stability of the interpolation
matrix, denoted by Ax v, through its spectral condition number. Our methods are
only valid in the case where the scalar kernel ¢ is the restriction to S? of a positive
definite function on R3. For practical purposes, this is a mild restriction. Indeed,
as discussed in section 2:22.J] many SBFs can be obtained by restricting RBFs to
spheres. For the remainder of this section, we will assume that the SBF 1) is the
restriction of an RBF 1 : R? — R to the sphere. In this case, stability estimates
result from “lifting” the problem from the sphere back to R3.

We will relate the minimum eigenvalue of Ax ¢ to the minimum eigenvalue of
Axw,,.,- Recall that U, = —VV7T1) is the 3 x 3 matrix kernel defined in ([L2);
it can be used to generate curl-free interpolants on R?. We will make use of the
following result.

Proposition 3.7 ([9, Theorem 7]). Let v be an even, positive definite function,
which possesses a positive Fourier transform ¢ € C(R™/0). With the function

o~

M(o) = inf ()

lgllz<o
a lower bound on Ayin(Ax w,,.,) is given by
2\ (n+2)/2
wnxee) 2 (f2) G
for any o > 0 satisfying
o> 5/QX,]R”'

Here the constant C is independent of X and 1.

We begin with a brief review of how to set up the 2N x 2N interpolation matrix.
Let f be a tangent vector field. We define the data vectors by d; = f(z;) for all
xz; € X. We look for an interpolant of the form

N
Ixf = Z \I/(.’ﬂ, xk)ck,
k=1

where each c;, is tangent to S? at ;. The interpolation conditions then become

N
(3.6) > W(zj,zp)er =dj, j=1,...,N.
k=1

It is tempting to try and solve this directly, but note that multiplication of cj
by W(xj,x)) zeros out any normal component of c, so the system (BG) will be
singular unless we incorporate the fact that we are dealing with tangent vectors.
To fix this, at each x); we will choose a right-handed orthonormal 3-frame. Let
n; be normal to S? at x; and choose e to be a unit tangent vector. Now let
f, = ny X ey, which makes {eg, fi, n} our frame. With this frame one can expand
the coeflicient vectors in terms of an appropriate basis:

cp = ape, + Brpfy,  and  d; = vy5e; + 6515

Next, define ¢, = (ag,Bx)? and &j = (74,6;). In general, if t; € T}, S?, then tr
will denote its corresponding 2-dimensional vector in terms of the basis {ey, fi, ny}.
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The interpolation conditions then become

T
€j _

N
> U(zj,xr) (e fx) S =d;, j=1,...,N.
k=1 \f]

Now define A; ;. to be the following 2 x 2 matrix

Aj k= \I/(l‘j, :Ck) (ek fk) .

T
fj

s

Finally, define the matrix Ax ¢ to be the 2/N x 2N matrix whose blocks are given
by Aj . This is the matrix in whose stability we are interested. The stability will
be determined by bounding the minimum eigenvalue from below. Since the matrix
Ax g is symmetric and positive definite, this amounts to measuring the quadratic
form

& Axge.

The interpolation matrix is directly related to the curl-free RBF interpolation
matrix in R?, denoted by Ay y,,,,. We will show that any eigenvalue of Ax y is
also an eigenvalue of Ax y,, . Once this is established, we will use Proposition 31
to estimate the minimal eigenvalue of Ax .

Let ¢ be a unit eigenvector of Ax ¢ with corresponding eigenvalue \. Let ¢; be
the 2 vector whose components are given by the kth 2-block of ¢. Let ci be the
usual representation of ¢ in R3, and define ¢ to be the 3N x 1 vector whose kth
3-component block is given by c;. We have

T
e
j
A = ¢lAxgc= ZC?Aj,ka = Zc? U(xj,xr) (er fr)Cp
.k .k £l
(3.7) = Zc?\ll(xj,:ck)ck.
j.k
Rewriting ¥ in terms of W, one continues with (B7) to get
ZCJT (ij \Ilcwl(xj,xk)sz) c, = Z (c; x xj)T Uouri(2, 2k)(Cr X k)
Jik j.k

Z é;r\llcurl(xﬁ xk)éka
Jik
where ¢, = ¢ X . This gives us the following estimate for A,
(3.8) A= & Weyp(wg, ap)er = €T AX 0,0, € > Amin(Ax v, [1€]3,
3.k
where A\pin(Ax w,,,,) is the minimal eigenvalue of Ax w_, . Also, one can easily
determine that ||¢[|3 = 1. Indeed, recall that c; is tangent to the sphere and y, is a

unit vector, giving us ||cgll2 = [|€k[|2- It follows that ||c||2 = ||¢||2. Also, note that
I[€]l2 = |Ic||2, so ||¢]|2 = 1. With this estimate we have the following theorem.

Theorem 3.8. Let v be an even positive definite function, which possesses a pos-
itive Fourier transform 1 € C(R3/0). Define 1 by 1(x,y) := ¥(x,y)|s2xs2 and let
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U be the divergence-free SBF on S? generated by 1. With the function
M(o):= inf 4(¢),

l€ll2<o

a lower bound on Ayin(Ax w) is given by

o )5/2 ( M(o)r

Amin(Ax,w) > <E (4m)°T (5/2)

for any o > 0 satisfying
g Z 5/QX,S2-

Here the constant C is independent of X and 1.

Proof. The result follows from Proposition 3.7 the subsequent discussion, and the
fact that gx rs < gxs2. O

Note that when 1) satisfies

(3.9) B(&) ~ (L+[€)3) 2,

then 1 will satisfy (27, causing Ny = H7, (S?) B0, Sect. 4.2] and [28, Sect. 4].
If we apply the theorem to this situation, we get the following corollary.

Corollary 3.9. If the Fourier transform of the RBF 1 satisfies [39), then the
smallest eigenvalue of the interpolation matriz Ax w can be bounded by

Amin(Ax w) > Cq¥ 2,
where C' is a constant independent of X and 1.

The following remark concerns the orders of ¢x in this estimate. In the scalar
theory, when the kernel 1 gives rise to a Sobolev space H™(R"), the resulting
stability estimate is

Amin(AX,d)) 2 CQ?_H

In our case, the kernel ¥ generates a native space that is a subset of a Sobolev
space of order 7, and the dimension of the underlying space is 2. Therefore, the
orders in Corollary should be of no surprise.

Second, one can use the bounds on the power function to show that the stability
estimates given above are the best possible. To see this, one needs to derive an
“uncertainty relation” similar to the one discovered by Schaback in the scalar-
valued theory [39]. Given a point set X, a point 1 € X and ¢; € Ty, (S?), one can
estimate the power function Py x\s, ., (21) in terms of the minimal eigenvalue of
Ax,w. Indeed, assuming |[c1|l2 = 1 and using the fact that ¥ is the reproducing
kernel for Ny we have

N
2 . 2 .
[P\II,X\am,m (931)] = gG}:'r)l(f\xl [W(,21)er — gHN\I, = c.e%“n.f(S% Z C]‘T‘I’(xjal’k)ck
I=e j k=1
N
> inf  Amin(Ax.e) [ 1+ llel3 | = Amin(Ax.w)
CjEij (Sz) =2
2 Cl Q§(T_2,
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where the last equality follows from Corollary Also, the bounds proved in
Theorem give

2 .
[Py x\{z1},c(x1)]” < Co hi\{il}-

Assuming the points in X are quasi-uniform, we get
(3.10) C1a¥ % € Amin(Ax,w) < Cag¥ 72,

which shows that the stability estimates are sharp.

4. SOBOLEV ERROR ESTIMATES

Until recent years one shortcoming of RBF error estimates was that they were
only valid for target functions within the associated native space. However, this
has been partially overcome, both on R™ and on the sphere in the scalar valued
case [30L 20] 27, 34]. In all of these cases, the results hold when the RBF or SBF
kernel gives rise to a native space equivalent to a Sobolev space. In this section
we will first discuss a variety of Sobolev error estimates for functions too rough to
be in the native space, for those in the native space, and for those smoother than
required for being in that space. Once we have done this, we will turn to Bernstein
inequalities and corresponding inverse theorems.

4.1. Approximation with surface-divergence free vector spherical poly-
nomials. The idea of searching for a band-limited approximating interpolant on
scattered data was first introduced in [3I]. Not only is this an interesting result
in its own right, but it turns out to be quite useful in “escaping” Sobolev native
spaces, both on R™ and on the sphere [34] 27]. Tt was shown in [§] that one can do
something similar for divergence-free and curl-free functions on R™.

In these works, even for scattered data, the maximum frequency bandwidth, or
Nyquist frequency, required was inversely proportional to the separation radius. For
spherical harmonics in general, the index [ plays the role of a frequency and L cor-
responds to a frequency bandwidth. The divergence-free “band-limited” functions
on the sphere are just the vector spherical polynomials in 3. Now it is the goal
here to prove the theorem below, which states that one can simultaneously approx-
imate and interpolate with functions in X;. The proof of this theorem requires
some preparation and will be postponed until that is done.

Theorem 4.1. Let 7 > 1 and let ¢ = qx for X = {xj}j-vzl C S2. For every
divergence-free function £ € HJ, (S?), there exists a constant r, which depends only
on T, such that if L > k/q, then there is a divergence-free spherical polynomial

p € X such that p|x = f|x and p is a near-best approximate to £ in the sense
that

If = pllag,, g2 < (1+2C:) distys, @2)(f, L),

where C is a constant depending only on T.

In [27], the authors used a “lifting” technique to relate native space norms for an
SBF on S™ to a corresponding RBF on R™*!. These lifts are valid when the SBF
of interest is obtained by restricting an RBF to S"™. We wish to use a similar lifting
technique here, but modified to take advantage of the relationship between surface-
divergence free kernels on S? and curl-free kernels on R? discussed in section



2172 E. J. FUSELIER, F. J. NARCOWICH, J. D. WARD, AND G. B. WRIGHT

Before proceeding, we need to discuss the notation that we will use here. Let
7 > 1 and let it be fixed throughout. Next, let ¢ > 0 and let L > 0 be an integer.
Define the RBFs 4, and 1., via
(4.1)

ix-€ 93 ix-€ 73
'lﬁT(l‘) ::/ e 3 and ’l/)T,g(.%‘) = / - e 3
Es (2m)3/2(1 +[€[2)7> gl<o (2m)3/2(1 4 [¢]2)7F2

Let ¢, ¥, Weyr - be the SBF, divergence-free SBF, and curl-free RBF corre-
sponding to 1, and similarly those corresponding to %,,. In addition, take
Yrp(r-y) = ZZL:O O (1 )ZELP/(z - y). Do the same for the other kernels. Note
that both W, ; and W, , 1 are vector spherical polynomials in 3. There are sev-
eral facts concerning these kernels that we will employ in the proof of the theorem.

Lemma 4.2. With the RBFs in (&) and 7 > 1, we have that Ny = HJ, (S?),
with equivalent norms. In addition, there is a constant Ly > 0 such that if L > Ly
and o < e 'L, then, with 8; = n; x s;, we have

1> (W) =T ()8l < 20D (Veurt,r (5 25) = Ceurt o (5 25))85 5 -
J J

Proof. By [28, Proposition 4.2], we have that ¢, (1) ~ (1 +I(l +1))"7"!. Thus

Corollary 23 implies that Ny = HJ, (S?), with equivalent norms. Next, from the

definitions of Ny, and U, 1, one can compute the norm on the left above to get

(4.2)

o 20141 | N
1S wg) = U a))si 3, = 0 W+ Dd ) S S T yim ()
J I=L+1 m=1|j=1

By [27, Equation 4.13] and the discussion preceding it, there is an Ly > 0 such that
for all L > Lo we have that ¢ ,(I) < 21-(1), or equivalently,

¢T(l) < 2(7;[}7'([) - 1/17,0(1))7
holds whenever [ > L and ¢ < e~!'L. Using this, we continue with (ZZ) to get

o 2041 | N 2
< 2 Z l(l+1)($7() 1/)7'0 Z ZS Yiom x]
I=L+1 m=1|j=1
00 2041 2
< 22[([4—1)(1@-() ¢TU Z ZS Yi.m(z5)
=1 m=1|j=1

= QZS?(\I/T — U, o) (xj, x)sk
&
- QZé?(\churl,‘r - qjcurl,T,a)(xjaxk)ska

where the last line above follows from ([Z8]). Also, a direct calculation with Fourier
transforms shows that the right side in the last line equals || > (Vewr,- (-, 25) —

Weurt,ro(-%5))8; 113, . Using this in conjunction with the chain of equations
above completes the proof. O

We will use the following proposition, whose proof can be found in [31].



DIVERGENCE-FREE RBFS ON THE SPHERE 2173

Proposition 4.3. Let Y be a (possibly complex) Banach Space, V a subspace of
Y, and Z* a finite dimensional subspace of Y*, the dual of Y. If for every z* € Z*
and some B > 1, B independent of z*,

(4.3) 2% ly+ < Bllz" vl

then for y € Y there exists v € V such that v interpolates y on Z*; that is, z*(y) =
z*(v) for all z* € Z*. In addition, v approximates y in the sense that ||y — v|ly <
(1+208)dist(y, V).

V*,

This result will be applied to the following setup
Y==H,S%), V=%, Z*=span {széxj 1z € X, s; € T,,S%}.
Proof of Theorem [l The proof follows along the lines of that for [27, Theorem

5.1], with modifications, of course. First note that, by Lemma 2] the Sobolev
space HJ, (S*) = Ny, with equivalent norms. Therefore, we have

1D 870, llmg, @ ~ 11870, lng. = 1Y Wrleszs)silw,
i i j

Similarly,

1Y 8760, Imolls; ~ 11D e n(25)85]lw, -
i i

To simplify the notation, let g := Zj U (-, 25)85, 8L := Zj U, (2, 2)85, Geurt =
> Veurt,r (4, 25)85, and Geurt,ro = D5 Yeurt,r,0 (27, 75)8;. Our aim is to obtain an
estimate on the maximum of the left ratio below,

T
15,87 0u Iz 60 _ o liglle,
T = T ’
HZ] Sj Oa; |2 [l leLlle,
where C; depends on the norm equivalences between the two spaces. It is easy to
show that g and g — gy, are orthogonal in Ny _, so we have HgL”Q\pT = Hg”%m _

lg — gLH?I,T. Therefore, finding an estimate of the form (3] here is equivalent to
finding one of the form

2
— 1
(4.4) lg—srlly, ., 1

[E{- .

where 3/C, ~ v. By (9) and LemmaL2] with L sufficiently large and o < e'L,
we have that

(4 5) Hg - gL”?I’T < 2 ||gcurl B gcurl’a |\2Pcu7‘l.7
”gH?I/T N churngllcm.l,.,
T+1/2

T 7 (R?) is a reproducing kernel Hilbert

space with the matrix-valued kernel, U, - [9 Corollary 1]. That is, H ;jry 2(R3) =
Ny..,...» with the same inner product. The ratio on the right above was estimated
in proving [8, Lemma 2] (technically it was shown when the kernel is divergence

free, but the curl-free case is identical). In our notation, the result obtained was

It was recently shown that the space H

churl - gcurl,a”%cw,“_ <C 3-2(r+1/2)
”gmm”% 1 (UQX,]R3) )

curl,r
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where (' is a constant depending only on 7 and gx gs is the Euclidean separation
radius for X as a subset of R®. Note that gx gz > (2/7)gx. Choosing 0 = e 'L in
(&3], which is as large as possible, then yields

g — gL,

< Cy(Lgx)*™?".
lell.

Now choose L = k/qx, where k is a constant large enough so that the right-hand
side above is less than 3/4. Thus, we have v = 2 and we have proven that an
estimate of the form (4 holds with 8 = 2C.. Thus an application of Proposition
gives the result. O

We end this section with some observations from Theorem ] that will be useful
later. We will use C' to represent an arbitrary constant that depends only on 7.
First, if p is the interpolant to f € H},, from X, then

(4.6) If = pllag,, 2) < Clfllag,, 2

Also, one can relate higher ordered norms of p to the norm of f via a Bernstein
inequality. For s > 7, the Bernstein inequality ||p||ms, (s2) < L™ °||plla;,, (s2) holds.
Since L ~ gx, it follows that

IPllas,, s2) < Cax °lIpllag,, s2)-

If we add and subtract f to p on the right-hand side, use Theorem 1] and the
previous inequality, then applying the triangle inequality gives us

(4.7) Ipllms,, s2) < Cak *lIfllmg,, s2)-

4.2. Error estimates within the native space. Finding error within the native
space has historically been done by bounding the power function. However, in the
case when the native space is Sobolev, we can make use of a recent result relating
the norm of a Sobolev function defined on a domain of R™ with many zeros to its

norm in another Sobolev space. Here is a statement of that result, and its proof
can be found in [33].

Proposition 4.4. Let k be a positive integer, 0 < s < 1, and define 7 = k + s.
Also, let 1 < p < 00, 1 < q < o0, and let p be an integer satisfying k > p+n/p, or
p=1and k> p+n. Also, let X C Q be a discrete set with mesh norm hx . Then
there is a constant depending only on Q such that if hx o < Cq and if u € W7 (€2)
satisfies u|x = 0, then

T—p—n(l/p—
(4.8) lulwp ) < Chy * P4y g,

where (z)y = x if £ > 0 and is 0 otherwise. Here the constant C' is independent of
hx.q and u.

We have stated the result in a slightly stronger form that in [33], in lieu of
remarks made in [34]. By using this proposition on each component of a vector
field, we get a similar result for vector-valued functions. Also, by mapping to R"
via charts, we gain the ability to apply the proposition to vector fields on any
compact manifold.
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Theorem 4.5. Let 7, u, and q be as in Proposition 4] with n = p = 2. Let f be
a divergence-free function on S%, and let Ixf be its divergence-free SBF interpolant
on X. If £ € HJ, (S?), then

T—n—2(1/2—-1
If — Lxfllwn 2y < ChY P 2027V D5 18] o o).

Proof. We will use the chart definition of Sobolev spaces to map to R? via charts,
use Proposition @4l to estimate the error on R?, and then move back to the sphere.
However, in doing this, error estimates in terms of the mesh norm of the image
of subsets of X in R? will be obtained instead of the mesh norm on the sphere.
Luckily, an atlas A = {Uj,?/)j};-wzl can be chosen so that if (Uj,1;) is a chart on
the sphere, then an estimate of the form

(4.9) hes, xov) s wy) < Chx
holds, where C' is a constant independent of X. For a proof, see [19, Proposition
3.2].

Let {x; : $* — R2}jM=1 be the partition of unity associated with A, and let 7;
be the projection operator associated with x;. Then the norm of the error is given
by

1/2
o /

Hf_IXf”W;(SQ) = Z||7Tj(Xj(f_IXf))”%/VéL(R%

j=1
We will estimate the error on each patch. Since the support of x; is contained in
U; for all j, we have
1705 (g (£ = Ix )y ey = 705 O (= IxE)) s, 01, -
Note that 7;(x; (f — Ixf)) is a Sobolev function with many zeros on the set ¢;(X N
Uj;). Applying Proposition 4] and using ([9) gives us

T—n—2(1/2—1
175 O (8 = IxE)llws () < Ch 227D

where the constant is independent of X and f. Applying this estimate to all patches
and using the fact that WJ (S?) is norm equivalent to H™ (S?) gives us

Xi (£ = Ix ) lwy v, (0)))

IE = Ixfllwy ey < CRE >0 1 — It e ooy,

Now recall that for kernels that satisfy (Z7), the native space is equal to H7, (S?)
with equivalent norms. Now use this and the fact that the RBF interpolants have
a best approximation property to get

If = Ixfl| - (s2) < ClIf = Ixfllny < Clifllag < Cliflla-s2)-
This completes the proof. O

Often in applications the target function is much smoother than functions in the
native space. In this case, there is a “doubling” trick from spline theory that can
be used to dramatically increase the order of hx in the error estimates [25] [38].

Corollary 4.6. Let 7 and u be given as in Theorem[£5] Let f H;;;”(S%, where
0<u<rt. Then

IE = Lxf ] rgezy < CRRT ||z e
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Proof. The proof of Theorem gives the estimate
(4.10) If — Lx £ % g2y < CHYT I — IxE)1 %7 52y
Recall that Ny = HJ, (S?) with equivalent norms, and D(l) ~ (14 12)~0+D),

The fact that Ay is a reproducing kernel Hilbert space with kernel ¥ and a quick
Cauchy-Schwarz inequality gives

M*&W%@>§wauﬂhzcﬁfkﬂﬁ
oo 2141

(f - IXf ) (1, m)E(l,m)

= CX Z O+ 1)

=1 m=1

0o 2041 =

f— I f f
= CZZ (4 Ity (1, myp E= D G m)f (L m)
=1 m=1 (DIl +1)
< C”f - IXf||H[L(S2)Hf||H2T7[J.(SQ).
Combining this with (£I0) yields the result. O

4.3. Error estimates outside of the native space. With the band-limited re-
sults and error estimates in the previous section, we are now able to state and prove
the main result.

Theorem 4.7. Let 7 > B > 1 and let ¥ be an SBF satisfying @). Also, let
= {xj} V.1 C S? be a set of distinct points with mesh norm hx, separation radius
qx and mesh ratio px = hx/qx. Iff € dw(SQ), and if @ is an integer such that
0<pu<|B] -1, we have
IE — IxEllws sy < Cpy P #7225 ]| o ay.

Proof. Using similar arguments as in the proof of Theorem [£3] since f — Ixf is a
continuous Sobolev function with many zeros, the choices of g and p allow us to
apply Proposition 4] to get
—p—2(1/2—1
I — L fllwy 2y < O 22V DHYE — L] 110 o).

The remainder of the proof boils down to estimating ||f — Ixf||5(s2). Let p be the
polynomial interpolant to f from Theorem Il Since p|x = f|x, then Ixf is also
an interpolant to p, giving that Ixf = Ixp. Using this and a triangle inequality,
we have

If = Ixfll o (s2) < IIf = Pllmss2) + P — IxPllms(s2)-

It is now our aim to estimate the two terms on the right-hand side of this inequality.
The first one is easily bounded by using (£8]). For the second term, note that p is
in every Sobolev space, and use Theorem to obtain

Ip — Ixpllmee2) < CRK [plli-(s2)-
Further, we can apply the Bernstein inequality in (@1) to get

ORIl ) < OPx a5 Tl s sy = CoX PlIE | moce)-

These facts result in the estimate

|f — Ixfl|go(s2) < CPTxf'BHfHHﬂ(SZ),
which finishes the proof. O
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4.4. A Bernstein inequality and an inverse theorem. In this section we
present two results. The first is a Bernstein-type inequality for functions in the
space

N

Viw = > U(,zy)s;|a; € X, 55 € T, (S)

j=1
This result can then be used to establish the second theorem, which is an inverse
theorem characterizing the class of functions that can be approximated by certain
divergence-free SBF's.

Before we present our Bernstein inequality, we state a simple but useful by-
product of applying Hoélder’s inequality to the series defining our Sobolev norms.
Let s, t be nonnegative and satisfy 1/s+ 1/t = 1. If « and § are nonnegative, then
the following holds for all f € H7, (S?):

1/s 1/t
(4.11) 1El 7o ree870s2) < I e e IEN 375 2)-

Theorem 4.8. Let Vx g be as above. For 0 < <7, if g € Vx v, then there is a
constant C' that is independent of X and g such that

Igllzn ) < Cax"lgllL.s)-

Proof. We will need a few observations from the proof of Theorem Il First, we
estimated the norm of a functional by measuring the norm of its Riesz representer
g € Vx w. We then projected this function onto the space ¥, to obtain the function
gr,. Note that this projection is orthogonal in H*(S?) for all s > 7, which gives the
equality

(4.12) IglF(s2) = g — &Ll e s2) + gLl e (o2
By choosing L ~ 1/qx, we were able to obtain equation ([£.4]), which translates to

3
g — gL||§qr(s2) < ZHgH?{T(SQ)'

The result is ||g|lg-(s2) < 2|lgrllm-(s2). Since g € 3, we have the traditional
Bernstein inequality ||gz || z+(s2) < CL7|gL |1, (s2)- Applying [@I2) with s = 0 and
the fact that L ~ 1/gx gives

Igllars2) < CaxllgllLas2)-

Now apply BII) to ||g|| gus2) with o =7, 8 =0, s =7/p, and 1/t =1 — pu/7 to
get

T 1 T T 1 U
gl o) < gl o gl < (CaxTIgliae)" el te) = Cax gl o)

O

This leads us to an inverse theorem, which shows that the rates of approximation
in the previous section are, in some sense, the best possible. As seen in the previous
section, the proper orders of approximation are only guaranteed if our nodes are
more or less evenly distributed, that is, hx/gx is bounded. This motivates the
following: a family F comprised of sets X of centers is called p-uniform if every
X € F satisfies px < p.
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The proof of the inverse theorem requires only two things: the existence of a
p-uniform family F (see [27, Proposition 2.1]) and an appropriate Bernstein in-
equality. Our proof is identical to the one given in [27, Theorem 6.2] with obvious
modifications, so we refer the reader there for details.

Theorem 4.9. Let 7 > 1 and let ¢ be an SBF satisfying (Z1). In addition, let
F be a p-uniform family. If for some continuous vector field £ there are constants
0<p <7 andce >0 such that

1f = Ixfl|r,(s2) < cehly

holds for all X € F, then, for every 0 < g < u, f e ng(SZ).

5. NUMERICAL RESULTS

In this section, numerical results are presented which verify the predicted results
for stability (Corollary [3.9), error doubling rate (Corollary .0]), and Sobolev error
estimates (Theorem [.7]).

5.1. Divergence-free kernels. Letting z, 2. € S?, 7 = ||z — /|2, and % be some
positive definite RBF on R3, the corresponding divergence-free kernel ¥ is given
explicitly by

!
U(z,z.) = %1/)’(7«) (zea —alal) — % (%1&'(74)) (z x x.)(x x x)7T,
where [ is the 3-by-3 identity matrix. We use four divergence-free kernels from
two different classes of positive definite RBFs for testing the stability and error
estimates.

The first two kernels are both generated from the restriction to the sphere of the
Matérn (or Sobolev spline) class of RBFs. This class was introduced for applications
in [24], and is arguably the most important and most popular family of kernels for
statistical work with RBFs [12]. The Matérn RBF's are defined as

1—v

2

MA, : = —

d"(r) F(V)

where K, corresponds to the K-Bessel function of order v and ¢ > 0 is the free
shape parameter. In the case of R3, the Fourier transform of 1) satisfies

P(E) = (1+ [|€]3) =+,

Thus, the divergence-free kernel ¥ on S? generated from 1) is in the Sobolev space
HY. (S?). For the numerical experiments, we use the MA r and MAy RBFs; see
Table [l for the explicit form of these kernels.

The last two kernels are both generated from the restriction to the sphere of
Wendland’s compactly supported RBFs [41]. These RBFs have also been used
successfully in many applications [42]. The Wendland RBFs are tailored to be
compactly supported, of a specific smoothness, and positive definite in the particu-
lar dimension n where the underlying approximation problem is posed. They have
the general form

(er)’ K, (er),

pn,k(r)a 0 S r S 5a

WEn,k . 1/’(7.) = {O r> 6
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TABLE 1. The RBFs used for generating the divergence-free ker-
nels ¥ for the numerical examples. For the Matérn RBFs, € > 0 is
called the shape parameter while § > 0 is called the support radius
for the Wendland RBFs.

RBF's for generating ¥ in the numerical experiments Ny

E . D\ — ,—ET 2 2 i 3 % 2
EIMAL w(r) = (14 () + S (en)? + 1 (on) Hj,(8%)
§ - 3 2 2 3 4 5 2

MAg: tp(r)=e " (14 (er) + §(€r) + ﬁ(e’r) + (er) H; (S%)
e 8 . 2 3 7
5 . —(1_T r r r 3 (S2
2| Wi v =(1-%), (1+85 +25(%) +32(5) ) HE,(5?)
o ) - 7\ 10 r 7\ 2 r\3 429 /r\4 2 @
= WEg: w(r) = (1- 5)+ (1 +105 +42 (5) +90 <5> +—= (5> ) H (S?)

where p,, 1 is a polynomial of degree [n/2] + 3k + 1, 1 € C?*, and ¢ is the support
radius. In the case of n = 3, the Fourier transform of v decays as in [42] p. 157,

Y(E) ~ (14 [¢3)~(*rTa),
Thus, the divergence-free kernel ¥ on S? generated from 1) is in the Sobolev space
Hk+§(82). For the numerical experiments, we use the WE3 3 and WE3 4 RBF's;

seZwTable [ for the explicit form of these kernels.

As is the case with many RBFs, the Matérn and Wendland classes both feature
a free parameter (¢ and §, respectively). For a given node set, and corresponding
data, the choice for these parameters can effect the stability and accuracy of the
RBF interpolants quite dramatically. However, determining the “optimal” value
for either of these parameters is neither easy nor obvious. In the case of standard
RBF interpolation, several studies have been devoted to developing methods for
optimally selecting these parameters (cf. [4l 36] Bl ] in the case of the shape pa-
rameter, and [42], Ch. 15], [I6l Ch. 5] in the case of the support radius). While the
ideas from these papers could potentially be extended to selecting optimal shape
and support radius parameters for the divergence-free interpolants, we do not pur-
sue these extensions here. Our goal is to verify the stability and error bounds given
in the previous sections. We leave the investigation of optimal parameter selection
to a separate study.

In the numerical results that follow, we use ¢ = 5 for MA%, e =9 for MA%,
0 =5/3 for WE3 3, and 6 = 4/3 for WE3 4. None of these values were optimized,
and as shown in section [.5], they produce very acceptable results.

5.2. Node sets. While the divergence-free SBF interpolation method is well-posed
for any distinct set of nodes X on the surface of the sphere, we have chosen to use
the minimum energy (ME) node sets of Womersley and Sloan [44] for our numerical
examples. These node sets have several nice properties. First, both the mesh-norm
hx and the separation radius ¢x for these node sets decay approximately uniformly
like the inverse of the square root of the number of nodes NV, i.e.,

1
thQXNﬁ§
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see Figure This implies the mesh ratio px = hx/qx appearing in the error
estimate from Theorem [£.7] stays roughly constant as N is increased making these
nodes a p-uniform family. Second, the nodes are not oriented along any vertices or
lines as illustrated in Figure for the N = 1024 ME node set. This emphasizes
the arbitrary node layout of the divergence-free SBF technique. Third, many of
these node sets are freely available for download on the web [44].

—— hx

10 N 10

(a)

FIGURE 1. (a) The mesh-norm hy and the separation radius ¢x
for minimum energy (ME) nodes sets of varying size N. (b) The
N = 1024 ME node set as an orthographic projection on the sphere
in R?; solid black circles mark the node locations.

5.3. Test vector fields. To test the error estimates, we use three different diver-
gence-free vector fields of varying smoothness. All of these fields are generated
using “stream functions”. In the descriptions of these functions that follow, we use
spherical coordinates (0, \), where 6 is the latitudinal direction and is measured
from the equator (i.e. —w/2 < 6 < 7/2), and A is the longitudinal direction
(—m < XA < m). With this notation, if F' denotes a stream function, then the
divergence-free vector field f on the surface of the unit sphere that is generated
from F'is given by

T 1 oF OF

£=0nn) = (6059 oN’ 59) '
where v and p are the latitudinal and longitudinal components of f, respectively.

Field 1. This field is generated from the stream function
(5.1) F1(0,)) = 4(cos(a) sin(f) — sin(«) cos(#) cos(N)),
and corresponds to zonal flow (or solid body rotation) at angle a with respect to
the equator. For all experiments, we set o = m/4. This field is C°°(S?) and will be
used for testing the error estimate from Corollary See Figure [2(a)] for a plot of
Field 1.

Field 2. Let '

ga(t) = (2 — 2t)%,

and let x and x. be points on the unit sphere with the respective spherical coordi-
nates (6,\) and (0., A\.). We define 7 as the dot product of z and z., i.e.,

n=alx. = cos(h) cos(A — \.) cos(6..) + sin() sin(6.,.),
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and use the subscript notation 7y, ., when referring to a specific point (6., \;) on
the unit sphere. Note that g2(n) is the standard cubic SBF centered at x. and has
the following spherical Fourier series expansion [6]:

oo 2l+1

g2(n) = 92($T550) = Z Z @(l)ﬁ,m(%m,m(%),

=0 m=1
where
20 -z
2(L) = .
(+3)+2)(+3)(-3)(-3)
Thus, g3(l) ~ ¢7° which makes g2(n) € H7(S?) for all 7 < 4. Based on the
discussion in section 222 any divergence-free field generated from go(n) would be
in Hy (S?), for 8 < 3.
We use ¢a(n) to define the stream function for the second test field as follows:
(5.2)

E5(0,0) = g2 (110,—x) — 92 (771_10,_%) +0.7g2 (n-z2.0) —92 (7]_1%,%) +0.3g2 (77%_%,0) ;

see Figure This field will be used to test the error estimates from Theorem
28]

Field 3. Let
1 3/2 2
g3(t) =5 [(31? + 3v2a%/% - 4) +(3t° — 4t + 1) log(a)+ (3t — 1)alog (\/2a + a)] ,

where a = 1 —t. This function is referred to as the “spherical spline” SBF of order
2 and has the following spherical Fourier representation [I5]:

oo 20+1

93(77) = g3($TxC) = Z Z .@(Z)Y'l,m(xc)yvl,m(x)a

=0 m=1
where
8
I+ I+ (I+2)(1+3)

Thus, g3(l) ~ ¢~* which makes g3(n) € H7(S?) for all 7 < 3, and makes any
divergence-free field generated from g3(n) in H, 5w (S?), for B < 2.
The stream function for the third test field is defined using g3(n) as follows:

g3(l) =

0
(5.3) &@M=/ i (26)d€ — 33 (1 0.25)

B
see Figure We will use this field to also test the error estimates from Theorem
En

All three of the test fields have a nonzero flow over both the north and south
poles of the sphere, which is known to cause difficulties with many interpola-
tion/approximation methods on spheres since, in spherical coordinates, the latitudi-
nal and longitudinal components of the vector field will be discontinuous there [40].
The divergence-free SBF method has no such difficulties since it inherently operates
on the field in Cartesian coordinates where each component of the field is continuous
everywhere on the sphere including the poles.
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Field 1 Field 2 Field 3
= - \

FIGURE 2. Vector fields used in the numerical examples. The fields
are generated from the stream functions (a) Fy in (B, (b) F
in (B2) and (¢) F3 in (E3). All fields are orthographic projec-
tions displayed from the following (6, A) viewpoint: (a) (0,7/2),
(b) (0,—m/4), and (c) (0,0).

5.4. Verification of stability estimates. Using the ME node sets, we construct
the divergence-free SBF interpolation matrices Ax v as described in section B2 for
the RBF's listed in Table [l For each of these matrices, we compute the minimum
eigenvalue. Figure [3] displays these eigenvalues on a log-log scale as a function
of the separation radius of the ME node sets. Also included in the figure is the
predicted estimates for these kernels from Corollary (see the dashed and dash-
dotted lines). We can see from the figure that the actual minimum eigenvalues are
very well predicted by Corollary

0

10

Amin (Ax,w)

ax

FIGURE 3. Minimum eigenvalue of the divergence-free SBF inter-
polation matrices Ax ¢ as a function of the separation radius ¢x
of the ME node sets. The RBF's used for generating the different
kernels U are listed in Table [l The dashed line is the predicted
estimate from Corollary for the MA; and WE3 3 RBFs, while
the dash-dotted line is the prediction for the MA% and WE3 4
RBFs.
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Field 1 3 Field 2

—=— MA7

—— MA9/2
% WEss

—5— WEs,

10°H — — —Cup2ns

3/2

= = CapTh

Relative 5 Error
Relative ¢, Error

Field 3

Relative ¢5 Error

FIGURE 4. Relative fs-errors (cf. (4])) as a function of the mesh-
norm hx of the ME node sets for the divergence-free SBF inter-
polants to the vector fields generated from the stream functions
(a) Fy in (B1), (b) Fy in (52), and (c¢) F3 in (B3). The dashed
and dash-dotted lines in each figure are defined by the plot legend
and are included for comparison purposes with the results from
Corollary .0 (figure (a)) and Theorem 7] (figures (b) and (c)).

5.5. Verification of error estimates. For each of the three stream functions
EI)-E3) we compute the corresponding divergence-free vector field £ = (v, )
and sample it for various ME node sets. We then compute the divergence-free
SBF interpolants to these sampled fields for the RBFs listed in Table [l These
interpolants are then evaluated at 21,952 nodes which densely cover the sphere and
are generated from the “spiral points” algorithm of [37]. Finally, we compute the
difference between the interpolants and the true vector fields at these nodes, and
compute the relative ¢5 error as follows:

£ — Lx £l

(5.4) Relative {5 error = ————,
[1£]l2
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where f and Ixf denote the respective samples of f and the corresponding diver-
gence-free SBF interpolant at the evaluation nodes, and || - ||z is given by

I1£]l2 =

The discrete fo-norm can be shown to give a similar measure to the continuous
Sobolev norms in Corollary 6] and Theorem 7] for the case of p = 0 [33].

Figure displays the results for Field 1. As mentioned above, this field is
C*°(S?) and thus the “doubling” error estimate from Corollary applies. Based
on this corollary, we expect the {5-errors for the interpolants based on the MA 1 and
WE3; 3 RBFs to decrease like h%, while we expect the ¢y-errors for the interpolants
based on the MAQ and WE3 4 RBF s to decrease like h%,. Comparing the actual
errors displayed i 1n Figure [4( - with the predicted ones (see the dashed and dash-
dotted lines), we see the estimates from Corollary [£.6] are correctly predicting the
errors.

The results for Field 2 are displayed in Figure This field is in H iv(SQ),
[ < 3, and thus the error estimate from Theorem [£. 7 applies. This theorem predicts
that the ¢s-errors will decrease like p ¥ h3 for the dlvergence free interpolants based
on the MA7 and WE;3 3 RBFs and will decrease like p h3 for the MAos and
WE3 4 1nterpolants Comparing the actual numerical results in Figure [4( ‘ with
the predicted results (see the dashed and dash-dotted lines), we see the errors are
decaying at the rates given by Theorem [£.71

The error estimates from Theorem BT also apply to Field 3 since it is in HY; (S?),
£ < 2. This theorem predicts that the ¢5-errors for the MAz and WE3 3 RBF's will

decrease like p'y 3/2 h% and for the MAz and WE3 3 RBFs like p5/2h2 . The results
for Field 3 are displayed in Figure |4(c)| together with these predicted results (see

the dashed and dash-dotted lines). We again see that the actual decay of the error
is being accurately predicted by Theorem 7]
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